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PREFACE TO THE SECOND EDITION

The first edition of the present volume, published
some years back under the title “ Lectures on the Theory
of Plane Curves,” was designed to meet the syllabus
prescribed by the University of Caleutta for the Master’s
Degree, and intended as an introductory course suitable
for students of higher-geometry, scarcely assuming any
further knowledge of higher analysis on the part of the
reader than is to be found in most of the ordinary text
books on Calculus and Plane Analytical Geometry. Since
then it has been suggested that the book should be so
revised and enlarged as to include materials which would
not only be of use to the students for the Master’s course,
but also encourage independent thinking in students of
higher studies engaged in research work. In the prepara-
tion of the second edition, therefore, special care has
been taken to incorporate recent researches as far as
possible and to indicate references to original sourees as far
as practicable. 1In fact, almost all the chapters have
been re-written and the articles re-numbered, while five
additional sections—Chapters VII, X, XI, XII, XIII—have
been inserted and a large number of examples éiven
illustrating the subject-matter and serving as exercises for
students. The volume contains an exposition of the general
theory of plane algebraic curves in its various aspects
with applications to conies, cubies, quarties, ete.

In writing on Higher Geometry, it is always a
problem to determinc what matters to exclude, and in
dealing with a subject, so wide in its scope, which
attracted so many workers and has been so much
developed in recent years, specially by the Italian
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Geometers, it has not been possible to do full justice to all
the important topics ; in consequence, some have received
fuller attention, while others of equal or greater importance
have been little noticed or even omitted altogether. It
is hoped, however, that the book will afford some
scope for independent thinking and research, when the
student enters upon a systematic study of plane curves.

In the preparation of the volume, constant recourse
has been had to the classical works of Salmon, Clebseh,
Cayley, Cremona, the works of Basset, Teixeira, Scott,
Wieleitner, Loria and the papers of Zeuthen, Brill
and Nother, Castelnuovo and others, published in the
various Journals and Periodicals. Prof. Pascal’s Reper-
torium der hokeren Geometrie was of great use in supplying
a number of important references. Since the publication
of the first edition, Prof. Hilton has published his
“Plane Algebraic Curves,” which has also been studied
with much advantage. My obligations to these authors,
greater than I can confess, are gratefully acknowledged,
and it is impossible to record in detail my obligation to the
great inspiring work of Salmon—Higher Plane Curves.
I had no access to the recent work of Enriques,— Lezions
sulla teoria geometrica delle equazioni ¢ delle funzioni
algebriche—2 Fols, so highly spoken of, and it is likely
that the present volume could have been made much more
suggestive, had I had the opportunity of consulting
this book.

In concluding this preface, I must take the opportunity
of recording my indebtedness to Prof. J. L. Coolidge
of Harvard for his very valuable suggestions for the
improvement of the work, and to Mr. A. C. Bose, Controller
of Examinations in the University of Calcutta, for his
extreme kindness in giving valuable hints and suggestions.
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My best thanks are also due to my former pupil Mr. L.
Murthi, M.A., who made a number of important sugges-
tions and pointed out several printing and other errors in
the preparation of the edition.

With a keen sense of sorrow and gratitude, I record my
indebtedness to the late lamented Sir Asutosh Mookerjee
former Vice-Chancellor and President of the Post-graduate
Councils in the University of Calecutta, whose untimely
death has been deeply felt by all Indian workers in the
field of mathematics, pure or applied. It was at his
suggestion that I was induced, difficult as the task was,
to revise the original lecture notes for the Press, and it
was he who helped and encouraged me to bring out a
second and revised edition, but it is a matter of profound
regret that he was not spared to see its completion. As
an humble token of gratitude, this volume is dedicated
to his revered memory.

UniveRSITY OF CALCUTTA,
Marek, 1925.
S. M. G.
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THE
THEORY OF PLANE CURVES

CHAPTER 1
INTRODUCTION

1. Co-ORDINATES :

Homogeneous co-ordinates are most conveniently used in
studying projective properties of plane curves. An intimate
knowledge of the use of these co-ordinates, however, will be
assumed on the part of the learner, though we give below
some of the most important results for ready reference,

There are two kinds of homogeneous co-ordinates most
commonly in use :—(1) Thilinear Co-ordinates; (2) Areal
Co-ordinates. The trilinear co-ordinates of a point are
geverally denoted by a, B,y and its areal co-ordinates by
7,7y, z. The formule * of transformation for the two systems
are—

2"% =r, 2bi =y, éz =z (1)

where A is the area of the triangle of reference and a, b, ¢
its sides. The identical relation satisfied by the trilinear

co-ordinates of a point is—

aa+bB+ey=2A . (2)

* Scott-—Modern Analytical Geometry, § 16.
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and consequeutly the same relation iu the Areal system
becomes—

z+y+z=1 v (3)

2. Tur SeeciaL Laxe ar INpINITY @
The equation of the line at infinity in the two systems
is
aoa+bf+cy=0 e (B

*

and e+y+s=0 respectively v ()

1t is to be noticed that these equations contradict the
fundamental identical relations (2) and (3(. This paradox
can be explained by the fact that the relations (2) and (3)
are deduced on the supposition that a, 8, y (or «, 7, z) are all
finite ; but the relations do not hold when any of the varia-
bles happens to be infinite. The line represented by (4) or
(5) is entirely at infinity, and every point on this line is at
infinity. For, to determine the trilinear co-ordinates of a
point on the line we have to solve the two equations—

Saa+b,3+('y=2A
(aa+ bB+cy=0,
i.e., to determine the values of a, 8, y which satisfy—

0.a+0. 84+0. y=2A v (6)

Equation (6) requires that one at least of the quantities
a, B, y should be infinite, and consequently from the first of
the two equations one other becomes infinite. Thus, it is
seen that two of the co-ordinates of a point on the line are
infinite, and therefore the point is at infinity. Conversely
every point at infinity lies on this line.

From these considerations it follows that the co-ordinates
of a point in a plane are in general connected by a linear
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relation aa+bB+cy=coustant, which, in fact, reduces to the
inequality aa+4bB+cys=0; but thére are special points in the
plane, whose co-ordinates satisfy the relation aa+ b8+ cy=0.
These exceptional points all lie at an infinite distance on a
certain special line lying entirely at infinity.

3. CARTESIAN AS A SPECIAL SYSTEM OF HOMOGENEOUS
C0-ORDINATES :

If the two Cartesian axes and the line at infinity are
taken as the sides of the fundamental triangle, the formulse*
of transformation from the homogeneons to the Cartesian
system may be written as :—

a=any multiple of r,
B=any multiple of ¥,
y=any convenient constant.

Thus, if in any equation in the homogeneons system, we
substitute a=r, B=y, y=1, the equation is transformed into
one in the Cartesian system. Conversely, in passing from
the Cartesian to the homogeneous system, such powers of
z are introduced in the different terms as will make the
equation homogeneous. The line at infinity in this case is

z=0/e, 0.x+0.y+:=0,
while in Cartesians, it is
0. ¢40. y+¢=0 l.e. a constant ¢=0.

Note.  In analytical investigations, a certain equation is
made homogeneous by introdacing proper powers of # in the
different terms, and finally for expressing the result in the
original system, z is put equal to unity.

* Scott—loc. cit., § 80,
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4., TANGENTIAL * oR LINE CO-ORDINATES :

We may imagine that all our geometrical configurations
are drawn by means of straight lines instead of points, and
consequently lines may as well be taken as primary ele-
ments.”” Points in this case are to be regarded as secondary
elements, obtained as intersections of lines, and an infinite
number of lines pass through any point, just as an infinite
number of points lie on a right line. Thus it appears that
there is a correspondence between the two theories, the point
theory, in which points are taken as primary elements, and
the line theory, in which lines are taken as primary ele-
ments, and this we shall indicave to some extent presently.

In the line system, the pusition of a line is determined
in reference to three fixed fundamental points, The ratios
of the distances of the three fixed points from the line,
measured in a fixed direetion, are sufficient to determine the
position of the line uniquely. Thus the co-ordinates of a line
may be defined as proportional to given multiples of the
distances, measured in given directions, of the three
fundamental points from the line. For simplicity, these
distances are measured in a direction perpendicular to the
line. Thas if p, g, be the lengths of the perpendiculars
drawn from the three fundamental points on to the line, then
the co-ordinates (£ 7, ) of the line are proportional to
prqr

e finil=piq:o

5. RELATION BETWEEN THE CO-ORDINATES OF A UINE AND
THOSE OF A POINT ON IT:

Let

(21 Y1y 2,), (Les Yoy 24), (24, Ys» 23)

9 For a fuller trontment of the subjoct, the reader in referred to
Dr. Booth’s “ A Treatisc on some new Geometrical Methods,” Vo, I,
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be the co-ordinates of the three fundamental ﬁoints and the
equation of a line be

Lv+my+n:=0.‘

Then the lengths of the perpendiculars drawn from the
three points on to the line are respectively proportional* to

Le, +my, +nz,, le,+my, +n:; and leg +my, +nzy.
Therefore, the co-ordinates of the line are given by

Ermil=le, dmy+n:, T legdmy, +nz,: le, +my, +nz,.
ké=le, +my, +nz,,
y=le, +my, +nz,,

k=ley+my,+nz,.

If we eliminate I, m, n, & between these equations and
the equation of the line, we obtain the equation of the line in
the form—

«u

y

o O
A

"y B EEY

&y Y3 2

S S

fs Y %y

In this equation the co-efficients of ¢, 7, ¢ are linem
fanctions of #,y,z. 1f these co-efficients are denoted by
a, B, v, the equation may be written as

fat+9B8+Ly=0 w (@)

* Salmon's Conic Sectione, § 61,
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Now, the linear functions a, 8, y determine a point whose
co-ordinates are proportional to a, 8, y. Therefore, all lines
whose co-ordinates £, 5, { arve connected by the relation (1)
pass through a point whose co-ordinates are a, B, y; and
conversely, all points whose co-ordinates satisfy the relation
(1) lie on a line whose co-ordinates are & %, { The same
fact is expressed hy saying that the point (a, 8, y) and the
line (& . &) are nuited (n position, if the relation (1) is
satisfied.

6. TaxcexTiAL EqQuaTiox :

The idea that a curve may be regarded as the envelope
of a moving line is due to De Beaune (1601-1652). A
systematic treatment of envelopes was given in 1692 by
Leibnitz. The advantage of developing the two conceptions
side by side was first pointed out by Brianchon (1806). It
was Mobius who in his Barycentric Calenlus introduced a
system of line co-ordinates. Applications of these co-ordi-
nates to metrical properties were given by Chasles and
Salmon.

The point (a, 8, y) may be vegarded as the envelope of
all lines whose co-ordinates satisfy the above relation and
the equation fa+9B+4{y=0 represents in line co-ordinates a
point whose trilinear co-ordirates are «, 8, y; and in general
any homogeneous equation in line co-ordinates § v, ¢
represents the envelope of all lines whose point equation is
fa+9B+¢y=0 and whose co-ovdinates satisfy the given
equation. This relation is called the * tangential equation ”
of the envelope. Thus the tangential equation of a curve is
the relation between £ », £ which expresses the condition
that the line fa+nB+{y=0 touches the curve, * and
f(#,y,2)=0 being the point equation of a curve, the condition
that the line {c+4ny+{ 2=0 touches it gives a relation of the
form ¢(§, 9, {)=0, which is called the line or tangential
equation of the curve.

* Salmon—Tloc. cit., §§ 151 and 285,
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7. THE CIRCULAR POINTS AT INFINITY :

In § 2, it was found that the co-ordinates of a point are
subject to the inequality aa+ b+ cy=0, and there are special’
points, not conditioned by this, which lie at infinity on a
special line. Similarly, the co-ordinates of a line satisfy the
rvelation—

E 492 4+ 82 —2nL cos A—2¢¢ cos B—2¢y cos C=4A1,
where A is the area of the fundamental triangle, whose

angles are denoted by A, B, C.

Let p, q, r be the perpendiculars on to the line (¢ », Z)
drawn from the vertices of the fundamental triangle. Now
the perpendicular 8 drawn from any point (f, g, 2) on to the
line (¢, 7, &) is giveu by

8% = (£ +ny+ L) I,

where
b= V& 9?42 —2nfcos A—2¢€ cos B—2¢n cosC.

. The perpendicular drawu from the vertex A(2A/q,0,0)
on the line (¢, », ) 1s

p=2A¢/ak; or, apk=2A¢.
Similarly.

bgk=2An and crk=2AL,
Hence we obtain
a’p® +b2q? ¥ r? —2beqr cos A—2carpeos B
—2abpg cos C=4A%* ... (D)

which gives an identical relation between the co-ordinates

of the line (p, q,7). Again, if (¢, 9,¢) be the actual
co-ordinates of the line

Eipil=ap:bg:on

* Ferrer’s Trilinear Co-ordinates, p. 20,
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~ The relation (1) becomes
&2+ 0?4 {2 — 2y cos A —2{¢ cos B-—é{q cos C=4A",
i.e., the co-ordinates satisfy the inequality
E 9+ =2y cos A—2¢¢ cos B—2£y cos C£O0.

But certainly there exists at least one line whose co-ordinates
are not subject to this inequality, namely, the line at infinity

aa+bB+cy=0, for which é:np:¢{=e¢:b:c.

Let us consider the lines whose co-ordinates satisfy the

condition—
£ 49 + {8 =29 cos A—2¢¢ cos B—2£n cos C*=0 (1.

This is an equation of the second degree and cousequently
all these lines constitute a system of the second class. The
expression on the left breaks up into two linear factors and
the envelope is therefore a pair of points.t In fact, the
equation re luces to—

@ 407 =0 (&7 et —p=0,

and consequently the envelope is a pair of points whose
equations are—

tA_C=O . (2)

feIB + ne_‘A —¢=0 and fe—hB + e
The special lines under consideration pass through one or
other of these two fixed points., The factors being imaginary,

* For a geometrical interpretation of this equation, the reader is
referred to Professor Cayley's Swsth Memoir upon Quantics. (Coll.
Papers, Vol. 1I, No, 158). This is & degenerate envelope and the
name the “ Absolute” has been given to it by Prof. Oayley.

% Salmon, loc. cit., § 286.
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the points they represent are conjugate imaginary points.
The line joining them is real, whose co-ordinates are obtained
by solving the equationa (2). :

Thus, .
) f = = ki = 7 = '
esA —e —1A eiB _a—tB ez(A4-B)_:ve—a(A+B)
or, ¢ 7 = £ te, £1m: {=a:b:ec

snA  sm B snC

The line is therefore the line at infinity aa<4 38+ cy=0.
The two imaginary points (usually denoted by I and J)are at
infinity. All lines drawn through them are imaginary.
Through any real point P there pass two of these lines PI
and PJ. They are called ¢ isotropic " lines or cirenlar lines
and their Cartesian equations are

24+ V=1 y+c=0.
The co-ordinates of these two points are—
(einy e—iA ;—1) and (e—iB ) eiAa-l) e (3)
The co-ordinates may also be taken as—

» (70 ,—1,6Y)

or, (-1, em, e—iB )y (-1, e-ic , e'.B ).

It is proved in treatises on conic sections timt all circles
pass through the two circular points at infinity, and it is on
this account that they have been so called. These points
are then found as the intersections of the line at infinity with
any circle—the circumecircle of the fundamental triangle, for
example, ¢.e., they are given by the equations :—

Bysin A+ yasinB+afsin C=O}
asin A 4+ 8sin B+ysin C=0

Solving these two equations for «,8,y, we obtain the
cosordinates of the two circular points I and J. N

?
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When the fundamental triangle is equilateral, a=b=c
and AV=B=C=60°, and the co-ordinates of I and J become
(1, v, ©*) and (1, 0%, @), where wis one of the imaginary
cube roots of unity.

8, In Cartesian system the line equation of the circular
points at infinity is & <4»*=0. For, the isotropic lines

through any point are 2+ v/ —1 y+¢=0: and consequently,
any line {x+ny+{e=0 will pass through one of these points,
if £47*=0, which is the tangential or line equation
required.

This equation implies that every line drawn through one
of these points is perpendicular to itself, for this is the
condition that the line ¢c¢+ny+{:=0 is perpendicular to
itself. The same equation further implies that the length
of the perpendicular drawn from any point on any of the
circular lines is always infinite* The equivalent condition
in trilinear co-ordinates is accordingly obtained by equating
to nothing the denominator in the expression for the length
of a perpendicular.

9. PROPERTIES OF THE CIRCULAR POINTS ¥ AT INFINITY :

The two special points at infinity play an important part
in the theory of curves. Prof. Cayley has discussed at some
length their properties in his “Sixth Memoir upon
Quantics.” We reproduce below some of the most important
results :—

(1) The two points in which two perpendicular lines
meet the line at infinity form aharmonic range with the
circular points I and J. This practically amounts to saying
that two perpendicular lines form with the isotropic lines
through their intersection a harmonic pencil.i We are thus

* Salmon, Oonics, § 34,

+ These were discovered by Poncelet, Traite des proprietes projective
des figures (Paris, 1822),

1 Balmon, Oonlos, § 856,
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led to the following definition :—Lines harmonic with respect
to the isotropic lines through their intersection ave said to be
perpendicular.

(2) Curves may be differentiated in respect of their
relations to the two circular points. These being conjugate
imaginary points, a real curve which passes through the
one passes through the other also. Curves passing
through these points possess special properties and are called
circular curves.

(3) The points T and J have important functions in
determining the foci of a curve, which we shall have occasion
to discuss in a subsequent chapter.

10. TuE LINE AT INFINITY :

The notion of elements lying at an infinite distance is due
to Desargues, who considered that parallel straight lines meet
at an infinitely distant point and parallel planes pass through
the same straight line at an infinite distance. The same
idea was developed by Poncelet. who discovered the two
circular points at infinity. The points which are supposed
to constitute the line at infinity are not of the same nature
as those in the finite part of plane. This line is in fact
fictitious, invented simply to secure the generality of the
statement that any two straight lines in a plane always
intersect. It is a line in the sense that it corresponds to a
finite line in homographic transformations. 1t meets every
other line in one and only one point. It lies at infinity only
in the sense that it contains no finite point. It is a complete
point representative at infinity. The statement that it lies
at infinity indicates its character and not its position. It has
no direction and cannot be graphically represented,

11. THeory oF PROJECTION :

The principles of projection are well explained in
treatises on conic sections.* The modern theory of projective

% Salmon’s Conice, Chap. XVII,
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geometry is only a development of the principles enunciated
by Desargnes who was the first to make use of conical
projection. Poncelet, by his wonderful discovery of the
circular points at infinity built up a logical system of
geametry of conics ; but it was Pliicker who extended this
conception and defined the foci of curves by their isotropic
properties.

Let p and p' be two fixed planes and O a fixed point
outside hoth of tham. If A is a point in p and OA meets p’'
in A', then A’ is called the projection of A on p/, O is called
the vertex of projection.

If A traces out a curve C in the plane p, and O be joined
to all points on C by means of straight lines, the joining
lines will generate a cone, and the plane p' intersects this
cone in & curve €', which is called the projection of C on
P, and p' is called the plane of projection. The line of
intersection of p and p' is called the aais of projection.

Thus the projection of a right line is another right line.
If a right line intersects & curve in » points, then its projec-
tion will cut the projection of the curve in n corresponding
points. Hence the projection of a curve of the nth degree is
another curve of the same degree. A tangent to a curve
projects into a tangent to the projection of the carve, and
every singularity on the curve projects into the same
singularity on the projected curve. The prejection of a
range of four points or lines is a range of four points
or lines, having the same cross-ratio. Pole and polar
relations and conjugate properties of lines and points
remain unaltered by projection.

If through the vertex O a plane is drawn parallel to p,
cutting the plane p’ in a line s/, then &' is the projection on
¢’ of the line at infinity of p. Similarly, if the plane, drawn
parallel to p', intersects p in a line s, s is the projection of
the line at infinity of p’. sand s’ are called vanishing lines
of the planes p and p’ respectively. Thus we see that any
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line in p can be projected into the line at infinity on p/,
while the line at infinity on p’ can be projected into any line
in p. it followd. therefore that the properties of curves
having singularities in the finite part of the plane can be
deduced from those of curves having the corresponding
singularities at infinity, and vice versa. Thus, all properties
of a curve, which do not involve magnitudes of lines or
angles, can be generalised by projection, while metrical
properties cannot be generalised except in very special cases.
Any two points in a plane can be projected inte the two
circular points, and vice versa, but this can be effected by an
imaginary projection. We postpone the further discussion
of the theory and its application, which we shall have
occasion to illustrate as we proceed.

12. ANALYTICAL ASPECT OF PROJECTION :

Let O be the vertex, and AB the axis, of projection. The
plane through
the vertex O
parallel to p'
meets p in the
vanishing line
CD. Let the
plane through
O perpendicular
tothe axis AB meet AB and CD in A and C respectively.
Take any point V as origin on AB. In the plane p, take VB
and any perpendicular line as axes of z and y; and in the
plane p', take VB and any perpendicular line as axes of .’
and y'.

Let (r,y), and (+',%') be the co-ordinates of P and P’
referred to these axes respectively.

Let CP meet AB in M'.
Then OC is parallel to PM". Now, OC is perpendicular

to AB, and hence P'M’ is perpendicular to AB. Draw PM
perpendicular to AB, and let OC=a, AC=b and AV =g,

ASY m M B =
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P'M'_PM' _MM

then, ==
o oc “PC TMA
. l’ _ -
a7 edec
! !/
H . o= %Y -
ence | X v ¥a )
N PM_MP_ MP
Similarly, 3% =Mo = WP FoC
A = "I/ Y= —by’ P
= o= SE)
1f the origin is taken at A, c=0, and the formule (1) and (2)
become — - aai ym ﬁ"_’;
y'+a’ y+a’

Therefore these equations represent the analytical transforma-
tion corresponding to the geometrical process of projection.
The constants a, b, ¢ define the position of the vertex of
projection, and consequently when a, b, ¢, are all real, the
vertex is real and the projection is also real ; but if any of
these quantities become imaginary, the vertex is an
imaginary point, and projection cannot be effected geometri-
cally, but still the analytical process is perfectly valid.

Ez. 1. Prove that any conic can be projected intoa circle and at
the same time any given line to infinity.
" Ez. 2. Prove that any conic touching the vanishing line projects
into a parabola.

Ex. 3. A system of conics having double contact with each other
can be projected into a system of concentric circles.

Ez. 4. The conics 252 + 3y*=1 and z* =2y are projected into circles.
Find the necessary equations of transformation.

Ex. 5. Find a transformation by which the conics y?=4z—3 and
z?—=y?—42 +8=0 may be projected into circles,

13. FIGURES IN PERSPECTIVE :

A figure is said to be in perspective with another figuve
when the lines joining the corresponding points of the two
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figures pdss through a common point O. This point is called
the centre of perspective. -

Thus & figure when projected on to a plane or surface is
in perspective with its projection, the vertex of projection
being the centre of perspective, It should be noticed, however,
that projection and figure in perspective ‘are not the same.
In projection we have reference to the plane of projection, ete.,
whereas in perspective the thought of the planes on which
the corresponding figures lie is absent, and the only necessary
condition is that the lines joining corresponding points
should be concurrent. It follows therefore that a figure and its
projection are in perspective, while two figures in perspective
are not necessarily the projection one of the other.

In § 11, suppose that p’ turns about its line of intersec-
tion ! with p, till it coincides with p. Then the two figures,
which were originally projections of one another, are now
in the same plane, while the lines joining corresponding
points still pass through a fixed point, and the corresponding
lines of the two figures intersdct on the fixed line 1.
These two figures are then said to be in plane perspective,
ard the line I is called the axis of perspective.

The figures may be regarded as plane projection of each
other.

14. ANALYTICAL TREATMENT OF PLANE PERSPECTIVE :

Let O be the centre and the line AB the axis of pers-
pective and its parallel line g K P'
TK as the vanishing line.
Let any line through O meet
TK in T and let TP meet. the
axig in B. Through B draw
BK parallel to OT, meeting P
OPin P. Then P is the
projection of P. The line OT A r
may be any line through O,
and the same point P’ will be obtained in any case,




18 THEORY OF PLANE CURVES

Take O as origin, OT as the axis of s, ac4by=c as the
axis AB, ac+by=c as the vanishing line TK. Let {~, y) be
the co-ordinates of P and (¢, y') those of P'. Let X, Y be
the current co-ordinates. :

Then, TP is the line—

y(X——;, )=Y(.c—%') - @

Any line through B is

Ir( aX +5Y —c )+y( x-¢ )—Y ( amC )=o
a a
And since BP' is parallel to OT,
BP' is the line—
Y(ax4by—c')=y(c—¢) o (2)
and OP is the line—

X_Y
=3 3)

Hence, equations (2) and (3) will give by their intersection
the co-ordinates of P’'.

Thus,
1. #®(c—=c) — ylo=c)
w=m+by—c" y'= ar+by—c
and

o' !

- - y
¢ @Hby—c+e ' T adFty—cke

If the axis AB is to pass through O, then ¢=0, and the
equations of transformation become—

— w, V
Saryar T ryTe
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" For a detailed account of the theory, the student is referred
to Chapter X, Scott’s Modern Analytical Geometry, and
applications will be found in subsequent Chapters of this
hook.
~ JEz. 1. Apply to the curve 8x% +y*=4 the transformation in which
,the line 2z + 3y =1 goes off to infinity.

"Ew. 2. Find the transformation which will plwe the figures
. 23+2y*=1 and 2y%+2z=1
in perspective p: sitions. '
- Ex. 8. Apply the above transformation to the curve
=0.

+- +

|l
@l
wo

15. THEORY OF INVERSION :

If on a radius.vector OP, drawn from a fixed origin O to
a point P, a point P’ is taken such that the rectangle
OP-OP’ is constant=Fk?, then the point P’ is called the
“inverse”” of P with respect to a circle with centre O and
radius k. It is convenient sometimes to speak of P and
P’ as inverses of each other with respect to the point O and
the process is called “ inversion.”

If P traces out a locus C, P’ also traces a corresponding
locus C', which is the inverse of C with respect to the point
0. O s called the origin, and k the radius, of inversion.

The polar equation of the inverse is obtained by putting
k*/r for r in the equation of the original curve.

If O is taken as the origin of a Cartesian system of
co-ordirates and (z,y) the co-ordinates of P, then the
co-ordinates (., ') of the inverse point P’ are given by—

e k’.v [ k’y
& _‘”m’, y e +ya'

Hence, if f(#, y)=0 is the equation of a curve, the equa-

tion of the inverse curve is—

e By )
f m‘, Sy =0,
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Thus, the inverse of the straight line le+my+n=0is
n(w®+y®)+k*(le+my)=0,

which is evidently a circle through the origin, but the inverse
of the circle

a2 +y? + 2904 2fy+¢=0
becomes
o(x® +y*) + 2k (g2 +fy) + k* =0,
which is again a circle.

If the line passes through the origin, 2=0, and the inverse
is the line itself. If the circle passes through the origin,
¢=0, and its inverse reduces to a straight line.

Hence we see that the inverse of a straight line is a circle,
but if the origin lies on the line, it is its own inverse ; while
the inverse of a circle is a circle, but when the origin lies
on the circle, the inverse reduces to a right line.

It follows therefore that the inverse of a system of
parallel lines is a system of circles having the same tangent
at the origin.

If the line passes through one circular point, its inverse
is a line through the other circular point. If P and P/,
Q and Q' are inverse points on two inverse curves, we have
OP.OP'=0Q.0Q', so that PP'Q'Q are coneyclic, and
consequently 2 OPQ=/O0Q'P. If now P becomes conse-
cutive to Q, and P’ to Q', PQ and P'Q’ become tangents at
P and P’ on the inverse curves respectively, and they make
supplementary angles with the radius OPP’,

From this it may be shewn that two curves cut at the
same angle as their inverses.

If the point P describes a curve in space, not necessarily
a plane curve, then P’ issaid to be the inverse of P with
respect to a sphere with O as centre,
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We shall have occasion in a subsequent Chapter to:
discuss more fully the general theory of inversion.

Ex. 1. The inverse of a sphere is a sphere or a plane.

Es. 2. A dircle is inverted into a line. Prove that this line is the
radical axis of the circle and the circle of inversion.

Ewx. 3. A system of intersecting comxal circles can be inverted into
concurrent straight lines.

Ex. 4. What is the inverse of the pair of isotropic lines given by
(—a)* + (y—b)2=0

with respect to the origin ?
Ex. 5. The angle between a circle and its inverse is bisected by
the circle of inversion.

Ex. 6. Invert two spheres, one of which lies wholly within the
other, into concentric spheres.

16. RECIPROCATION :

Suppose a fixed conic C is given. If we find the pole P
of any tangent p to a given curve S with regard to C, then
the locus of P will be a curve s, which is called the polar
curve of 8 with regard to C, and C is called the auxiliary
eonic; P is said to correspond to p, consequently every
point of s corresponds to some tangent to S.

Now if p, p' are two tangents to S, their corresponding
points P, P’ are points on s, and the point of intersection of
P, p' is the. pole of the line PP'., Now, when p,p' are
consecutive tangents to S, their intersection is a point of S,
P and P’ become consecutive points on &, and the line PP’
becomes a tangent to s. Hence, if any tangent to S corres-
ponds to a point on s the point of contact of that tangent .
to 8 will correspond to the tangent through the point on s.

Thus the relation between the curves is reciprocal, i.e.,
the curve S might be generated from s in precisely the same
manner that s was generated from S. Hence the curves
are called veciprocal polars, and the process is called
“ rectprocuation.”
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Analytical and other aspects of the theory will be
discussed in a separate Chapter of this book.

Ex. 1. The polar reciprocal of a circle with regard to another is a
oconic having the origin for foous.

Ew. 2. A system of non-intersecting coaxal circles can be recipro-
cated into confocal conios.

E». 3. Conjugate points of one conic reciprocate into conjugate
lines of the reciprocal, and a self-conjugate triangle reciprocates into a
self.conjugate triangle.



CHAPTER 11
PLANE ALGEBRAIC CURVES
Sec. I:—General Properties.

17. Norion oF ALGEBRAIC CURVES.

If on the plane of the paper we drawa line of any
form, it is called a ‘“curve.” It is theoretically possible
always to represent this curve, described according to certain
laws, by means of a definite analytical equation in any
system of co-ordinates, or at least by means of a Fourier
Series. We propose to investigate the properties of a
curve represented by means of an equation F(.r, y)=0in
Cartesian co-ordinates, and in doing so, we shall have first
to study the nature of the function F(x, y).

In former days, functions were divided into two separate
classes— (1) algebraic, and (2) transcendental, and the
curves represented by them were accordingly divided into
two classes *—* algebraic curves ”’ and * transcendental curves.”
This classification was chiefly based on the use of Cartesian
co-ordinates and therefore does not hold when other systems
are used. But this is of little importance compared with
the great advantage we derive in studying the propetties
of algebraic curves in the light of the modern theory of
functions. For functions both of whose ranges are real
numbers, a graphical representation was devised by
Descartes. The older Mathematicians held that a function
simply meant a single formula, at first usually a power of
the variable, but afterwards it was regarded as defined by
any analytical expression, and was extended by Euler t to
include the case in which the function is given implicitly

* Descartes—Geometrie (Leyden, 1637).
+ Memoires de ' Acad des Sc T.4 and 5.
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as a formal relation between the two variables. The
arbitrary nature of a function given by a graph was
recognised by Fourier. In the modern theory of functions,
it is held that a regular function can be completely defined
by means of a graph drawn in the finite and continuous
domain of the independent variable. This simply depends
upon geometrical intuition. A curve thus drawn is
indistinguishable by perception from a sufficiently great
number of discrete points. But a graph can only be
regarded as an approximate representation of a function,
and all that is really given by the graph consists of
more or less arithmetically approximate values of the
ordinates at those points of the .<-axis at which we are
able to measure them.

In order that a curve may be drawn really to define
a function, certain laws must be formulated, by means of
which the values of the ordinates can be formally deter-
mined at all points of the z.axis. These considerations
-led to the classification of functions in the modern theory,
according as they possess various special properties, namely,
cantinuity, differentiability, integrability, etc., throughout the
domain of the independent variable, or, at or near special
points in that domain. The modern theory of functions
says that the equation F (z, y)=0 cannot in general
represent a curve; it can do so, if ¥ can be expressed as a
regular function f(«) of w, é.e., if f(¢) is a continuocus, finite
and unlimitedly differentiable function expansible in
Taylor’s series. It is only by the combination of these
conditions that y=f(x) can represent a curve.

18. REPRESENTATION OF FUNCTIONS :

Each algebraic function is put in the following rational
and integral form:—

way)» s 2 a,,a,y

r=0 r=0
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All other functions which cannot be put into this form are
called ‘transcendental” functions. A class of functions
of the form y=.+/3 is called by Leibnitz “ interscendental ”
functions. These functions involve variables with exponents
not commensurable with any rational number.

Parametric representation of functions is often very useful
in the form 2=¢(¢), y=y(#), from which the implicit form
of the function is obtained by eliminating the variable ¢,

19. From the preceding articles it follows that under
certain conditions F(«, y)=0 is the equation of an algebraic
curve, while the curve itself is the geometric representation
of the function F(z,y). Thus, in general, a curve of the
nth order is defined as the geometric representation of a
function which is of the nth degree in the variables.
Different special names have been devised to denote curves
of different orders ; for instance, a curve of the third order
is called a ‘‘cubic,” of the fourth order a quartic,” and
in general, one of the nth degree is called an n-ic.

If the quantic F(=, y) is érreducible, t.e., if it cannot be
broken into two or more rational and integral factors of
lower dimengions, the curve is called a ““ proper or non-degene-
rate curve” of the nth order. But if F(«, y) breaks up into
two or more rational and integral factors of lower orders,
the curve is called an *improper” or * degenerate” curve.
Thus, two right lines together form a degenerate conic; a
conic and a line, or three right lines constitute a degenerate
cubic ; two conios constitute a “ degenerate quartic,” and so on.

20. The most general equation of the nth degree in two
variables may be written as :—
a

+betcy
+det +exy +fy®
+g0° +hety+icy® +jy°
+pettqetTly+  cedroytlasyt=0 .., (1)
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The above equation will sometimes be written in the
symbolic form

Ugtu, FrygFug e Fu ... Fu,=0 .. (2)

where u, is a constant and %, is a binary quantic (r-7¢) in
x and y.

The equation (2) may be made homogeneous by intro-
ducing a third variable 2, and the general equation of
a curve of order » in homogeneous coordinates may be
written as: .

Uea" Uy 2" Uy T L, 2" L+ u, =0 L (3)

From these equations it is seen that the number of
terms in %,., is 7, and that in %, is obviously one more
than in u,_,, and is therefors equal to r+1. Thus the
total number of terms in each of these equations is equal to

142434......... +n+(n+l) e, toi(n+l)(n+2).

The number of independent constants in each of these
equations is equal to one less than the number of terms it
contains, for the generality of the equation remains
unchanged, and consequently it represents the same curve,
if we divide the whole expression by a constant. Thus,
dividing the equation by %,, and substituting new constants
for the ratios of old ones to u,, the number of constants is
reduced by one. Hence the general equation of the nth
degree contains only {}(n+41)(n+2)—1} or in(n+3)
independent constants and can therefore be made to satisfy
the same number of conditions, and no more.

21. NUMBER OF POINTS DETERMINING A CURVE OF ORDER

The general equation contains }n(n+3) "independent
constants and therefore the same number of conditions are
required to determine the co-efficients uniquely. Hence
in(n+3) conditions are required to determine a curve of
order n; for instance, the curve may be made to pass
through in(n+43) given points. Thus, a curve of order »
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is uniquely determined, if }n(n+3) points on it are given:.
The co-ordinates of each of the given points satisfy the
equation and thus give a linear relation between the
constants. We obtain in this way altogether }n(n<+3)
equations to determine the same number of unknown
quantities, 7.e., the co-efficients. There islonly one set of
solutions, and the equation is uniquely determined, and
consequently the curve also. Hence it follows that

Through in(n+3) given points, only one curve of the nth
degree can be described.

Thus a conic is determined by five points, a cubic by
nine points, a quartic by fourteen points, and so on.

22. DEGENERATE AND NON-DEGENERATE CURVES:

We have seen that In(n+3) points will determine
a curve of order » uniquely; but they do not in all cases
determine a proper or non-degenerate curve. For instance,
five points determine a conic, but if three of them lie on a
right line, the conic determined by them consists of two right
lines. Nine points determine a cubic, but if three of
them lie on a right line, the cubic consists of this line and
a conic through the remaining six points. Thus we see
that the in(n+3) given points do not always determine a
non-degenerate curve of the nth degree.

The necessary and sufficient condition that they can
determine a non-degenerate curve uniquely is that the
points must all be “independent,” i.e., no group of them
ghould lie on a curve of order lower than they can usually
determine. This follows from the fact that the linear relations
which determine the co-efficients must all be independent,
and their number must be exactly in(n+3), neither more nor
less. For, if two or more of the co-efficients are conneeted
by other relations, the co-eficients are not independent, but
they satisfy identical relations. In this case some of the
points lie on one or more ether curves of lower orders and
the curve of the nth order is not a non-degenerate curve, but

4
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consists of two or more curves of lower orders. If the
number of these linear relations be less than in(n<3),
which is the case when one or more of them can be deduced
from the others by algebraic operations, the co-efficients
cannot be uniquely determined and the equation contains
one or more indeterminate co-efficients. In thiscase an
infinite number of curves can be described through the
points.

Thus we see that in general in(n+3) arbitrary given
points _determine a  non-degenerate curve,” and that
uniquely.

23. INTERSECTIONS OF CURVES:

Two curves Of orders m and n respectively intersect in general
in mn points,

Let
V,za,+b,24c,y+d,a’ +day+d,y*+...=0 ... (1)
and V,Zd 40 a4+ y+d,2%+... =0 .. (2)

be the equations of two curves of orders m and » respec-
tively.

Then, at the common points of intersection of the two
curves both the equations (1) and (2) must be simulta-
neously satisfied. Therefore, if we eliminate either of the
variables . or y between them, the resulting equation will
be satisfied by the values of the other variable at the
common points of intersection. Thus, if y be eliminated
between (1) and (2), the resulting equation in «—the
eliminant—will be of degree mn and will determine the
abscissee of the points of intersection of the two curves.

The resulting equation will have either all its roots
real, or if there are imaginary roots, they will occur in pairs.
Therefore if there are 2k imaginary roots, the number of real
intersections will ‘be mn—2Fk, where % is zero or a positive

integer.
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Thus a straight line intersects a curve of the nth degree,
in n points, and when 7 is odd, one of these must be real.
It is to be noted, however, that every line cannot meet an
n-t¢ in » real points.

A conic intersects an z-ic in 2u points, of which all
may be imaginary, oran even number real.

A cubic intersects it in 3n points, and so on.

24. As proved above, two curves of orders m and =
respectively will intersect in mn points; but yet mn points
taken arbitrarily on the curve of order = will not be
the intersections of two such curves, In fact, a certain
number of these points being given, the rest will be
determined.

In this article we shall consider how many of these mn
points can be arbitrarily chosen on the n-ic, in order
that the remaining points may thereby be completely
determined.

Case I. If m<n, let $=0 be a curve of order ». Then
3m(m+3) points taken un $=0 will completely determine
a curve Y=0, of order m, which will intersect ¢ in
mu-~ym(m+3) other points.

Case 11.  1f m>n, we may consider a curve ¢ =¢. ¢'=0,
of order m, consisting of ¢ and another curve y/', of order
m—n. Then the Y(m—u+1)(m—n+2) co-efficients of y'
can be so chosen that an equal number of co-efficients of
¢ vanish. Consequently, ¥ involves only

n(m+3)—3(m—a+)(m—n+2)=mu—t{(n—1)(n—2)
constants, and therefore the same number of points will

determine the curve y=0.

Hence, if mn—2%(n—1)(n—2) points are given on the
curve ¢, another curve Y =0 of degree m drawn through
them will intersect ¢ in (n—1)(n—2) other fixed points.

Thus, 3m(m+3) of the mn points of intersection
can  be chosen arbitrarily, - when m<n, so that
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mn—4m(m+3) points are thereby determined. If m>n,
mn—}(n—1)(n—2) points can be assumed arbitrarily, and
then the remaining }(n—1)(n—2) points are determined.
For m=n—1 orm=n—2, the two numbers mn—3im(m+3)
and $(n—1)(n—2) are the same.

Hence we can say that, when m>n or m=n—1 or n—2,
mn—3(n—1)(n—2) points can be chosen arbitrarily and the
remaining 3(n—1)(n—2) points are thereby determined.*

25. If m=n, the above theorem becomes-—if of the n®
points of dntersection of two curves of the nth  degree,
n® —3(n—1)(n—=2) i.e., In(n43)—1 are given, the remaining
L(n—1)(n—2) are also delermined.

Or in other words,

ALl curves of the nth degree which pass through in(n+3)—1
points pass also through t(n—1)(n—2) other fired points.

This theorem can be proved independently as follows : —

Let =0 and y=0 be any two particular curves of the
nth degree passing through J1n(n+43)—1 given points.
Then the general equation of a curve of the same degree
through these points is ¢+ k=0, where k is any arbitrary
parameter. The equation is evidently satisfied by ¢=0 and
¢=0 for all values of k, and consequently the curve passes
through all the »n® intersections of ¢ and y, whatever be the
value of k. Hence this curve passes not only through
in(n+3)—1 given points, but also through the remaining
wd—in(n+3)+1 or t(n—1)(n—2) points of intersection
of ¢ and ¢.

In fact, through the intersections of ¢ and ¢, an infinity
of . curves of the nth degree can be described, and any
particular member will be determined by the condition that

* Thig theorem also holds if the curve of the nth degree breaks up
into two curves of the kth and n—kth degrees respectively, when the
carve of the mth degree does not pass through all the intersections of
the two curves—See Zeuthen—Sur la determination d'une courbe
algebrasque par des points doneés. Math., Ann. Bd. 31 (1888).
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it passes through any other point. But if this last-
mentioned point is one of the common points of ¢ and ¢,
the value of % is indeterminate. It will be observed,
however, that if » > 3, the above theorem is not always true.

Eo. 1. B8traight lines are drawn through each of n collinear points
on an neic. Shew that these lines meet the n-ic again in points on
an (n—1)-c. »

Ex. 2. The tangents at four collinear points of a quartic meet the
curve agaia in eight points on a conic.

Ew». 3. All quartic curves drawn through 13 given points will pass
through three other fixed points.

Does this hold when the quartics are degenerate, each consisting of
four right lines. '

Note. This is the so-called Paradoc of Cramer. Euler
had already noticed that two curves of the nth degree
intersect in more points than are sufficient to determine any
of them.* Cramert fully discussed this paradox but could
assign no reason for this. The first notion of systems of
curves was given by Lamé, and then Pliicker in a note to
“ Entwicklungen” (Vol. I, p. 228) gave the above theorem.
The algebraic aspect of the question was discussed in the
works of Jacobi, (Journal of Math., Vol, XV, 1841)
and Plicker (Ibid, Vol. XVI, 1842).—See Pliicker's
Algebraischen Curven, Einleitung ; and also a Memoir by
Prof. Cayley—Cambridge Math. Journal, Vol III, p. 211.

26. If m>n, the theorem of § 24 may also be stated
in the following form :—All curves of the mth degree which
pass through nm—3i(n—1)(n—2) points on a curre of order
n (m>n), pass also through Hn—1)(n—2) other fived points
on this curve.

Consider a curve of the mth degree which consists of
the given curve of the nth degree and another of degree

* Euler—A Memoir in the Berlin Transactions for 1748—* On an
apparent contradiction in the Theory of Curves.

+ Cramer—Introduction 4 1’Analyse des lignes courbes algébriquse
(1750).
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‘m—mn, Let ¢=0 be the given curve of the nth degree
and f=0 be a curve of order m—=n, determined by
3(m—n)(m—n+3) assumed points. Now consider the
ourve y=f.¢=0. This curve passes through

nm—3(n—1)(n—=2)+}(m=—n)(m—n +3) or 3m(m+3)~1

points and therefore, by the preceding theorem, it passes
through }(m—1)(m—2) other fixed points. Of these latter
points some will lie on ¢$=0 and some on f=0; and as
many will lie on ¢ as will make the total number of
points to nm, and as many will lie on f as will make the
total number to m(m—n). Thus i(n—1)(n—2) of these
3 (m—1)(m—2) fixed points must lie on the curve ¢=0.

Ex. 1. Every quartic curve drawn through eleven fixed points on &
cubic passes through another fixed point on the cubic.

This follows from the present theorem by putting m=4, n=3.
We can prove this as follows : —

Every quartic curve through these eleven points and two other
agsumed points passes through three other fixed points. Now the
given oubic and the line determined by the two assumed points make
up a quartic throngh these thirteen points. Therefore this system
must pass through three other fixed points, of which only one can lie
on the oubic, for otherwise a quartic through the points would meet
the cubic in more than 12 points.

Ez. 2. A sextic ¢ intersects a curve of the eighth order ¢ in 48
points. But in order to determine =0, 44 pointsare required. Of
these points if 38 are given, the remaining 10 are determined. A system
of curves ¥ through these 38 points on ¢ will pass through 10 other
fixed points on the same.

27. We have seen that if a curve of order m passes
through nm—}(n—1)(n—2) points on a curve of order =,
it passes also through }(n—1)(n—2) other fixed points
on the same. Hence it follows that, of the m(m+3) points
required to determine a curve of order m, if more than
nwm—3(n—1)(n—2) lie on a curve of order un (m>n), the
curve cannot be a proper curve. For, suppose one more
of the points lies on the curve of the nth degree; in that
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case the curve of the mth degree would meet the curve of
the nth degree not only in nm—3(n—1)(n—2)41 points,
but also in }(n—1)(n—2) other points, thus ma.kiixg the
total number to wm<4-1, which is impossible. If, hoﬁever,
the additional point be one of the }(n—1)(n—2) "fixed
points, the curve cannot be uniquely determined; for the
number of independent points is now

nm—3}(n—1)(n—2)+ {im(m+3)—nm+}(n—1)(n—2)—1},
or, tm(m+3)—1.

Hence we obtain the theorem —

Of the points determining a proper curve of the wmth
degree, the greatest number which can lie on a lower curve
of order n is nm—3i(n—1)(n—2).

28. CuHasLEs’ THEOREM.*

If a curve of the third order pass throuyh eight of the
points of intersection of two curves of the third order, it
passes through the ninth point of intersection.

This in fact is a particular case of the more general
theorem, given in § 25. Chasles has given the following
proof :—

Let U=0 and V=0 be any two curves of the third
order drawn through eight given points. The general
equation of a curve of the third order through these eight
points is of the form U=FkV, when k is indeterminate.
If this curve passes through a ninth point (a',%'), we must
have U'=kV’, where U’ and V' are the valuesof U and V
when 2’ and y' are substituted for » and y in them. Then the
equation of the cubic becomes UV'— U'V=0. But this equation
is satisfied by all the nine points of intersection of the two
curves U and V, and therefore this curve passes not-only -

* Chasles—Memoires de Bruwmelles, Vol. XI, p. 149,
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thronugh the eight of these points of intersection, but also
. through the ninth,

Chasles has used this theorem in demonstrating Pascal’s
theorem on Hexagon, namely,—the three intersections of
the opposite sides of any hervagon inscribed in a conic
section are in one right line.

Consider a hexagon inscribed in a conie section. The
aggregate of three alternate sides may be regarded as
forming a curve of the third order, and that of the
remaining sides a second curve of the same order. These
two intersect in nine points, namely, the six angular points
of the hexagon and the three points which are the
intersections of the pairs of opposite sides. Now the conic
section and the line joining two of these intersections
constitute a curve of the third order passing through eight
of those nine points. Therefore this passes also through the
ninth point by the present theorem, 7., the line passes
through the remaining point, since the third intersection can
not lie on the conic.

29. The following important theorem* was given by
M. Gergonne :—

If of the n® points of intersection of two curves of order
n, nm lie on a curve of order m (m<n), the remaining n(n—m)
will lie on a curve of order n—m.

Let U=0 and V=0 be any two curves of the nth degree
intersecting in n® points, and let $=0be a curve of the
mth degree through mm of these points. Select a curve
¢=0, of order n—m, determined by }(n—m)(n—m+3) of
the remaining points, and consider the curve f = ¢. y=0 of
the nth degree which passes through—

nm+3(n—m)(n—m+3) or {n(n+3)—1+}(m-1 (m—2)}

M* Points of intersection of U=0 and V=0. But this
| nn@-" + i8 not less than }n(n+3)—1. Therefore the curve

* Annales, Vol. XVII, p. 220,
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f passes through all the n* interseetions of U and ¥ by § 25.
Bat f consists of an m-ic ¢, which already passes through
mn of these n*® points, and cannot therefore pass through’
any more. Consequently, the other curve ¢ of order (»n~m)
passes through the remaining n* —mn, or, n (n—m) points.

It will be observed that f passes through the remaining
Hn—=1)(n—2)—§(m—1)(m—2)

intersections of U and V. But these latter points cannot
lie on ¢, which already meets the system of the nth' degree
curves in nm points. Hence they lie on y¢=0, which
therefore passes through—

Hn—m)(n—m+3) + }(r—1)(n—2) =} (m—1)(m—2)
t.e., n (n—m) points.

Ex. 1. If of the nine intersections of two oubies, six lie on a conie,
the remaining three are collinear. (Put n=8, m=2,)

Ex. 2. 1If of the sixteen intersections of two quartic curves, eight
lie on & conic, the remaining eight lie on another conic, (n=4, m=2.)

Ez. 3. Any quartic through the intersections of a conic and
quartic meets the quartic again in eight points on a conic. (n=4, m=2).

Ex. 4. Any quartic through the interseotions of a cubic and
quartic meets the quartic again in four collinear points. (n=4, m=38.)

Ex. 5. 1f a polygon of 2n sides be inscribed in a conic, the n(n—2)
points, where each odd side interseots the non.adjacent even sides,
will lie on a curve of the (n—2)th degree.

This is a partionlar case of the present theorem when m=2, and
U and V are degenerate curves, each consisting of # right lines.

The product of all the odd sides may be regarded as one system of
the nth degree, and the product of the even sides another. These two
systems intersect in n*® points, namely, the 2n vertices of the polygon
and the remaining n(n—2) points which are the intersections of the »
odd sides with the (n—2) non-adjacent even sides of each, since each
odd side has two adjacent even sides, Now, the 2n vertices lie on &
oonic, and therefore by the present theorem, the remaining n{n—2).

.points lie on a curve of the (n—2)th degree.

Pascal’s theorem is a particular case of this, when n=3,
b
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30. Prof. Cayley has given the following general
theorem, * of which the theorem of § 26 is a particular
case:—

If a curve of the rth order (r not less than m or m, not
greater than (m4+n—3) pass through

mn—i(m+n—r—1)(m+n—r—2)

of the points of intersection of two curves of the mth and nth
orders respectively, it passes through the remaining

Hm+n—r—=1)(m+n—r—2) points of intersection.

Let U=0 and V=0 be any two curves of orders m and »
respectively.

Select & group of }(r—m)(r—m<3) arbitrary points on
V and describe a curve ¢=0 of order (r—m) through them.

Again, select a group of }(r—n)(r—n+3) points on U
and describe a curve y=0 of order »—n through them.

Now consider;the two curves of order r, namely,
f=¢'U=0 and f =y V=0

The curve f passes through 1}(r—m)(r—m+3) points
on V, ¥(r—n)(r—n+3) points on U, and all the inter-
sections of U and V, d.e., through

{3(r=m)(r—m+3) +mn+}(r—n)(r—n+3)}
or {3r(r+3)—1}+i(m+n—r—1)(m+n—r—2) points.
Again, the curve f’ passes through the same
{3r(r+3)=1} +i(m+n—r—1)(m+n—r—2) points.
Hence, if we select a group of
mn=—t(m+n—r—1) (m+n—r—2)

points of intersection of U and V, then the curves f

* QOayley—Collected Papers, Vol. I, No, 5, p. 25,
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and f' will pass through }»(r+3)~1 points.. Therefore,
every curve of the rth degree which passes through-
these }»(r+3)—1 points will pass through all the intersec-
tions of f and f, and consequently through all the mn
intersections of U and V. But

mn—i(m+n—r—=1)(m+n—r—2)

of these mn intersections lie on the curve. Therefore it
passes through the remaining H(m<+n~r—1)(m+4n—r—2)
intersections.

Note. It will be observed that r cannot be less
than m or n, it can at the most be equal to the greater
of mand ». In order that the curve ¢ may be distinct
from, and does not include as part of itself, the curve V,
r—m must be less than =, 7.e., » must be less than m+n.
If r=m<4n—1 or m+n—2, the theorem is meaningless.
Hence r must not be greater than m+n—3. See Bacharach,
Math. Annalen, Vol. XXVT (1886), pp. 275-299.

If m=n=r, we obtain the theorem of § 25.

Ez 1. Al quartics which pass through eleven points of intersection
of a cubic and a quartic also pass through the remaining intersection.

[Put r=m=4 and n=3].

E». 2. If of the twelve intersections of acubic and a quartic, six lie
on & conic, the other six will also lie on anotber conic and the four
points in which the two conics meet the quartic again are collinear.

Consider the quartic consisting of the given conic and another
determined by five of the remaining six points of intersection. This
quartic therefore passes through eleven of the points of intersection of
the given cubic and the quartic. Therefore it passes through the
remaining intersection, which must lie on the second conic, since
the given conic meets the cubic already in six points. Henoce the
remaining six points lie on a conic.

Again, suppose that the first conic intersects the quartic in the
two points A and B, and let the line AB meet the quartic in two
other points C and D. Now consider the quartic consisting of the
cubic and the line AB. This intersects the given quartic in 16 points,
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Bat ‘bhe quartic .consisting of the two conics nsses through fourteen
of thewse points. Therefore it must pass through the remaining
two,points C and D. Consequently C and D lie on the second conic.
Hence the conics intersect the quartic in four collinear points.

This follows from the presen ttheorem, as a particular case, by
putting m=4, n=38, and r=4.

E». 3. A curve of the fifth degree which passes through fifteen of
the intersections of two quartics passes also through the remaining
intersection.

This folows from the present theorem by putting r=5, m=n=4.

Ex. 4. The tangents at the six intersections of a conic and a cubic
meet the cubic again in six points qn a conic.

Ez. 5. Bhow that a quartic drawn through the intersections of
two cubics meets either cubic again in three collinear points.

Examples 3 and 4 of §29 can be deduced from the present theorem.,

Sec. II: Theory of Residuation.

31. We have seen, § 26, that if of the mn intersections

of two curves of the mth and nth degrees (m >n),
mn—3(n—1)(n—2)

are given, the remaining }(n—1)(»—2) are determined.
Hence we see that the two groups of points are not
independent, but together form the complete intersection
of two curves of orders m and = respectively. These
considerations led to the development of a theory of groups
of points on a curve, the principles of which are contained
in a paper by Noether.* The principles of the theory
are illnstrated in the following theorem :—

If a group of n(l+m) points ona eurve C. of order
n forms the complete intersection of C, witha curve
"C4m of order (I4+m), and nl of these points form the
complete intersection of C. with a curve C, of order I,

#* Nosther—** Ueber einen Satz aus der Theorie der Algebraischen
Funotionen "—Math. Axn. Bd. 6, 1872, and “ Zum Beweise des Satzes,
-ebe.” Math. Ann. 'Bd, 40, 1892, p. 140,
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then the remaining mm points form the complete intersection
of C, with a curve C,, of order m.

The theorem of §29, given by M. Gergonne, is only a
particular form of this theorem, when l4m=n.

Professor Sylvester * has propounded this remarkable
theory, called the theory of residuation. We give below
certain definitions:

(1) The curve C, is called the basis-curve.

(2) Any one of the groups mn and nl points is called a
residual of the other, and the two groups are said
to be residual to each other.

(3) Any two groups of points on a basis-curve which
have the same residual group are said to be
corestdual to each other.

(4) If a group is the complete intersection of a curve

with the basis curve, it is said to have a zero
residual.

32, In the light of these deinitions the above theorem
may be stated in the following for m :—

If a group of n(l4m) points on a curve of order n has a
zero residual and nl of these points have also a zero residual,
then the remaining nm points have a zero residual.

Consider the curve C,,n.=0C"; n_.-C. + C.C,=0,
l4+m>n, which is of order (14 m) and passés throngh the
intersections of C, and C,. This equation is satisfied for
all points where C,=0 and C',C,=0. Now the curves
'C,4n and C, intersect in n(I4+m) points, of which In lie on
the curve C,. Therefore the remaining #m points lie on the
curve C',, of order m.

If I4+m=mn, then we have simply to put—

C'} 4m-a=C'y =n eonstant.

* Sylvester —Coll. Warks, Vol III, pp. 317 and 8562.
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The proof can be equally applied to the case when
l+m<n. We have to put C';,n_n=C_;=0, and C,,.
becomes simply C',C;. In this case the curve C,,, cannot
be a non-degenerate curve, but consists of two curves
C, and C',, of orders ! and m respectively.

If we denote the two groups of ul and nm points by
L and M respectively and express the fact that a group
P has a zero residual by the symbolic equation [P]=0, the
above theorem may be stated as follows :—

If [L+M]=0 and [L]=0, then also [M]=0.

This leads us to the supposition that the residual
equations obey the general laws of addition and subtraction.
In fact, the above theorem says that of the three equations
[L+M]=0, [L]=0, [M]=O0, any one can be deduced from
the other two. Thus we obtain the following theorems on
addition and subtraction in the residual theory.

33. AppiTioN THEOREM :
If [L]=0 and [M]=0, then [L+M]=0.
This, in the language of geometry, may be stated as :—
If two curves C, and C, of orders I and m respectively
intersect a curve C, of order = in the group of points nl
and »m, then a curve C,,, of order !4m can be drawn to
intersect C, in these nl4nm points.

Let the groups of z!and mm points be denoted by [L]
and [M] respectively We have to consider the three cases

. >
according as l+m zn

Case I. When l4+m>n, l4+m—n is a positive quantity.
Consider the equation C,,,=C";,...C,+C,;C,=0,
which represents a curve of order l+4m.

This equation is satisfied when C, =0 and C,=0, and
therefore the curve passes through the nl intersections of
C,end C,. Similarly, the equation is satisfied when C, =0,
and C,=0, and therefore the curve passes through the nm
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points of intersection of C, and C,. Hence the curve
Ci4n passes through all the points of the two groups
[L] and [M], and since the number of pointsin the two
groups i8 n(l4m), the points of the group [L+M] are
the complete intersection of C, ., with C..

Therefore we have [L+M]=0.

Case II. 1f l4+m=n, l+m—n=0and C',,,._, is to be
put equal to & constant, and the same argument holds.

Oase III. 1f l4+m<n,l+m—n is a negative quantity.
In this case the curve C,,, cannot be a proper curve of
degree l4+m. For C,,, intersects C, in I(I+m) points,
and therefore this must be greater than or equal to the
number of pointsin [L], 7.e., I(l4m) >nl, which is impossible.
Thus, C,., cannot be a non-degenerate curve. In fact, we
have to take C,,.=C,.C,, which therefore passes
through all the points of the groups [L] and [M].

o [L+M]=0.

34, SuBTRACTION THEOREM :

If [L4+M])=0 and [L]=0, then [M]=0.
Let C, be the basis-curve and let C,,,, and C, intersect
the basis-curve C, in the groups of points [L+M] and
[L] respectively.

Let I4m 2=, and consider the equation—

Cl+n+on'c,l+m-u=0~

This represents a curve of order l4+m. The equation is
satisfied when C,,,=0 and C,=0, and therefore denotes a
curve passing through the group of points [L+4M] in which
C. intersects C,,,. For different values of C',,..,, this
equation represents different curves of order I+4m through
the same group [L+M]. Now C,.C’, may be regarded
as a system of the (I4m)th degree through the same
points. But C, intersects C, in nl points, and therefore
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themﬁmmim'gg mn points must lie on C',,, which is of degree
m, and consequently the “mn points [M] are the complete
intersections of C', with C,, and .. [M]=0.

35. MuvrirLicaTioN THEOREM :
If [L]=0, then [kL]=0, where k is a positive integer.

Let C, be the basis curve, and let C,, a curve of order

1, cut C, in the zero residual group of points [L], namely,
[L,, L,,...L,,]=0.

Consider another curve C'; contiguous to C,;. This

cuts C, in a group of points
[v,, L'y, L'y.. I/, ],

which is also a zero residual.

Hence, by the addition theorem, we have

[w,, ., L,, u',,...L,,, I/, ,]=0
or [L,+L,, L,+L,..L., +L,,]=0.
But since C, and C'; are contiguous curves, the points
(L,, L)), (L,, IV,) etc.

are contiguous in pairs, so that ultimately L, and L/,, etc.,
are coincident. We therefore obtain—

[2L,, 2L,, 2L,...2L,,]=0, or, [2L]=0.

Repeating the same process for another series of conti-
guous points, we obtain [3L]=0.

Continning in this way % times, we finally obtain
[*1)=0, where % is any positive integer.

Note. It i to be understood in this theorem that when
a. point is multiplied by a positive integer, conseeutive
points on the curve are taken into account,

There is no division theorem in the theory of Reszdueman
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Ew. 1. 1If of the nine intersections of two cubics, six lie on a conie,
the remaining three lie on a right line.

Let the six points which lie on the conic be denoted by [L] and
the remaining three by [M].

Then [L+M]=0, and also [L]=0 s [M]=o0.

i, the three points [M] are the complete intersections of the
basis cubic with another which must evidently be a right line.

Ex. 2. 1f eight of the sixteen intersections of two quartics lie
on a conic, the remaining eight lie on another conic.

Let the eight points on the conic be denoted by (L] and
the remaining eight by [M]. Then [L+M]=0, and also [L]=0,

s [M]=0.

ie., the eight points [M] are the complete intersections of the
basis quartic with a curve of degree m, such that 4m=8, and con-
sequently m=2, 7.e., the eight points lie on a conic.

36. 1f we have the two residual equations [L+4N]=0
and [M+N]=0, when L, M, N are groups of points on
a basis curve, then we obtain by the subtraction theorem
the formula [L—M]=0, or, [L]=[M], wheich signifies that
the two groups [L] and [M] are coresidual with the
common residual group [N]. If further [L']=[M'] with
N’ as a common residual, then we have

[(L+L]=[M+M7];

for, we have [L4+N]=0 and [L'+N']=0

s [L+L'+N+N']=0.
Similarly, [M+M'+N+4N']=0.
Hence . [(L+L) and [M+M']
are coresidual with the common residual group [N+N'|.
Further, we have

[L+M)=[L'+M)], or, M=M]=[L-L).

Again, the equation [L+4+M—L]=[N] signifies the
same fact as [L+M]=[L+N], which is the same thing
as [M)=[X].

6
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From all these it is seen that we can apply the rules
of addition and subtraction to the residual equations. We
give below two important theorems of frequent application
in the theory of residuals :

(1) If two groups [L] and [M] be coresidual, any
system [N} which is a residual of one will be a residual of
the other.

For we have [M—L]=0 and [L+N]=0.
B [M+N]=0.

(2) Two groups which are coresidnal to the same group
are coresidual to each other.

Let the groups [L] and [N] have a common residual
[L'], and let [M] and [N] have a common residual group
[M'], so that [L] and [M] are coresidnal to the same group
[N]. Then the groups [L]and [M] are coresidual to each
other.

Wehave (1) [L+L]=0,  (2) [N+L7]=0,
(3) M+M]=0, (4 [N+M]=0.
From (2) and (4) we have
[L'—M']=0,
and therefore from (3),
(5) [L/'+M]=0,

Z.e. [L'] is residual to [M1.
Similarly, (6) [M'+1]=0
.e. [M'] is residual to [L].

Now, from (1) and (5), [L] and [M] are coresidual
with the common residual [L']. Similarly from (3) and
(6), [L] and [M] are coresidual with the common residual

M
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Cor. If two ’corgsidua,l groups consist each of a single
point, the two points coincide.

Ex. 1. If of the 8 (m+n) intersections of a curve of the (m+ n)ih
order with a cubic, 3n lie on a curve of the nth order, the remaining
3m lie on & curve of the mth order.

Let the two groups of 3n and 8m points be denoted by [L] and [M],
respectively, ‘

Then [L+M]=0and [L]=0 .. {[M]=0. i.e. the 3m points in {M]
are the complete intersections of u cubic with a curve of order k, such
that 8k=8m. .., k=m, or the curve is of order m.

Ex, 2. The tangents at » collinear points of an n-ic meet the
curve again in n(n—2) points lying on an (n—2)-ic.

Ex. 8. If six of the intersections of a cubic and a quartic lie on &
conic, the other six lie on another conic.

37. BrinL-NoeTEER'Ss REsSiDUAL THEOREM: *

If two groups of points [L] and [L'] are coresidual with
s common residual [M], and if [M'] is any other residual
of [L], then [M'] is also residual to [L']; [L] and [L'] are
consequently coresidual with respect to [M'], and to each
residual of any of the two groups [L] and [L/].

Consider the four groups of points [L], [L'], [M],
[M'] on a basis curve. Now, if

[L+M]=0, [L'+M]=0, and [L+M']=0,
then we have from the first and third [M]=[M']. Substitu-
ting this in the second we obtain [L'+M']=0.
i.e, [M'] is a residual of [L/].

. [L] and [L'] are coresidual with the common residual
group [M'].

This theorem has been generalised as follows :—

If the groups [L,], [Lg], [Ls],...[Li,] on a basis curve
are coresidual with a common residual group [M], then
they are also coresidual with respect to any other residual
group of any one of them.

* Brill-Noether—Uber die algebraischen Funktionen und ihre
Anwendung in der Geometrie—Math. Ann., Vol. VII (1874), pp. 271.276.
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38. EXTENSION oF THE REsIDUAL THEOREM :
The direct proof of Brill-Ngether’s theorem depends

entirely on a similar identity as used in the proof of §32,

which is evidently a particular case c,

L .---%_ . n
of the theorem. We can, however, .
represent this residual theorem by BASIS CURVE
means of the adjoining diagram. m Cn G
By introducing a new auxiliary »

curve O, we may express the " o et
identity in the form : C

CunCuw’ = CuC'4+C1 Cr v (D

The orders of these curves must then satisfy the
conditions

mAm =ndn'=]41' e (2)

Note. 1f the identity (1) holds, the theorem is proved.
This is the case in particular, if the curves Cu, C, C1, C
are “adjoints ¥ to C,, v.r., if they pass (¢-1) times through
an ¢-ple point of C,. 1In the theory of groups of points on
a curve, “ Adjoint” curves play an important part. We,
however, postpone discussion till a later chapter.

In the identity -1), the curve C'w may as well be taken

as the basis curve, and it may be treated exactly as the
curve C,.

Since Cp, C1, Cw', and Cr intersect mutually ‘in the

c " other four groups of points L, M,
L, ‘L), M',, which by (1) lie on C'y
BASIS CURVE they may be represented by means
C, Cm  of the accompanying diagram.,
C
Therefore, we may write Noether’s
o ; Ly identity in the following symmetrical

v form :

Cm Cw'+ Ct Cr 4 C,, Cp=0. o (3)
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Thus, supposing we deal with singular curves, we recog-
nise the completely identical nature of all the six curves on
which lie the four groups of points satisfying Brill-Noether’s
theorem. From this extension a number of other theorems
on configurations of these points can be deduced.*

We can represent the
identity by meauns of a cube
as well, shown in the dia.
gram, if the squares in the
preceding diagrams ar®
taken as its base and top-
The eight groups of points

will be at the corners, and
the six curves will be taken
as corresponding to the six
faces.

1f we take LM, LM’ and LL, asthe axes of =, y, and 2,
and the cube of unit edge, the faces =0, =1, =0, y=1,

z=0, z=1 will represent the curves Cm, Cm’, C1,C1i’,
Cu, Cw respectively. Each curve passes through the
points lying at the four corners of the corresponding
face. The complete intersection of any two curves consists
of the points at the ends of the common edge of the
adjacent faces representing the curves. Thus, the curve
C, passes through the points L, M, L, M,; and the
curves C, and C,, intersect in the points L, L,, and so on.

39. We may illustrate the above facts very clearly by
means of the diagram given on the next page.
Each curve is replaced by a circle and each group of

points is denoted by a single corresponding point.

Instead of starting with one curve as a basis curve, we
may start with one group of points, and state the theorem in
the following form :

* E. Study in Marburg—" Ueber Schnittpunktfiguren ebener algeb
raicher Kurven,” Math, Ann, Bd. 36 (1890), pp. 216.229.
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If three algebraic curves C,, C,, C, pass through - the
same group of points L and intersect by pairs in the.
groups L,, M’ and M, then
three other curves OCw’,
Cr, Cw-can be determined
in various ways, such that
their orders satisfy equa-
tion (2) only, and they
pass through the groups
M, M'. L, respectively
having the same residuals
M,,M,and L'on C,, C,,.
C,. in pairs, and whose
remaining points of inter-

section together form a single group L/,.

Ez.1. Three conics through the same two points I and J intersect
in pairs in three other pairs of points. The three lines joining them
are concurrent.

Ew. 2. A conic meets a quartic in eight points. If another conic
touches the quartic at four of these points, a third conic touches the
quartic at the remaining four points.

E=z. 3. A conic passes through four fixed points of a cubic. Show
that the line joining the other two intersections of the conic and cubic
meets the cubic again at a fixed point.

Ex. 4. Through a group of points P on an n-ic & curve is drawn
to intersect the n-ic again in the group P,, through P, is drawn a
curve to intersect the n-ic again in the group P,, and so on. Show
that if the final group consists of a single point, the same point will be
obtained whatever be the curves used.

Ex. 5, If three cubics pass through seven common points, the lines
joining the remaining intersections of the cubics taken in pairs form
a triangle whose vertices lie one on each of the three'given cubics.



CHAPTER 1IL
SinatLar Points o CuRvVEs,

40. In this Chapter we shall first study the nature of
singular points and lines of a curve and then investigate the
methods by which these may be determined for any curve.
For this purpose we take a radius vector drawn through the
origin to intersect the curve and then discuss the nature of
these intersections.

We may prove the following theorem :

If the origin of co-ordinates lies on the curve, the constant
term ¢n the general equation of a curve vanishes, and the linear
terms equated to zero give the equation of the tamgent at the
origin.

The general equation of a curve of the nth degree
(§20), when transformed to polar co-ordinates by the
substitution «=r cos §, y=7sin 6, may be written as—

a
+7 (b cos 84csinb)
+7* (dcos® 8+ cos 0 sin 0+ fsin* 0)
+r"(pcos* 64 qcos* ' Osinf+......+ssin” 0)=0 ... (1)
When the origin lies on the curve, one root of equation

(1) must be zero, which requires that a=0, whatever be
the value of 6.

1f, howevxer, 6 be so determined that
b cos 8+csin 6=0 . (2)
two values of r will be zero, and the line drawn through
the origin in the direction given by (2) will meet the

curve in two coincident points at the origin and will be a
tangent at that point,
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The equation of this tangent is therefore
r(bcos O+ csin )=0
i.e. br+cy=0 . (3)

Note. If =0, the axis of @ is a tangent, and if ¢=0,
the axis of y is a tangent.

41. If, however, in the general equation, a==b=c=0,
then, whatever be the value of 6, the co-efficient of » will
always be zero, and consequently two values of v will
always be zero, and every line drawn through the origin
‘meets the curve in two coincident points at the origin.
The origin is in this case called a double point oy the curve.

Thus, a double point on a curveis one where the curve’
cuts itself once and every line drawn through it-has a
contact of the first order with the curve at that point.

If we determine 6, so as to satisfy the equation
d cos®*@+e cos 6 sin 0+ sin?6=0

then three values of 7 will be zero. The equation giving
the valunes of 8 is a quadratic, and therefore gives two values
of tan 6, Thus we see that although every line drawn
through a double point meets the curve in two coincident
points, there are two particular lines, corresponding to
these two values of tan 6, which meet the curve in
three coincident points, or have a contact of the second
order with the curve at the origin. These two lines are the
tangents at the double point and their equation is therefore

73(d cos* B4 cos 6 sin O4F sin® 6)=0
ie.  dotdery+fy?=0 RO )

Hence we obtain the theorem:—

If the origin be a double point on the curve, the terms
of the lowest degree form a quadratic, which equated to zero
gives the equation of the two tangents at the double point.
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Definition: Curves possessing double points are called
autotomic (self-cutting), and curves not possessing these
singularities are called anautotomic (or non-singular).

42.- PoiNts OF INFLEXION : :
If however in the equation of § 40, the value of 8 deter-
~mined by ‘
?J cos 4 sin §=0

makes the co-efficient of r* vanish, 7., if the same value
of 6 satisfies both the equations

b cos §+c sin =0
gnd  d cos*@+e cos Osin 6+f sin® =0

the radius vector meets the curve at three points coinciding
with the origin. The origin is called a point of inflexion
or simply an infleiton, and the tangent is called the
inflexional tangent.

We may therefore define a point of inflexion on a curve
as & point, which is not a double point, where the tangent
has a contact of the second order with the curve. The
tangent at such a point is called a stationary tangent or
inflexional tangent.

In this case it is evident that b cos 64-¢ sin 6 is a factor of
d cos*8+e sin 8 cos 8+4f sin? 0,
or, what is the same thing,
bz-.l-cy is a factor of da;;+emy+fy’

or, in other words, the terms of the second degree contain
the linear terms as a factor. Hence the equation of a
curve having the origin for a point of inflexion may be
written as

Fzu,4uv, +usdu, 4. o, =0
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We nay therefore enunciate the following theorem :—

If the terms of the first degree are a factor of the terms
of the second degree, the tangent meets the curve in three
points coinciding with origin and s called a tangent of three
pointic contact.

It is to be noticed that the curve in thiscase crossesthe
tangent.

48. Poixr or UsDULATION:

If again in the same equation the co-efficient of 73
vanishes . for the same value of 6, the tangent meets the
curve in four points coinciding with the origin, which is
then called a pornt of wundulation, and the tangent has a
four-pointic contact.

These results are generalised in the following form:—

If the terms of the first degree are a factor of the terms
of the 2nd, 3rd ......(r—1)th degrees, the tangent has
r-pointic contact with the curve at the origin. The tangent
crosses the curve or not, according as  is odd or even.

Ez. 1. The line through tworeal inflexions of a cubic passes
through a third real inflexion.

Ezx. 2. Investigate the nature of the origin on the curves
(?) y(z+y+1)+a3=0
(%) w{(v=y)* -2} =2~y
Ez. 8. The line through three real collinear und:lations of a quartic

passes through a fourth real undulation.

Ex. 4. The tangents at three collinear inflexions of a quartic meet
the curve again in collinear points.

Ez. 5. An n-ic has three tangents having n-pointic contact. The
three points of contact are collinear, if » is odd.

Ew. 6. In Ex, 5, if n is even, either the three points are collinear,
or the three lines joining each to the intersection of the tangents at the
other two are concurrent.

© Ew. 7. If in Ex. 6, the tangents are concurrent, the points are
collinear.
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Exz. 8. The line joining two undulations of a quartic meets the
curve again in P, Q. B8how that a conic can be drawn having four-
pointic contact with the curve at P and Q.

Ez. 9. A sextic has three-pointic contact with each of z=0 and
y=0 at two distinct points. Show that its equation is of the form

YU, =u,3,

44. MovripLE PoINTs :

If a=b=c=d=e=f=0in the general equation, then
whatever be the value of 6, the co-efficients of » and #* in
(1) will always be zero, and the equation gives three zero
values of ». In this case every line drawn through the
origin meets the curve in three coinciding points at the
origin, which is now called a triple point. There are, of
course, three of these lines, whose directions are determined
by putting the co-efficient of 7® equal to zero, which meet
the curve in four points coincident with the origin; and
they are the tangents at the triple point. The third degree
terms equated to zero give the equation of these tangents.

In general, if the lowest terms in the equation of a
curve be of degree k, the origin is a multiple point .of order
k on the curve. Every line drawn through this point
has a contact of the (k—1)th order with the curve, but
there are k of these lines which have a contact of the kth
order, and are called the tangents at the multiple point.

The equation of the curve in this case can be put into
the form—
UpFUps, Foerneennntu, =0

and #,=0 gives the k tangents at the origin.

In case of homogeneous equations, the degree in the
variables of the co-efficient of the highest power terms
determines the multiple point of that order at the corres-
ponding vertex,

Ez. 1. Examine the nature of the origin on the curve

(2* +y*)* =(3=y~y°).
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Eo, 2. Bhow that the point (1,—2) is a triple point on the ocurve
2% —do® =202y + 4oy® +y° + 2% +6y3 + 4z + 10y + 5=0,
Ex. 8. Show that the curve (#?+y?)%/?=38wy (#*—y*) hasa
multiple point of order eight at the origin.

Ex. 4. Discuss the nature of the cuspidal tangent of the curve
(by—cz)t=(s—a)".

Ez. 5. Find the gingular points on the curve z*(s+b)=a?y?.

45. INVESTIGATIONS IN TRILINEAR CO-ORDINATES:

The general equation of the nth 'degree in Trilinear
co-ordinates may be written as—

ok H 2, 3" 2y 23 v e rer ettt =0 e (1)

where u, is a binary quantic (r—ic) in y and z.
If the curve passes through the vertex A of the funda-
mental triangle, the equation (1) must be satisfied by®
=:=0, which requires that #,=0, or the co- eﬂic!ent of
the highest power of « is zero.

Hence, if a curve passes through the angular pownts of the
fundamental triangle, the co-efficients of the nth powers of
©, y, z are absent from the equation,

If we wish to determine the points where the line
w,=0 intersects the curve, we eliminate = between u,=0"
and the equation (1). The resultant equation will contain
y® as a factor, which shows that », =0 touches the curve
where the side C4 or y=0 cuts it.

Hence, when the curve passes through the angular points of
the fundamental triangle, the co-efficients of the (n—1)th
powers of x, y, 2 equated to zero give the tangents at these
points respectively. .

If the point A is adouble point on the curve, u,=0,
#,=0, and u,=0 is the equation of the two tangents at the
double point.
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Hence, if the angular points of the fundamental triangle are
double points on the curve, the co-efficients of the (n—2)th
powers of @, y, z give the tangents at these points.

In general, if the angular points are multiple points
of the kth order, the co-efficients of all powers up to
(n—k—1)th of x, y, z are absent, and the co-efficients of the

(n—Fk)th powers equated to zero give the tangents at these
multiple points.

* If the point A is a point of inflexion on the curve, #,=0,
and «, is a factor of u,,and «, =0 is the inflexional tangent.

If u, is also a factor of u,, A is a point of undulation, and
80 on.

Ew, 1. The sides CA and CB of the triangle of reference has

r-puintic contact at A and B with an n.ic. Show that its equation takes
the form
BYUpeg =2 "Up_,

. where u, is homogeneous of degree k in =, ,

Ez. 2, Search for the singular points on the curve o5+ y% +5%=0.
Ex, 3. Show that the point (a, 8) is a node on the curve
a?p+afy +B:x=0
where «, B8 are linear functions and ¢, §, x any functions of the
co-ordinates.

Ex. 4. Show that (a, B) isa point of inflexion on the curve
ag + B3¢ =0, with =0 as the inflexional tangent, where a, 8 are linear
and ¢, ¥ any functions of co-ordinates.

Ex. 5. Given the equation of & curve in the form
Au® +2Buv + Ov? =0
where u,v, A, B, O are any functions of the co-ordinates. Show
that the common points of « and v are double points on the curve.

If v and v are linear, show that A'u®+2B'uv+C'v*=0 represents
the tangents at the double point (u,v), where A’, B/, C’ are the
values of A, B, C when «=0 and v=0 are substituted in them.

46. A multiple point of order.k on a curve is a point
through which there pass kdisiynct branches of the curve.
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Hence, a multiple point of order k may be considered as
arising from the union of 3%(k—1) double points.

Consider the curve as consisting of & distinct branches,
which do not all pass through a common point. Each
point of intersection of two distinct branches is a double
point. Therefore there are 1k(k—1) double points formed
by the mutual crossing of the kbranches. But when all the
k branches pass through a common point, all these double
points coincide at that point, which then becomes a
multiple point of order k.

The case of k right lines furnishes a simple illustration.
The k lines mutually intersectin }k(k—1) points. These
become coincident when all the % lines pass through
a common point, which is clearly a multiple point of
order k.

It should, however, be noted here that there is a limit to
the number of double points which can be replaced by a
multiple point of higher order. For example, a quintic
may have six nodes, and only three of them can be replaced
by a triple point, and the other three cannot. For in that
case the line joining the two triple points would meet the
quintic in six points, which is absurd.

Generally, if an n-ic has an (n—2)-ple point, it can have
only double points, and that again not more than (n—2).

47. CoxpitioNs For A DousLe Poinr:

Let f(e,y)=0 be the Cartesian equa,hon of a curve of
order n, and let the right line

be drawn thrbugh a given point (a/, ') to intersect the
curve. Now, any point on this line has co-ordinates

@+, ' +mr)
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and if thig lies on the curve, we have
Fl+1r oy +mr)=0

which, by Taylor’s Theorem, becomes—
(&, y)+rAf+ A f+.. ......+:aAnf=o (A)

Wlhere A“laal-f-ma%; .

Now, if the point (., %') lies on the curve,
bil & y’) =0

and one root of the equation (A) becomes zero.

If, however, I : m be 8o determined that

then the co-efficient of r vanishes, and another root of (A)
becomes zero; i.e., the line drawn in this direction meeta
the curve in two coincident points at (',y’), which is
therefore a tangent, and its equation is

c—z' of -y gf:
(=)@, 4=y 8 =0

which reduces to

2 0f 4 af 8f _
a, a,-l-za‘ =0 .. (B)

when the equation is made homogeneous by introducing a
third variable z(=1).

If, however, glj =0, %f =0

then the coefficient of 7 vanishes identically, and all lines
drawn through the point (#',y’) meet the curve in two
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coincident puints, and the point («’,y ) 18 theretore a aouble
point on the curve. The equation of the tangents at the’
double point is given, as before, by

I)g 8

(z—2

rg +2('¢-‘0') (y—9") W

—)s f =0
+@y—y) Y - ()

Thus, at a double point (z/, %) on a carve, we must have

of = R ) . (D
5 and 5y .. (D)

If the equation of the curve be given, in any homo-
geneous system of co-ordinates, in the form

fe,y,2)=0

we may find, in a like manner, that any point (2, 3, 2*) is
a double point on the curve, if

of of _ of _
&= g=0 g.=0 e (E)

In this case it is possible to eliminate (',y, z') between
the equations (E), and the result is obviously that the discri-
minant of the equation f (z, y, z,) =0 vanishes.

Hence, the condition that a curve has a double point
18 that the discriminant of its equation vanzshes. The degree
of this discriminant is 3 (z—1)® in the co-efficients of
the equation.

48. Srrcies oF DousBLE POINTS :

We have seen (§41) that there are two tangents to
& curve at a double point. Now, these tangents may be
(1) real and distinct, (2) coincident, (3) both imaginary.
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'

Double points can therefore be divided into three different
classes corresponding to these three cases : —

COase I. When the two tangents at a double point
are both real and distinct, there are two real branches of
the curve passing through the point, which is called a
node or a crunode.

Oase II. If the two tangents at a double point be real
but coincident, the two branches of the curve touch at that
‘point, which is then called a cusp or a spinode.

Case III. 1f the tangents at a double point be imaginary,
there are no real points on the curve consecutive to the
double point, which is then called a conjugate point or an
acnode.

In fact, a conjugate point is an 7solated point, whose
co-ordinates satisfy the equation of the curve, but does not
appear to lie on it. The existence of such a point is
geometrically manifest by showing that there are points,
no line through which can meet the curve in more than
(n—2) points.

49. INVESTIGATIONS OF THE SPECIES OF DoUBLE PoOINTS:

We have seen §47 that if (z,’ y') is a double point on
a curve f(«, y) =0, we must have—

!y )= gf:: _a;fz
7, y')=0, B 0, and 5y 0

and the equation of the tangents at (2, y) is given by

—ays 0°f N (y—1 0
(2—2') 5. +2(e—2")(y y)aﬁ?

+(y—y)*

0 _
oA =0
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\
If 6 be the angle between these two tangents, we have

2’\/( 6%%3_/' )'_aa—a:’f' %%'

9% 4 8%
awlg + ayl'

Thus, the tangents will be at right angles,

i —a_if a ’f 3
if 5ar 57 0

tan 0 *=

and therefore,

', 0 _

CEAME- Pl
represents a curve which cuts f(e, y)=0in all the double
points at which the two tangents are mutually at right
angles.

The tangents at the double point will be real and
distinet, coincident or imaginary, according as

9 209 B
am'ayr) <82 By’ .. (2)

Thus, the point (#,%') will be a node, a cuspt or a
conjugate point, according as the conditions (2) are satisfied,
provided

2!, y')= @;fz a__f =
f@', y")=0, 55 0, 5y =

* Salmon—Conics, §74.

4 The case of the coincidence of the tangents must be examined
by a special method, for it is seen that in some cases the curve
becomes imaginary in the vicinity of the point, even when the above
condition for & cusp is satisfied. The point onght then to be regarded
as & conjugate point. But the cusp is a distinet singularity. It
ocours 8s a double point, simply because it satisfies the analytical
conditions for such a point. We do not propose to enter into a
detailed investigation of the species of cusps. The reader is referred
to §§295, 206, Edward’s Differential Calculus,
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In & like manner, we may investigate the species of
double points on a curve, when its equation is given in any
system of homogeneous co-ordinates.

Thus, the eguation of the tangents at any double point
may be obtained, in a like manner, as

s 0% 8 ., 0% o°f
o Y 5y T T a5y

and the double point is a node, a cusp or a conjugate point,
according as these lines are real and distinct, coincident or
imaginary. These may be deduced from the results in
Cartesian system by replacing # and y by x/z and y/>
respectively.

Ex. 1. Examine the nature of the origin on the curves:
(i)'m3+y3=3m"+y"—2wy (1) x3y—w3+y?=0
(i) a(z+y)=y>—y*.
Ez. 2. Find the double points of the curves.
(5) &*—2y*—3y?—22% +1=0.
(4) 4(z—1)° + (y—30+2)?=0.
(i%3) 2% +y®+8azy=0 (i) 2%2=y*(y—u).
(v) 2(x+y+2)%—b4ayz=0.
Ex. 3. For what value of %, the curve @3 + y® +23=k(s +y +2)3

has s double point ?

50. From what has been said above, it follows that
the fact that a given point isa node on a curve is equi-
valent to three conditions, and that a given point is a cusp
is equivalent to four conditions.
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Hence, a curve of order » with 8 given points as

nodes and x given points as cusps requires only
n(n+3) —38—4«
other points to be completely determined.

Hence, the curve is determined by in(n43)—8—2«
conditions only. If, however, the two tangents at a node are
given, that amounts to two more conditions.

Being given a triple point is equivalent to six conditions,
and so in general, if it is given that a certain point is a
multiple point of order k, this is equivalent to 3k (k+1)
conditions. '

If a given point is a maultiple point of order %k ona
curve with the tangents at that point given, the co-efficients
are connected by 1k(%+3) relations.

It should be noted that these results are not universally
true, and due caution must be taken in their applications,

Ex. 1, Bhow that one m-ic in general can be drawn with a
given node and passing through 1(n® +3n—6) other given points.

Ez. 2. If a point is to bean inflexion on & curve, that amounts
to three conditions,

Exz. 3. Bhow that aL?+BLM+yM2=0, where a, 8, v, L, M are
linear, is the equation of a cubic with a given node.

51. INTERSECTION OF CURVES AT SINGULAR PoINTS:

If a curve of the mth degree intersect a curve of the nth
degree in a double point on the latter, then the point
counts as fwo among the intersections, and consequently
they can intersect only in mn—2 other points. If the
point be a double point on both, the intersection must be
counted as four. In general, if the point of intersection be a
multiple point of order % on one and I on the other, it counts
as kI of the intersections. Thus we obtain the theorem * :—

If two curves have a common multiple point with
different tangents, the nuwmber of their intersections, coincident

* Halphen—Bull. de la Boc. de France, Tom. I, p. 133,
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L4

at that point, 18 equal to the product of the orders of
multiplicity of the point on each of the two curves.

Again,- if the two curves have a common tangent at
that point, it counts as kl+1 intersections, for they have
one other point common on the tangent. Thus.if they
have » tangents common, the point is counted as kl+r
intersections. Thus we obtain the theorem *:—

If the two curves have common tangents at a multiple
point on both, the number of thetr wntersections, coincident
at that point, is equal to the product of the orders of multi-
plicity of the point on each, increased by the sum of the
orders of contacts of the branches of the curves.

In particular, when two curves intersect at a point,
which is a node on both, the point counts as four inter-
sections. If further, they have the same nodal tangents,
they have two other consecutive points common, and the
point counts as six intersections.

If, however, it be a double point on one and a triple
point on the other, the point counts as six among the
intersections of the two curves. But, if the two mnodal
tangents are also tangents at the triple point, the curves
have two more consecutive points common. Consequently
this point counts as eight among the intersections.

Ex. 1. 1f a degenerate m-ic has }a(n—1) nodes, it consists of n
right lines.

Exz, 2. A curve of order » cannot have two multiple points of
orders k, and k,, if &, + &k, >n.

Ex. 3. In general, the sum of the orders of multiple points on a
ourve cannot exceed the degree of the curve.

* This proposition is due to Cayley, the proof of which has
been supplied by Halphen—Memoire sur les points singuliers des
courbes algebriques. ’
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52. Limit o THE NuMBER oF DousLe Points oN A CURVE :

We have seen that every line drawn through a double
point on a curve intersects the curve in two coincident
points. Hence it follows that a curve of the third order
canuot have more than one double point; for, if it had
two, the line joining these two double points would meet
the curve in four points, which is impossible. In a like
manner, a quartic curve cannot have more than three
double points; for, if it had four, through these four double
points and one other assumed point on the curve, a conic
could be described, which would then intersect the quartic
in nine points, which is impossible. Thus, it is seen that
the number of double points on a curve is not infinite,
but there is a limit to the number of such points, depending
upon the degree of the curve.

THEOREM : A non-degenerate curve of the nth degree tannot
have more than 1(n—1) (n—2) double points.

Let the number of double points on a curve be N.
Then, through these N points, and through

{3(n—2)(n+1)—N}, or, N,—N (say)

other ordinary points on the curve, we can describe a curve
of the (n—2)th order, which is completely determined
by N, = 3(n—2)(n+1) points.

Now, a curve of order n—2 intersects a curve of
order » in n(n—2) points. In the present case, each
double point counts as two among the intersections.
Therefore the total number of intersections of the two
curves is

2N+ (N,—N), or, N+N,,

which therefore cannot be greater than » (n—2) ;

i N+N, % n(n—2)
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or N % #(n—2)—N,,
$n(n—2)—3(n—2)(n+1),
P Hn—1)(n—2),
i.e. the number of double points N cannot be greater than
1(n—=1)(n—2).

53. The Deficiency * of a curve is the number by
which the actual number of double points on a curve falls
gshort of the maximum number, which a curve of that
degree can possess, Thus, if a curve of order n has 8
nodes and « cusps, and p denotes its deficiency, then

p=3n—-1)(n—2)—8—«.
It is to be noticed, however, that the deficiency of a
non-degenerate curve cannot be negative.
For, a curve of order (n—2) can be drawn through
the (8+4«) double points, and other
H(n—2)(n+1)—8—«, or, (n—2)+p
ordinary points -on the given curve, since an (n—2)-ic is
determined by 1(n—2)(n+1) points.

The (n—2)-ic intersects the given n-ic twice at each
double point, and once at each of the (n—2)4p ordinary
points.

But they can intersect only in n(n—2) 'points, and
consequently, in

n(n—2)=2{3(n=1)(n—2Y—p} —{(n—2)+p}=p

other remaining ordinary points.

* The notion of deficiency of an algebraic function was introduced
by Riemann—‘ Theorie der Abelschen Functionen'’ (Crelle—Bd. 54,
Pp. 1156-166) and has been applied to the theory of curves by Clebsch—
“ Ueber die Anwendung der Abelschen Functionen in der Geometrie "—
(Orelle, Bd, 63, pp. 189-243), and others.
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Hence p ocannot be negative for a non-degenerate
n-ic. If the n.ic is degenerate, the (n—2)-ic might form
a part of the #-ic, and the above statement fails.

If the curve have a multiple point of order %, it is
equivalent to }k(k~1) double points (§46), and conse-
quently the deficiency p is given by

p=3(n—1)(n—2)—}k(k—1)

and in general, if the curve have & nodes, « cusps and other
maultiple points of orders k,, k,, k., ..., the deficiency is given by

p=}n—1)(n—2)—8—k—33k(k—1)

where 3 extends over all the multiple points of the curve.
It will be seen that the deficiency in this case also cannot
be negative.

54. If a curve have its mazimum number of double
points, the co-ordinates of amy point onm it cun be epressed
rationally in terms of a single variable parameter.

Assuming that there are no multiple points, the
number of double points on the curve is }(n—1)(n—2).
Through these double points and (n—3) other assumed
points on the curve (altogether making up

+n—=1)(n-2)4(n—3) or i(n—2)(n+1)-1

points) a system of curves of the (n—2)th degree can
be described (§22). The equation of such a system will
involve an arbitrary parameter, and can therefore be written
a8 U=AV, where U and V are any two particular curves
of the system, Now, if one of the variables y (say) be
eliminated between this equation and the equation of the
given curve, the resulting equation, determining the abscissae
of the points of intersection of the two curves, will be of
degree n(n—2) in « (in which A enters in the nth degree).

But all the intersections of the two curves exoept
one are known; for the double points (each counting as



» e i ST pp

two) give * fn-l){n-—-a) m‘terse Ws, altogether
(n-i)(n-—z)-:-n-s or, Ln(wz)—-l

,ntersections are known, and only. ope _other intersegtion;
remsains unknown. Consequently all the roots of the .above
equation except one are knewn. Dividing the equation by the
known factors, the only nnknown value ¢f .« ‘remains deter.
mined as a rational algebraic function of the nth degree in X.

Unicursal curves :—A curve is said to be wmicursal or
rational when the co-ordinates of any point on it ean be
expressed rationally and algebraically in terms of a single
variable parameter.

It is ealled rational, because the co-ordinates are expressed
u,tmm,lly in tprms of a parameter.

}',t is calléd whicursal, in view of the fact that the curve
can be drawn by a pencil at a stretch, never leaving thé
plahe of the paper ,except when passjng through s
conjugate point or passing from one end of an asymptote
to the other. The curve mn fact consists of a single circuit:*

H the curve have multiple points of order k, we may
repliwe it by }k(k—1) double points and proceed as nsual.

55. The converse theorem is also true, namely, uf the
co-ordinates of any point on a curve can be eapressed rationally
tn terms of a variable parameter, the curve has its masimum
number of double points, or, what is the same thing—tli
the deficiency of a unicursal curve is zero.

Let lvdmy+n:=
be the equation of a tangent to the curve defined by the
eguations—
e=fy(t)
y=f, Ssvt)
s=fy(t) J

This is also poasablg for ggryes of deficiency other than serp,
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‘PR % pdm%s of intersection of this line with the ocurve

are given by . ,
’ if () + mfy (2) +nf 4 (£)=0.
If this equation has a double root, we must have also

P
If', (@) +mf s (2) +nf s (£) =0
gliminating l, m,n, we have for the equation of the
3angent the determinant equation—
t y - [=0

t

FAF A

l f’ 1 fli f s

If we regard (@,y,z) as gziven and ¢ variable, this

equation determines the values of ¢+ which correspond to
the tangents that can be drawn from the point (v, y, <).
The degree of this equation in ¢ is therefore equal to the
number of tangents which can be drawn from (r, y, 2)
to the curve. ' But the degree of this equation in ¢ is
2u—2, for the oco-efficient of #*"~! is zero. Thus the
nnmber of tangents which can be drawn from the point
Yo the curve is only 2(n—1). But, as we shall see later, the
number of such tangentsis n(n—1). Thus the nuamber of
.these tangents for a unicursal curve is diminished by

n(n—=1)=2(n—1) 7e., by (n—1)(n—2).
B\&t, this diminution is due to the coincidence of some of
@ points of contact, for the line drawn through (v,y, 2)
;,whch passes through a double point satisfies the condition
for a tangent. Hence, assuming that there are only double
points * on‘the curve, we conclude that this diminution is

-

et

* These inglude nodes only and no cusps  The roots includé the
parameters of the points of contact of tangents and those of ousps as
well, since ay these latter points, as will be shown later, we have
Fulfy=fs[fa=Folfs. Henoe, if there are « cusps and = tangents,
mex2on-2, !

But-m will be found to be=n{n—~1)~23—-3x=2n=2—x+2p,

. M ae2n—2 4 8p, Since p=®, méx=n=3,
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due to the oo;mxdenq,e of the tg.ngenta by pairs at the nodes,
onn*qmnbly. the number of guch points is

Hh=D)(n—2)"
which is the maximum number of double points for a-curve
of the nth degree, ¢.c., the deficienay is zero. ‘

56. - That a v:nicursal curve has its deficienoy zerg
follows also from the following considerations *:—

Let the curve be defined by the equations

e=fi(t)
y=rfa(t) iL @
s=fy(t) J

Any point P will be a double point on the curve, if
for two different values ¢ and ' of the parameter, the same
values of the co-ordinates are obtained, Consequently, for
a double point we nrust have—

A@=H(), FO)=fo(t), F3()=fa(t), when tF£.

Therefore we have to determine the solutions of the
system of equations :

Lt FOLOSENO 2y, ¢)

fa(*ﬁdﬁf—f;’n(“fﬂ‘) Ehy(t, ) ¢ o (9),

Fr(®) (t)-— 18U ®) g g, ¢, )
= :

* This proof is given by A. Clebsch zn Giessen—Crella's Jouraal,
Bd. 84 (1865), pp. 47-4S,

-
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m #., o', dre symmetric and homogendous faudtions
f drder (n—1) iti each parameter ¢ and #. The pMm
of & donble point must satisfy the equations (2), when ¢kt

‘ %MI@anticuﬂy we have—
Py ‘f: @) +ds-f2 () +bs-fs (8)=0 z
I RGES WAL A GED)

If we eliminate ¢ between ¢, and ¢,, we shall obtain
an equation of degree 2(n—1)*int, All those roots of
this eqnation which also satisfy ¢, =0 will give the double
points. If we substitute the roots of this equation and
the corresponding values of ¢ in (3), then either ¢,=0,
or fu(t)=0 and f,(¢')=0, when ¢==¢'

* Tharefore, for double points we have to reject those
;iﬂqas which simultaneously make

F:(£)=0, f,(#")=0, when £t

The number of such values is n{(®w—1). for, from the

nation
b fa(®)—fs(t')=0.

ﬁ‘ﬂm‘ removing the factor {—¢', we obtain an equation of
order (n—1) in each of the parameters t and #. Cotise:
.quenﬂy, for each value of ¢, there are (n—1) values of ¢,
whiph satisfy the equation But there are n values of ¢/
~ which make f,(#')=0. ,
Henge, there are n(n—1) values of ¢ which lake both

F(=0, f,(#)=0,  whentsf,
'!‘.‘hus, after rejecting these n(n~—1) values oi t, the

ifiing

2(n=1)*—n(n-1), or, (n—1)(n—~2)

“voots give the double points, and the number of such
pniubs is therefore }(n—1)(n—2), i.c., the curve has its
ﬁﬁum’lm"vnf double points, and eonsequently its

is zero.

} (A *

®
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Y E‘mm . what hu been said above, it follows tw
all otirves are not in genera.l nnjoursal The eohdxhon,
both necessary and sufficient, that a given curve may be
unionrsal is that it hag ils m&xamum nugnber of double
points, <.e., its deficiency is zero.

U f{, fa» fs be three rational and algebrpic fanetions
of a parameter #, and

Y 1 i=fy:fyifs

the elimination of ¢ from these equations gives the equatjon
of the curve in the implicit form. If f,, f,, f, are functions
of the nth degreein ¢, we may eliminate the parameter by
the dialytic method. The result is given in the form of &
determinant, in which the variables enter only in the nth
degree. Thus the curve is also one of the nth degree.

Ev. 1. Any point on an ellipse can be expressed as
r=acos 8 y=>agind.
The elimination of # gives the equation of the locus in the form
¥?ja? + yfbr=1.
Ear. 2. Show that the conic
azr? +2huoy + by* + 2fy + 295=0

18 uniotreal.

The so-ordinates of any point P are given by the ‘formt{xln-—

. %

g+t

v==2 R+ b

gt4+fes

v==2 oo

. Be. 8. ﬁ!&t tk’lt tha surve #° +y*=3asy is unicursal (Fojim of
Deacartes).

The origin is a double point. Take a ljne y=io, which injersects
the carve in mpdntu at the origin. To determine the ehir:l ‘polnt
of.futersmasion, Ww‘y#&iﬁ the equation. Bhus

(1 4 )niBatat,
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%0” ‘u‘; corregponds to the double poiut, and the remmining
poiﬁ% mm ¥,
' 2{1+3) =3at
3at . dat®
ie x 133. .s y--l—;—ta—.

1n the bomogeneous form, we may write
. tiy:.z=3at: 3at® : 14 ¢

En, 4. Show that the’ trinodal quartic
. a,b e ¥ 2,2,
. r® oyt at oy oz @y
ia dmicursal.

“ W, 6. 'Express rationally in terms of a parameter the co-ordinates
of any point on the curves

™

() r=a(l +cos 8) (&) r*=a’col 26,
Ew. 6. Show that the co.ordinates of any point on the oissoid
(22 +y*)e=ay*

may be expressed as =2 = 2
7 proseed as ‘T iver " o(1 +06%)

58, CoMmpPLEX SINGULARITIES :

At a node on a curve, one or both the nodal tangents
may be stationary tangents.

* ¥ in the equation (1) of § 40, the co-efficient of »* and
r' have one factor common—or what is the same thing—
if the terms of the second degree and the terms of the third
degree in the equation of the curve have one linear factor
ooﬂlman, the corresponding nodal tangent has three-point
¥ t mth one branch of the curve, and thns bhecomes a
tangent. The node is called a flecrode on the
y whxch may be regarded as arising from the anion of a

s gnd a point of inflexion. '

,Wv , H.ibhe terms of the thwddegree oenmngx.he
Wuoﬁthammddagmemfam both the nodal tangents
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are statiopary tangenté, and the origin is called & &m
which may be regarded as ansmg from the union of a node
with two inflexions.

Thus, the equation of a curve havingnﬂecnodb‘anq 'y
biflecnode at the origin may respectively be written ag—

0= (au+by) (Lo +my) +
(ax+by)(de? ‘ey+fyt)fu ko
snd O=(az®+2hy+by*)+
‘ (ae? +2hay+by*)(lzdmy)+u, +......

There are other kinds of singular points arising from the
union of two or more singularities described before, ahd
these must be investigated by special methods. We shall
have occasion to diseuss the nature of some of them ina
subsequent chapter and when dealing with quartic curves,

59, SiNeGuLAar PoiNtTs AT INFINITY.

It often happens that a curve possesses singular points
at infinity. We shall now explain a method by whlch
quch singular points can be determined.

Let ABC be the fundamental triangle. and let any line
A'B' whose equation is

Y=l my+n=0

intersect CA and CB in A’ and B' respeclively. Wow
the equation of a curve having a singular point at A' or* B’
can be written down as usual. [f now A’'B’ is supposed to
move off to infinity, it will become the line at infinity, and
its equation will now become

Iman4 by +0c3=0,

Therefore, the equation of a curve having a singular pomt

at infinity on OA or OB is obtained by writing ""“@
equation of the curve having & oomspondme singular point

#% X' or B, apd thén changing ¢"into 1 o+ byN-az,.
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P, To: find the equation of a onrve having e double
pt'dh #finity on the line CA.

The general equation of a curve having & double - phisst
at A may be written (§45) as

UtV ug LTI + 2, =0,

where w, is a binary quantic in y and :, Now;, if'we change,
z into Iin this equation, the equation of a curve having &
double point at infinity on the line CA will be

o gt "o B TS e +u', =0,
where «', is a binary quantic in T and y, so that
w'=f(avtby+cs, y).

Again, if we wish to obtain the:Cartesian equation of
a ocurve having a double point at infinity on the axis of .,
we have only to suppose that the angle at C is a right angle,
and then put z=I=a constant The equation becomes

g 34w 2" 34 . +u, =0
where u, is of the form
ay® 4 bly+ 12

“and u, i8 a polynomial of the nth degree iny. If a=0,
the line at infinity is a tangent. If a=b=O0, the double
poiwk is & cusp, theline at infinity being the cuspidal

tongent:

Eo. 1. Show that the curves
(i) (a*=~a)y=a?, (1) v® +a3=Bazy
have sodes at infinity.
4Bp. 8. Find the singular points on the curves

b (§) nty=0?, (#5) ayt =a*,
% B, , Mind the iflexions on the curve
R ¥ v Bty



SINGULAR POINTS ON CURVES 73

61. MurTiPLE TANGENTS:

Singular points on curves may be divided into two
classes—(1) of multiple points, /2) of points of contact of
multiple tangents. We have already discussed the nature
of multiple points. We shall now proceed to study the
nature of multiple tangents, ¢.c., the lines which touch the
eurve intwo or more points, or which have a contact of the
second or higher order with the curve. For simplicity,
we shall examine the conditions under which the axis of
# may be a multiple tangent to a curve.

Consider the points where the axis of » (y=0) intersects
the curve given by the general equation. If we put y=0
in the equation—

atbetcytde +ecy+fyr 4.0 +ps"=0

we obtain, for determining the abscisse of the points of
intersection, the equation

at+br+de® +gus®+... +pr=0,

If a,, a,, a5, ... @, be the roots of this equation, it may be
written &s

ple—a,)(e=a,)(e—ag)...(z—a,)=0

and a,, ag, ¢y...a, are the abscisse of the n points of
intersection.

Now, if a,=a,, two of these intersections coincide, and
the axis of # is a tangent to the curve at the point
(v=a,, y=0), i.e., when two of the roots are equal, the
axis of x is a tangent. If «, is imaginary, there will be
another pair of coincident imaginary roots, namely a,=a,,
and the axis of z will be a double tangent or bitangent,
touching the curve at two imaginary points.

When the equation has two pairs of real and equal
roots, the axis of » is a double tangent or bitangent, touching
the curve at two different points. Tt isg evident that a

10
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curve of order lower than the fourth cannot have any
double tangent.

If three roots of this equation become equal, fox
instance, a¢,=a,=a,, then the axis of v meets the curve
in three consecutive points. In thiz case it is called &
stationary tangent; for, when three consecutive points lie
on the tangent, we may consider that the tangent joining
the first two consecutive points coincides with the conse-
cutive tangent, .e., the tangent through the last two points.
The point of contact of a stationary tangent is called a point
of inflerion (§42).

In a like manuer, it can be shown that the axis of .«
touches the curve at two or wore points, according as the
above equation has two or more pairs of equal roots.
Again, the line may have a contact of the third or higher
order, according as the equation has a root repeated four
or more times. These singularities can occur at more than

one point,

Ez. 1. A line is drawn through each of the points of contact of a
bitangent of a quartic. Show that a cubic touches the quartic at the
six points in which these two lines meet the quartic again.

Ez. 2. The side BC of the triangle of reference ABC is a bitangent
to a quartic, B and C being the points of contact. Show that the
equation of the quartic is 2y =a2y?,

Ez. 3. Show that a=0 is a bitangent at the points (aB8) and (ay)
on the curve a¢+B%y?¢y=0, where «, B, ¥ are linear, and ¢, ¢ any
fanoctions of the co-ordinates.

62. RECIPROCAL SINGULARITIES:

+ We have seen that a curve may be regarded as the
locus of points or envelope of lines, In order to discuss
properties of multiple tangents, tangential co-ordinates
may conveniently be used. In the point-theory, at a double
point two different points on the curve coincide. In the
line-theory we may have two different tangents to the
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curve as coincident. Thus to a double point (crunode or
acnode) there corresponds a double tangent with real or
imaginary contact. At a cusp the tracing point first
becomes stationary and then reverses the sense of its
motion. So also at a point of inflexion, the enveloping
line first becomes stationary and then reverses.the sense of
its motion. Hence we see that to a cusp there corresponds
a stationary tangent, and these are distinct singularities.
Thus the singularities correspond as follows :—

To a node or a conjugate point (with real or imaginary
tangents) corresponds a double tangent with real or imagi-
nary points of contact.

To a cusp with the cuspidal tangent, there correspond a
stationary tangent and the inflexion respectively.

In the same way, to a triple, quadruple, etc., points with
distinct tangents corresponds a tangent with three, four, etc.,
distinct points of contact.

In particular. to a triple point with coincident tangents
corresponds the tangent at a point of undulation, and so on.

It follows from this, remembering the relation that
exists between a curve and its reciprocal, that if we have a
curve of order », having 8 nodes, « cusps and satisfying r
other conditions, and if there is only a finite number of such
curves, so that

In(n43)=0842x+r

then the reciprocal is of degree m with 7 nodes, ¢ cusps
and satisfying » other conditions; there is only a finite
number of them, so that

sm(m43)=r+2+7.
Hence, In(n43)—8—2«k=3m(m+3)—r—2

t.e., a curve and its reciprocal are determined by the same
number of conditions.
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Ez. 1. If ¢(A, u, »)=0 is the tangential equation of a-curve, show
that the bitangents are determined by
9¢ _8¢ _,

—a—¢=h—\ = _ =
oA Ox O )

Er. 2. The three tangents at a triple point are coincident. What

is the corresponding reciprocal singularity ?
Ex, 3. Show that the curve y” z7=a"*" has rociprocal singulari-
ties at the vertices B and O of the triangle of reference.

Ex. 4. Find the bitangents and inflexiong on the curve 3(z + y)=a>

Ewx. 5. Find the nodes on the curve (£*+7*)(*=a?¢%n%.



CHAPTER 1V.

Turory oF PoLis aND PoLars.

63, Let (¢, y, 2)=0 be the equation of a curve of the
nth degree in any system of homogeneous co-ordinates
(or in Cartesians made homogeneous by introducing
requisite powers of z=1). We shall examine the points
where any line joining two given points intersect the
curve by using the method of Joachimsthal.

Let P (', 3, ') be a fixed point and Q (x,9,2) a
variable point in the plane. Then the co-ordinates of any
point A on PQ, dividing PQ in the ratio A : u (where
Au=1), are .

Avbpa', Ay+py', As4ps.
The co-ordinates of points where the line PQ meets the
curve are found by substituting these values for z, y, 2
in the equation, of the curve, and then determining the
ratio A : u from the resulting equation.

Thus, S (Aot pr', Ay 4 py', Azdp2')=0.
This may be expanded in two ways by Taylor’s theorem.
We have then—

O=\"f+ )‘:.;'f_‘ Af+ A" "‘ A+ ...

XA A0 L (1)

or

O=pf + 1 3Af'+“-§3‘—A"f+

p ')L AT A_-_: Il ()
+H N A et A )
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where

f=f(xy, 2), j”Ef(d:’, Y, 2)

-

_( ‘5 +y6y i

Either of these equations gives the u values of the
ratio A : u. Comparing the co-efficients in the two equations,

we obtain the following identities : —

s+ 8,008+ 3.)
2)

fznll A

— 1 In=-1 gt
Af= ('7:1—)—, AT

r! (n—7)
(7&—2) A f— _. g
(n-—l)lA" tf=af
L Av=r.
n!

64. Porar Corves:

The several curves defined by the equations Af=0,
Atf=0, etc., are called the “Polar curves™ of the point
(', ¥, 7) with regard to f=0. The curve Af=0is called
the first polar of the point (2, ¥, 2') with respect to f=
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Similarly, the curves A?f=0, etc., are called respectively
the second, third, etc., polar curves of the point (&', y/, 2')
and the point (+/,y’,s’) is called the pole. The equation
of the kth polar curve is

or

the two equations representing the same curve in virtue
of the identities of the preceding article. It follows there-
fore that A"7'f=0 or A'f'=0, which represents the
(rn—1)¢h polar curve, is the polar line, and A*~*f=0, or
A'"*f'=0]which represents the (n—2)th polar curve is the
polar conic, and so on.

From the mode of forming the equations of polar
curves it is seen that successive polars are obtained by
performing the operation A successively on f; for instance
A’f is obtained by operating with A on Af, which is the
first polar of f. Hence the second polar of (., ¥/, 2') with
respect to f is the first polar of the same point with
respect to Af. Similarly, the third polar of (2, 9',2")
with respect to f is the first polar of the same point with
respect to A®f and the second polar with respect to Af.
In general, since A(A‘'f)=A"*'f, the (r+s)th polar
of a point with a respect to f is the rth polar of the same
point with respect to A *f, 7.e., with respect to the sth polar
of f. Thus we may state the following genemﬂ theorem :

The polar curve of any rank of a point is also a polar curve
of the same point with respect to all polar enrves of a rank lower
than its own.

It is to be further observed that
Af(AThHi=aT(A)=Aa*f
A'f=A'""(A’f), andsoon,
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This shows that the sth polar of a point with respect to
the 7th polar of the same point wr.f. the original curve is
the rth polar of the point w.r.f the sth polar of the
original curve.

Er. 1. If P lies on the kth polar of Q for an n.ic, Q lies on the
(n—F%)th polar of P.

Es, 2. If P is a node of the (k—1)th polar of Q, then Q is a node
of the (n—k)th polar of P for an n-ic.

Ex. 3. Show that the kth polars of the vertices of the triangle of
reference are

3Y_o Y _o B,

2 J—o, ! P

9y*

E», 4. Prove that the polar line of a point on the curve is the
tangent at the point. ’

Ex. 5. Prove that all polar curves of a point on the curve will
touch the curve at tha t point.

65. If P(¢, v, 2) and Q(s", y", z”) be any two
points in the plane of a curve f=0, the points where the
line PQ meets the curve are determined, as in §63, by the
equation which we may write in the form

O=A"f(2, y, ) FA T A, o, 7))
+»;-A“";L’A’f(w', yl, 2,)+...=O . (1)

o

0o L
= 4 =
oy . O:

where A=’ = +y"
Ox

Now, if one of the points sheuld coincide with (&', ¢/, 2),
it is evident that one of the roots ef this equation should
be p=0. This requires that f'=f(+/, v, 2’ )=0, which is
otherwise evident, since, when a point lies on the curve,
its co-ordinates satisfy the equation of the curve,

If two of the points where PQ meets the curve should

coincide with (z',4/, 2'), then the above equation should
give two values of u=0, i.e., p* should be a factor of @,
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This requires that both f=0 and Af=0. Now then PQ
touches the curve at («/,%/,2), and (a”, ¢”,2”) is a point
on that tengent (or tangents, if more than one). Hence,
if (2", ¥", 2”) be made current, A becomes .

3] 0 6
‘o +y6 ! +z

and the point (4", 3", :”) lies on the locus

, Of

w2 4y 8 4 3 o, . (@)

oy 8.

which is the tangent to the curve at the point (&,¥/, 2').

But this is evidently the polar line of the point (', ¥/, 2').
Hence, the polar line of a point on the curve is the tangent

at that point.

It follows from the preceding article that the polar line
of a point with respect to a curve will also be the polar
line with respect to each of the polar curves, and since
the point (., 3}, z') lies on the curve, it is seen that it
lies on all the polar curves. Hence the polar curves will
have the same tangent at the point (2, ¥/, 2').

If, however,

A _dr_df 2 :
gﬂ—} 1 a:I O’ b (3)

! ” af " af S af’
Af " + y a ¢’ + a 2
vanishes identically, whatever z”, ", 2" may be.

Hence, in this case the line PQ meets the curve always
in two points at (', y',:') for all values of ."y" ", ie.,
the point (', 4y, :") is a double point, and every line drawn
through it meets the curve in two coincident points at
(ﬁ', 9': z’)'.

11
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The equations (3) will not, in general, have a common
solution, unless a certain condition is satisfied, which of
course, is obtained by eliminating #/, y/, ;' between the three
equations (3). (See §47.)

Again, the equation ®=0 will have three roots u=0,
i.e, PQ will meet the curve in three points at (', ¥', =),
if we have

f:O, Af':O, Arf=0 U C))

These show that in this case the line PQ coincides
with the tangent at (&, %',2'), and that every point on
it is & point on the polar conic A?f'=0 of (+/, ¥,3), which
must therefore reduce to two right lines. Hence, A°*f
contains Af as a factor, and the point (., 7, #) is a
point of inflexion. (See §42.)

We have thus indirectly obtained the theorem that the
polar conic of a point of inflewion breaks up into two right lines.

If, however, Af and A?*f vanish identically, whatever
"y’ 2" may be, ie., if the first and second differential
co-efficients of f vanish at (' y'.'), the line PQ always
meets the curve in three coincident points at (', ¥y, ?),
which is then a triple point. (§44.)

Generally, if for any point («, ¥/, 2') A*~*f is identi-
cally zero, the curve has at this point a multiple point of
order k. From the mode of formation of Af’s, it follows
that, if A*"1f'=0, then A*~?f'=0, A*~3f'=0, .... Af =0.

The equation A*f'=0 gives then the product of the k
tangents at the point in question. For, in the first place,
the curve represented by this equation has also at the
point & multiple point of order k, since its (k—1)¢k polar,
the point being the pole, is no other than A*-!f, and
in consequence, vanishes independently of (4", y”, #/). But
acurve of order k having a k-ple point is necessarily
composed of k lines. Hence these lines touch the k different
branches of the original curve which pass through the
multiple point.
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66. Mrixgp Porars:

The symbolic identities discussed above also hold, if two
different poles are taken with respect to the rth and the sth
polars respectively. ‘

Let P,(#,,9,,2,) and P,(z,,y,, z,) be any two points
in the plane of a curve f=0.

Then, if AE( £y éa-x +y. +2, a: )

we have A’ A'"=A'".A'; whence it follows that the
sth polar of P, with respect to the rth polar of P,
for any curve is the rth polar of P, with respect to the sth
polar of P, for the same curve.

The curve obtained by this polar process* is called a
“mixed polar” curve of the two points.

For a cubic curve, in particular, we obtain the
following theorem :

If S, and S, are the polar conics of two points P, and
P, with respect to a cubic, and if tangents are drawn from
P, and P, to S, and S, respectively, then the four points
of contact will lie on a right line, which is the * mixed
polar ” line of P, and P, with respect to the given cubic.

For, the polar conics of P, and P, are Af and A'f
respectively,

where A=z 8 + . and A'=.r, o +
: e ;

Now, the polar line of P, w, ». £. S, is the first polar of
P, w.r.t. 8,, te, A.A'f=0 which is a right line passing

* Elliot—Algebra of Quantics, §53.
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through the points of contact of tangents drawn from
P, to 8,. Since A.A'f=A.Af, the truth of the theorem
follows.

Ea». 1. The polar curves of the point (a, a) w. r. t. the cubic
2% +y%=a’ are :—
Polar line g+y=a
Polar conic x*+y%=a?
Ex. 2. The equations of the pairs of tangents drawn from the
vertioes of the triangle of reference to the conic
an® +by? +c2® + 2fyz + 2‘gzm +2hay=0
are Cy*—2Fyz+ Bz2*=0, Au’—2Gw+C§n’=0,
and Bz®* —2Hay + Ay* =0 respectively,
where A, B, C, etc., are the co-factors of a, b, ¢, etc., in the determinant
(a be).
It follows then that the three pairs of lines—

ay® +bys +cz22 =0, a'z® + b2z +c’'z*=0 and a"s? +b sy +c"y* =0

will touch a conic, if aa’a” =cc'c".
Ez. 3. Any polar curve of the curve
(z/a)" + (y/b)" +(z/c)" =0,
is of the same form.

[This curve is called the triangular-symmetric curve.]

Ew». 4. If the polar conic of P w,r.t. a given n-ic has a self-
conjugate triangle which is inscribed in a given conic, the locus of P
is an (n—2)-ic.

67, If two roots of either of the equations (1) and (2)
of §63 be equal, the line intersects the curve in two
coincident points and is therefore a tangent. Hence the
disoriminant of the above equation, regarded as a binary
quantic in A, u, equated to zero, will give the equation of
the tangents drawn from any point (2, ¥, 2') to the curve.
The weight,*7.c., degree in the roots of this discriminant is
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n(n—1),* and therefore n(n—1) tangents can be drawn
from any point to the curve,

The calculation of the tangents by this method is not so
gimple, in general ; but the method may conveniently be used
in particular cases. Thus, for example, in the case of a cubic
curve, we obtain the following equations for determining
the values of the ratio A : p—

MFEA UAf+Apt ASf 4 p8f =0 e (D)
B A AT+ A A3 =0 e . (2)

Writing, for brevity, A and A’for Af and A'f respectively,
the discriminant of (1) or (2) becomes : '

AA—4A f1+f 18 A.A' =403 =27f*f]=0 ... (3)

This equation is symmetrical in the two sets (7, y, z),
(v, 9, 7'), and of degree 6 in each set. Hence 6 tangents
can be drawn from any point (2, 3/, 7') to the cubic.

The form of the equation (3) shows that it represents
a locus touching f at the points where the latter meets Af.
The other points where f meets the locus lies on the curve

(A")*—4A.f'=0. Hence the geometrical interpretation of
the equation is :—

If from any point siz tangenis are drawn to, a curve of
the third order, thelr six points of contact lie on a comic
A =0, and the & : remaining points, in which these tangents
meet the cubic again, lie on another conic (A')*—4A.f=0,

having double contact with the first at the points where A'=0
meets A =0.

If however (¢, ¥/, ') is a point on the cubic, f'=0. The
discriminant equated to zero gives A®*=4A’‘f, which is
of the fourth degree in (&, y, z). Hence, only four tangents
can be drawn to a cubic from any point on the same.

* Elliot—Algebra of Quantics, § 77.
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It has already been said’that the roots of the equation
(1) of §63 gives the points where the line meets the gurve.
Hence, from the conditions that the equation has one or
more pairs of double roots, or has two or more roots
coincident, it will be possible to obtain bitangents or other
multiple tangents of the curve ; but the investigation by this
method is by no means simple, and we shall see later that
these can be obtained by other simpler methods.

68. (G'EOMETRICAL INTERPRETATION OF THE EQUATIONS OF
POLAR CURVES:

If A’f'=0, it follows from the equation (2) of §63 that
the sum of the roots vanishes,

z.e. 2 =0, or, EQ

where, A,, A,, A,, ... ... A, are the » points in which
the line PQ intersects the curve.

1f now we put
PA,=r,, PA,=r,, ... PA,=r,, and PQ=R, then
QA'1=PQ—PA1=R—-7, ; QA,=PQ —PA,=R—r,, etc.

PQ—-PA

b3 QA -
Then, EI\—EPA-E Pa =0,
i.e. ER_T =0,
. r
or, §=!+l+!+...+!
R r, 7», 7 Tu

The geometrical interpretation of this property has been
given by Cotes (1722) in his Harmonia Mensurarum as
follows :—
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1f on each radius vector through a fixed point P, there
be taken a point Q such that

w1, 1 1
PQ T PA,
where A,, A,,......A, are the points of intersection with

the curve, then the locus of Q will be a right line; or, in
other words,—

The locus of the harmonic mean Q of the points of intersec-
tion with a curve of all lines of a pencil, drawn through a
fiwed point P, is the polar line of P. Similarly for the polar
conic. The point Q is called the harmonic mean,

In general, we call a point Q the *harmonic mean of
order k,” which satisfies the equation

2%1 . QL&’,,,_,,QA_" =0;
PA, PA, PA, ’

thus we can say that the harmonic mean of the kth order
lies on the kth polar, and therefore it geometrically signifies
the vanishing of the (k+1)th term in the equation (2) of
§63. :

If the pole P is at infinity, then Q is called the centre of

mean distances, and the several polars are called the
diametral curves.

Ex. 1. If the given curve be a conic, it has only one polar line,
and this is the locus of a point Q which is the harmonic conjugate of P
w.r.t. A, and A,.

E», 2. If the point P lies on a cubic curve, then the two points
A, and A,, where auy line through P meets the cubic are determined
by the two values of A/u given by

A+ Aaulf+ud A =O0.

If now the line meets the polar conic of P in Q, Af=0, and couse-
quently we have—

QA, QA
va, "ra, 0
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PQ-PA, , PQ-PA,

=0
PA, PA,

1.6,y

2 1 1

.6, L = = Z
' PQ ~ PA, ' PX,

which shows that P, A,, Q, A, form a harmonic range, or in other
words,—

The points where any line through a point on a cubic meets the cubic
and the polar conic of the point form with the point a harmonic range.

E=x. 3. The polar line of & point at infinity is the diameter of the
system of parallel chords directed to that point.

Ex. 4. The polar curves of any point w.r.f. a curve are projected
into the polar curves of the projeoted point w.r.t. the projection of the
given curve.

Ewx. 5. A conic touches a cubic at O and cuts it in four other points
P,Q, R, S. Show that OP, 0Q, OR, O8 meet the cubic again in four
points lying on & conic, which also touches the cubic at O.

69. CENTRE OF A CURVE:

In a conic the pole of the line at infinity is defined
as the centre. But in the case of a general curve of order
n, & line has (z—1)? poles, and there is therefore no unique
point for such a curve corresponding to the centre of a
conic. If, however, the curve be regarded as an envelope,
every line has a pole, a polar curve of the second, third and
higher class, and finally a polar curve of the (n—1)th class,
which is touched by the n tangents at the points where
the line meets the curve. Thus, we may obtain & unique
point—the pole of the line at “infinity,—when the curve

_is defined by its tangential equation.

Let (¢, 0, (&,%,¢) be the co-ordinates of any two
lines. Then the co-ordinates of any line through their
intersection, dividing the angle between them in two parts
whose sines are in the ratio A : x may be taken as

Mé+pé, M+pn, M+pl).
If we substitute these values for ¢, », { in the tangential
equation of the curve, the equation corresponding to (1) of
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§63 now determines the ratios of the sines of the parts
into which the angle between the two lines is divided
by each of the tangents drawn to the curve through their
intersection.

If now P is a variable point, and O a fixed point on any
given line whose pole is to be determined, and A,, A,,...A,
the points of contact of tangents drawn from P, the pole Q
of the line has the property

(4% )= - O

For the conic, regarded as an envelope of the second -class,
this relation becomes

sin QPA | sin QPA, _ @
sin A,PO ' sin A,PO ~ "

In the language of geometry this may be stated as
follows : —

If from any point P on a fixed line OP, tangents PA,,
PA, are drawn to a conic, and a line PQ such that
{P-0OA,QA,} is harmonic, then the line OQ passes
through a fixed point.*

The relation (1) may be written in the form

M, A

sAN

1=0 e (3)
where M, is the foot of the perpendicular drawn from A,
on the line PQ, and N, is the foot of the perpendicular from
the same point on the line OP.

If the line OP now moves off to infinity, then all
the denominators in (3) tend to equality, and we have
3M,A,=0, i.e., the sum of the perpendiculars drawn from
the points of contact of any system. of parallel tangents
on & parallel line through Q is zero.

" Salmon, Conics, §567.
12
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- Hence we have the following definition for the centre
of a curve, given by Chasles * : —

The centre of mean distances of the points of contact of
any system of. parallel tangents to a given curve is a fized
point, which may be regarded as a centre of the curve.

Thus, the middle point of the line joining the points of
contact of parallel tangents to a curve of the second class
(a conic) is a fixed point.

Similarly, in a curve of the third class the centre of
gravity ‘of the triangle, formed by the points of contact of
three parallel tagents, is a fixed point, and so on.

It is to be mnoticed, however, that in the system of
Cartesian point co-ordinates, when the equation of the curve
contains only terms of odd, or only terms of even degree, the
curve is symmetrical about the origin, and it may be brought
to self-coincidence by rotation through 180° about the origin.
The origin may, in this case, be called a centre of the curve.

Ez, 1. If P is a point on a curve and PP,P,...a secant cutting
the ourve in P, P,,...P,_,, and the polar conic of P in Q, then

n—=1_ < 1
1) PP,

Ex. 2. 1f P be a point of inflexion on a curve and PP,P,..P,.,
be a secant cutting the harmonic polar in Q, prove that
n—1 1
— =3 ..
PQ PP,
Ew». 8. If a curve has a centre, the polar curves of the centre have
this point for a centre.

Es. 4. The polar curves of any point at infinity, in Ex. 3, have the
centre of the curve a8 a centre.

Er. 5. If an nic f(w, y)=0 has a centre, all the partial derivatives
of f wo.i. @ and y vanish at that point.

. [When the origin 'is taken at the centre (o', %), the transformed
equation becomes f(w+a’, y +4')=0, and the terms of orders (n=—-1),
{n—38), (n—b5)... must be absent from this new equation.]

* Quetelet, Correspondence Mathématiques et Physique, VI, 8.
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70. MacLavriN's THEOREM :

If through any point P a line be drawn meeting the curve
in # points, and at these points tangents be drawn, and if
any other line through P cut the curve in A,, A,, A,,...A,,
and the system-of » tangents in B,, B,, ......B,, then

1 1

*pa=%pm

Consider two lines drawn through P which intersect
two curves of order n in the same points R,, R,, R,...R,
and S,, S,;, S;...... S, respectively, The polar line of
P with respect to both curves must be the same, since
the two harmonic means R and S are the same for both.
Now, if PR and PS coincide, the two curves touch each

other at n collinear points—R,, R,, Ry, ...... R,, but still
the polar line of P for both is the same. The tangents
at the = points R,, R, R,,..... R, may be taken to

constitute a curve of the nth order touching the other original
curve at n collinear points, and therefore, if a line through P
intersect the curve in A,, A,, A, ...... A, and the tangents
at B,, B,, B;..... B,, the harmonic means of the two
systems are the same, and consequently we have—

I=EI

21—)—& PB"

Ez. 1. The tangent drawn from any point on the polar line of a
point P w.7.t. a conic is cut harmonically by the tangents drawn from P.

Ex. 2. A radius vector drawn through a point O on a cubic meets
the curve again in P and Q. Shew that the locus of the extremities of
harmonic means between OP and OQ is a conic, which reduces to &
right line when Q is a point of inflexion.

71. Porar Curves oF THE ORIGIN :
Liet the Cartesian equation of a curve be—
Ugtuy +ug o tu, =0
or, this may be written in the homogeneous form

fEugz fu 2" e u g e, fu,=0.
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The co-ordinates of the origin may be taken as (0, 0, 1).

= 0
Aaz

Therefore, the different polar curves are respectively—

(5] 9 _ (< R
55_0 o =0 2 =0,

The polar line of the origin becomes—

g—-;;:llf=n! o 24 (n—1) ! u, =0, i.c., nuy+u, =0.

The polar conic is—
g:::]:—”' uge+(n—1) ' u, z4(n—2) ' u,
=n(n=—1)uy+2(n—1)u, 4+ 2u,=0.

The polar cubic is—

IR G L
+(1—2)u, 24 (n=3)"!u,
=n(n—1)(n—2)u,+3(n—1)(n—2)u,
+6(n—2)uy +6u,=0

etc. etc. ete.

From these the polar curves of any point on a curve can
easily be found; the point may be taken as the origin
of a system of Cartesian axes and the corresponding
equation of the given curve may be obtained by the usnal
method. '
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I

72. From a study of these eguations we at once draw
the following inferences :—

(1) If the origin lies on the curve, u,=0, all the polar
curves pass through the origin, and %, =0 is the common
tangent to all.

Thus, the polar curves of any point on the curve pass
through the point and have a common tangent there, 7.e.,
the polar curves all touch the curve at that point.

(2) If the origin is a double point on the curve, the
first degree terms are absent from the equation, and it is
found that they are absent also from the equations of all
polars. The terms of the lowest degree are u, in all
of them.

Hence we infer that all the polar curves of a double
point on the curve have a double point with the same
tangents at the double point on the original curve.

Further, the polar conic of the double point is u,=0,
which represents the two tangents at that point. Hence
the polar conic of a double point on the curve breaks up
into two right lines.

(3) In general, if the lowest terms in the equation of
a curve are u;, the lowest terms in all the polar curves
are .

Hence we infer that all the polar curves of any multiple
point of order % on the curve have a multiple point of
the same order with the same tangents at that point.

(4) If the origin is a point of inflexion on the curve,
the linear terms are a factor of the second degree terms,
and hence, from the equations of § 71, iv follows that the
origin is an inflexion on all the polar curves ; and similarly
in general.

Thus, the polar curves of a point on the curve at which
the tangent has r-pointic contact have #-pointic contact
at the point with the same tangent.
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Ew. 1. The (n—k)th polar of a k-ple point of ar n-ic consists of
the & tangents at the point.

Es. 2. If P lies ona given m-ic, the envelope of the polar line
of P with respect to a given n-ic is of class m(n—1).

Ex. 3. The kth polar of P with respect to an n-ic having an
(n—1)-ple point at O is an (n—k)-ic having an (n—%k—1)-ple point at O.

73. If a point Q (.i”, y", 2") lies on the kth polar of a
point P (&', o, '), then P lies on the (n—Fk)th polar of Q with
respect to.a given curve.

This is only a geometrical statement of the equations in
§63. For, the kth polar of P is—

» 0 ' 6 "f_o
(¥ &+ oy * » 2 )
0 ) 0 V'
If Q lies on this, we must have
) .
2O 400 0 \7F —
("’azr"i’y 6y'+z 63') f 0.

Therefore, the locus of P (2, ¥/, 2') is—

,n_§_ ”§_ II§ ‘-k__
(“‘ 5: V58,7 5. ) =0

which is the (n—k)th polar of Q.

74, The locus of all points whose polar lines pass
through a fired povnt is the first polar of that point.

The polar line of any point (2, ¥/, ) is

(wé%, +y a%,+z 5‘2, )f:o.
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If this passes through a fixed point (v, 3, 2"), we must have

.,af g 405
57t 5yt 5 ="

which shows that the locus of (a',y,2') is the curve
Af=0, which is the first polar of (2%, ", 2").

In a like manner, it can be shown that the locus of
points whose polar conics pass through a given point is
the second polar of the point; and in general, the locus of
points whose kth polars pass through a fixed point is the
(n—k)th polar of the point.

75. EBvery point has only one polar line,
For, the polar line of the point (a/, ', z') 15—

f' af' af'_
“or Tyt 5.

The co-efficients in this equation are known, determinate
functions of (#', ¥/, '), and therefore the line is determinate
and unique. Consequently, there 1s only one polar line of a
given polg.

76. The first polar of every point on a right line passes

through the pole of that line.
The polar line of any point (&/, ¥/, 2') is—

If (2, 4", 2”) is a point on this line, we must have—

" 6f’ 0 a_f' " af'
& Ec' 6 I+z a I—O

which shows that the first polar of (2", y", ") passes through
the point (', y', ¢'), which is the pole.
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77. Thera are 2(n—2) points on o right line, of which
the first polars are touched by the line. The polar conics of
these 2(n—2) poinis of contact are also touched by the same

line.
Let ls+my+nz=0 (1) be any line, and (a, ¥, 2’) any
point on it.

The first polar of (2!, ¥/, 2') is—

=o' g—é 'aaf+z' of —o e (2

=0 being the given curve.
The tangent to this curve at a point (", ¥, 2”) is—

oF, oF,  8F
xaxll 6 Il+za " O

i (@ Y e+ ) F Y e Y s + 2 )
+2(f" s +Yf s +2f"55) =0 e (3)

where f"af(a;", y”’ "), and fl 1 fl 2 f1 s» etc., denote the
second differential co-efficients of f.

If this is to be the same as the line (1), we must have
ef o+ Y A =R ]
2f s Y s s F2f s =km N
o f s+ Y s+ sy =kn J
6130 lw”+my”+nz”=0

(4)

"

Eliminating k ana (2", y", ) between the equations
(4), we shall obtain the locus of (&, 3y, 2/ ). Now the
eliminant* will be of degree 2(n—2) in the variables 2, ¢/, 7/,
which therefore represents a 2(n—2)-ic, and the points

* Clebsch, Legons sur la Geometrie, Tom II, p. 13.
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whare l.c+my+nz—0 intersects the locus are the reqmred
points. Hence the truth of the theorem follows.

1f, however, we eliminate k and (2, y', ) between the
first three equations in (4) and !z’ 4+my'4+n'=0, we obtain
the locus of (4%, %", ¢”) in the form of a determinant equation,
namely,— A

fn fas Sis l =0 . (3)
frs fas  Jas m
Sas fas f;s "

l m n 0

Equation (5) is of degree 2(n—2) in the variables, and
therefore the given line intersects this curve in 2/n—2)
points which are the points of contact of the first polars with
the given line.

Again, the polar conic of («”, ¥, z) is—
Fraad Y+ a2 +2f" s s y2+21"y 1204+ 2f", y 2y =0.
If this touches, the line !¢+ my+n:=0, we must have

i 1 Fas 1| =0
s Fas as m
f'sa 'ss Fes n|

1 m n 0

which is satisfied, since («” y”,2") is a point on the
carve (5).

- From what has been said above, we may deduce the
following theorem :

‘ Through any point we may draw two lines, on each of
which there s a point whose first polar touches the line at the
given point. These are the two tangents which can be drawn
Jrom the given point to its polar conio,

18
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!+ These two tangents ‘may coincide either when the point
lies on the polar conic, in which case the point must lie on
the original - curve, or when the polar conic breaks up into
two right lines, and the tangents coincide with the line
joining the paint to the intersection of those two lines. .In
this case, as we shall show later on, the point lies on the
Hessian.

' From the theorems just stated it will be seen that there
is somewhat of a reciprocal relation between the first polar
and the polar conic of a point, as will appear in the sequel.

78. Every straight line has,in general (n—1)* poles.

For, take any two points A and B on the lise. The
first polar of each of these points passes through the pole
of the line (§ 76). Therefore the points of intersection of
these two first polars are the poles of the line. But each
of these curves is of the (n—1)¢h degree, and they interseet,
in gereral, in (n—1)* points, which are the poles of the line.

Cor, The first polars of all points on the line pass
through these (n—1)® poles. For, if P and Q be the first
polars of A and B, then the first polar of any point on AB
is P4+AQ=0, which evidently passes, for all values of A,
through all the intersections of P and Q.

79. 1If, however, the curve has a node, the first polar
of every point passes through it (§65), and therefore the
two first polars intersect in only (n—1)*—1 other points,
which are the poles of the line. Therefore, if the curve
has 8 nodes, the first polars intersect in only (n—1)*—38
other points, which are the poles of the line.

- If the curve has a cusp, the first polar of any point not
only passes through it, but also touches the cuspidal
ta,ngent““ Therefore the cusp counts as two among
the intersestions of the two first polars, which _then
mtenseqt only in (n—2)* -2 other pomts, a.nd thase ape the

* To be proved‘heiéuftbt in ‘85‘.‘ s



POLES AND POLARS E 2|

poles of the line. If the curve has x cusps, -the.two. first/
polars intersect only in (n—1)*—2« other pointe, which
are the poles of the line,

Hence, combining all these results, we may enunciate
the following theorem :—

Every right line has, in general (n—1)% poles with regard
to a non-singular curve, but if the curve has 8 nodes and x cusps,
the number of poles ¢s reduced to (n—1) 2 —8—2«.

Ea. The pole of the line lo+my+nz=0 with regard to the
degenerate cubic ryz=0 is the point (1/I, 1/m, 1/n).

[The point and the line are called the pole and polar w.t the
triangle.]

80. If the polar line (or any other polar curve) of a point
passes through the point, the point lies on the curve.

For, if we put (e, y, z) for (¢, 2') in the equation
of the polar, it becomes identical with the equation of the
curve, since the polar curves are obtained by operation with
A, which becomes in this case

0 0 o
& €c+y 5y+z 65’

the effect of which, by Euler’s Theorem, on a homogeneous
function iy only to multiply the function by a numerical
factor.

It is to be noted that the polar line of every point on a
curve is the tangent at that point.

8l. The converse theorem is also true (§72), i.e., every
polar curve of a point on the curve touches the curve at that
pornt.

Let K, be the rth polar of any point (', ¥/, 2'), so that
its equation is given by-——

:_F,-s( @ §w+ ’ 6 )f-O o)
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~ which evidently passes through the point (s, ¥', #'), since the
point lies on the curve.
Now, the tangent at (<, ¥, #') to the rth polar F, is—
aa, +4 a 42 2 0 )F '=0 . (2)
But F, is of degree n—r, and therefore, by the identities
of § 63, equation (2) may be written as—

| __Q y 2 429 ) R =0

i.e., a8 ( o g— +y' .aé. .zr gz )"‘}._-_O
o

' k)

o =
or, a/ a/ za_'zr)f""‘u

which is the equation of the tangent at (., y',2') to the
curve f=0.

82. The points of contact of tangents drawn to a curve
Jfrom any point lie on the first polar of that point.

Let (a',4y,2') be a point on the carve. The tangent
at (&, ¢, 2') is— '

4y 843

If this passes through any point (., 3", "), we muat
have—

liaf’ +y”a_f +zuaf' _0

which shows that the locus of (', y/,2') is—

#8F L Bf . 40
oz TVay ** 3L =o;

and this is the first polar of the point (4", ", 2" .



POLES AND POLARS , 1,01'

From this it fcllows that the points of contact of the
tangents drawn from a given point to the curve are the
points of intersection of the curve with the first polar of
the point. Now, the first polar of any paint is of degree
(n—1), and consequently it intersects the curve of the xth
degree in n(n—1) points. Thus we see that from a given
point there can be drawn, in general, n(n—1) tangents toa
curve of the nth degree.

Derinition: The Class of a curve is determined by
the number of tangents which can be drawn from a given
point to the curve, and will usually be denoted by m.

The above theorem can therefore be stated as follows :—

The Olass of a curve is, in general, n(n—1), or as we shall
see later on, the degree of the reciprocal polar curve is n (n—1).

83. Let us examive the case when the given point lies
on the curve. We have seen (§72) that the first polar
touches the curve at the given point. Hence that
point courts as two of the intersections of the first polar
with the curve. Therefors, the number of tangents (different
from the tavgent at the point) which can be drawn from
the point to touch the curve elsewhere is n(n—1)—2, or,
(n+1)(n =2). Hence we obtain the theor em :—

From any point on a curve, not more than (n+ 1)(n—2),
or, m—2 tangents (ercluding the tangent at the point)
can be drawn to the curve. .

If the tangent at a point on a curve has a contact of
the second order with the curve, i.e., if it be a point of
inflexion on the curve, the tangent is to be regarded once
as the tangent at the point and once as one of the tangents
which can be dra#n from the point to the curve. Therefore,
there can be drawn only (n+1)(n—2)—1, or, n(n—1)=3
other tangents to the curve.

Hence we obtain the theorem:—

From a point of inflexion on a curve, only a(n—~1)—3, or,
m—3 tangents can be drawn to touch the curve elsewhere.
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84. - If, however, the point is a double point on. the
cuirve, we shall have to distinguish between the cases- when
(1) it is a node, (2) it is a cusp.

" Suppose the point is a node on the cnrve. We have
seen that the first polar of a node has a node with the
same nodal tangents at the point. Therefore, the double
point counts as six umong the intersections of the
first polar with the curve (§51). Of these, however, two
belong to the two nodal tangents.

Thus the wmumber of tangents, exclusive of the nodal
tangents, which can be drawn from a node to toueh a curve
elsewhere is n(n—1)—4, or, m—4.

- Next, suppose that the point is a cusp on the curve.
The ficst polar has also 1 cusp at the point with the
common cuspidal tangent. Heuce the point counts as three
amonyg the intersections, besides the two which belong to the
cuspidal tangent.

Therefore the number of tangents, exclusive of the cuspidal
tangent, which can be drawn from a cusp to fonch a curve
elsewhere is  n(n—1)—3, or, m—3.

In general, if the point is a multiple point of order %,
there are & tangents at the point, each of whiech counts
ag.-two among the tangents which can be drawn from
the point to the curve. Thus, the % tangents count
as 2k tangents drawn from the point, and n(n—1)—2k
or m—2k other tangents can e drawn, distinct from
the tangents at the multiple point, to touch the curve
elsewhere.

"Es. 1. Prove that the points of contact of tangents drawn from the
point (h, k) to the curve #* + y3 =3 azy lie on a conic through the origin.

Disouss the case when the point is at the origin.

Ez. 2. Show that the conic in Ex. 1 will bisect the angle between
the nodal tangents, if b +k=0.

Ez. 8. If the tangent at any point (z,,y,) on the cubic z? +y? +a®
meets it again in (o,, ¥,), show that z,/z, + y,/y, + 1=0.
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85. The first polar of a point passes through every doudle
point and its tamgent at that peint is harmomic conjugate
of the line joining the double point with the pole with respect
to the nodal tangents of the curve.

The equation of a curve having the origin for a node,
with the axes of » and y as tangents, may be written as

f(z, y)=aytus+u, +...... +u,=
or, in the homogeneons form—
f(z, y, z)E,:eyz""-l-u,z""+u4z;'"+ ...... +u..=(£'.
The first polar of any point (.', ¥/, ') is—

F(z, y, 2)=(a'y+y'+)z"~* +lower powers of z=0
which shows that the first polar passes through the origin
(double point), and that its tangent at that point is—

y+ye=0 Y

Now, the line joining the point (a', 3/, ') to the origin {s

a'y—y'z=0 )

The lines (1; and (2) are evidently harmonic conjugates

with respect to the two axes, which are the nodal tangents.*

If, however, the origin is a cusp, with the axis of y as
the cuspidal tangent, the first polar becomes—

F(z, y, 2)=(a'+y")vz""* 4 lower powers of 2=0.

~ The axis of y («=0) is also a tangent to the first
polar, 7.e., the first polar of any point touches the cuspidal
tangent and meets the curve three fimes at a cusp.

From what has been said in §82, it follows that the
firsb polar of a point passes through all the double points,
etc., and the points of contact of tangents drawn from the
given point to the curye,

* Salmon, Conic Sections, § 87,
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Ew. 1. Show that the points of contact of tangents drawn from the
point (a, b) to the curve be® +ay®=1 lie on a circle.

Em. 2. The loocus of points of contact of tangents drawn from any
point to the system of curves y=As? is a rectangular hyperbola.

Ez. 3. Show that all the polar conics of the carve y=a, +a,
+a @+ ... +a,z* are parabolas.

Er. 4. Show that the points of contact of tangents drawn from the
origin to the curve ey=as* + bo®y + cw®y*® + doy® + ey* are collinear.

86.: If the curve hasa multiple point of order k, that
point will be a multiple point of order k—1 on the first polar,
of order k—2 on the second polar, and so on.

Let the origin b2 a multiple point of order k¥ on the
curve. The equation of the curve is therefore of the form—

f=upttpg, Fipqeeienitu, =0

where « i3 a binary »-ic in x and y, or, in the homogeneous
form—

fEue" P dup, 2 L o tu, =0.
The first polar of any point (2, ¥/, ') is—

)

-

=’Q, » 8f ! =
F=u aw-l- Y 5y +2 0 . )

)

The lowest terms in -gi-: and g—g are of degree (k—1)

of

and those in 57 are of degree % in x and y. Therefare, the

lowest terms in & and y being of degree k—1 in (1), the
origin is a multiple point of order k¥ =1 on the curve F.
Similarly, the lowest terms in the eguation of the
second polar are of degree k~—2 in ¢ #nnd y, and so on, which
proves the proposition,
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87. It appears from the above that if u, has a sqaare
factor ©,, t.e., if %, =u,%,;_,, then this factor occurs also
in the lowest terms in the eqnation of the first polar.

Ou
9=

For,

h=’a§; (ul’uk-!)

=u,? aéi—:;" +2U %y a—:-‘

o

=u, {u, a—i'i_:’ +2u, a-’::‘}

Similarly, g:"_-:u, {ulau";‘ +2u,_, 6—32}

Also the lowest terms in g-{ contains «, * as a factor.

Thus the lowest terms in the equation of the first polar
contain %, as a factor, and therefore u, =0 is a tangent to
the first polar. Hence we obtain the following theorem :—

If two tangents at a multiple point coincide, the coincident
tangent touches the first polar of every point.

In particular, the first polar of; any point.touches the
cuspidal tangent, as was proved in § 85.

Again, if u, has any facter «, in the lth degree, i.e., if
uy=u,'wy_,, u, will occur in the (!—1)th degree in the
lowest terms of the equation of the first polar, in degree
(1—2) in those of the second polar, and so on.

Hence we conclude that, in general, if I tangents at the
k-ple point on a curve coincide, the coincident tangent will
appear as (l—1) coincident tangents at the multiple point
of the first polar, as (I—2) coincident tangents at the
multiple point of the second polar, and so on.

14
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Ex. 1. Show that the points of contact of tangents drawn from the
point (O, =1, 1) to the cubic z3+y®+2%+6mayz=0 are collinear on
the line y—2=0.

Ewx. 2. The points of contact of parallel tangents to a curve of
the nth degree lie on a curve of the (n—1)th degree. (Serret.)

(They lie on the first polar of a point at infinity.)

Ez. 3. The polar conics of two points A, B with regard to a oubic
curve are rectangular hyperbolas. Prove that the line AB has four
poles, any one of which is the orthocentre. of the triangle formed by
the other three.

Ez. 4. Prove that the properties of polar curves are unaltered by
projection,
E». 5. Show that the envelope of the polar lines of points on a

given line w. ». t. an n-ic is of class (n—1).

E». 6. Show that the tangents to the curve a™y"=«"*" drawn
from the point (e, 8) touch the same at points lying on the hyperbola

(m +n)ry=nBs+may.



CHAPTER V.

CovarIANT CurvEs—THE HESSIAN, THE STEINERIAN
AND THE CAYLEYAN.

88. 1u this Chapter we shall discuss the properties of
three covariant curves—the Hessian, the Steinerian and
the Cayleyan—which are geometrically associated with a
given curve and can be derived from it by geometrical
processes. Professor J. Steiner * in a paper in 1854 discussed
a number of general properties of these curves which
were, however, studied in detail by subsequent writers.
Prior to him, Hesse t studied the properties of the first
curve, which is named after him—the Hessian, and the third
one was studied by Cayley for a curve of the third order.}
Cremona calls the second and the third curves the Steinerian
and the Cayleyan respectively of the given curve.

In the second fundamental theorem, as he calls it,
Steiner states a number of properties of polar curves the
following, among others, is of special importance :

If the kth polar of a point A w.rt a given curve has a double
point at another point B, then the (n—k—1)th polar of B has
a doudle povnt at A.

From this again, he enunciates the two theorems:

The locus of a point whose first polar has a double
point is a curve of order 3 (n—2)%, and the locus of

* J. Bteiner— Aligemeinc Eigenschaften der algebraischen. Curven—
Crelle, Bd. 47 (1854), pp. 1-6. (Abgedruckt aus dem Monatsbericht
der hiesigen Akademie der Wissenschaften vom August, 1848.)

t Dr. Otto Hesse—Uber die Elimination, etc.,—Crelle, Bd. 28 (1844),
pp. 68-107.

1 Oayley—Mémoire sur les conrbes du troisiéme ordre.—Journal de
Mathematiques pures et appliqués (Paris), Vol. (1) 9 (1844), pp. 285.298,
or, Coll. worke—Vol. I, p. 183, and Vol. II, p. 385.!
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the double point is a curve of order 3(n—2), which is
consequently the locus of points whose (n—2)th polar has
a double point. These two loci are called by him “ Conju-
girte Kern-curven.” The line joining the two points A and
B envelopes a third curve, which is of the same class as
the locus of A.

The locus of A is called the Steinerian, that of B, the
Hessian, while the envelope of AB is called the Cayleyan.
The nodal tangents of the first polars, again, envelope
» fourth curve. The poiuts A and B are said to be
corresponding points. We shall now proceed to consider
the properties of the first three curves,* one after the other.

Es. The Hessiam passes through the points of inflexion, while
the Bteinerian and the Oayleyan touch the inflexional tangents of
the given curve,

89. Let f be any quantic in the variables z, y, z, and
let f,, fo, fs denote its first differential co-efficients with
regard to z, y, z respectively. If f,,, fi,, f1s» etc,, denote
the second differential co-efficients of f with respect to the
same variables, then the determinant—

HE fll fli 1[13
Fax far Jas
fn fs! f&J

is ealled the Hessiant of f.

Al
* These curves were studied geometrically by Cremona in his

Introdugione ad una teoria geom delle curve piane, and analytically by
Olebsch—Crelle, Bd. 69 (1861), p. 125, and Bd. 64 (1865), pp. 288-293.

+ It is called the Hessian, because it wae first studied by the
Gérman Mathematician Dr. Otto Hesse. 1t is a covariant function of f
{Elliot, Algebra of Quantice §11), and has important applications in the

" theory of ‘cnrves. 'The locus denoted by H=0 is called the Hessian of
the ‘ourve f=O0.
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90. The Hessian of a curve s the locus of points whose
polar conics break up into two right lines.

The polar conic of any point (<, ¥, #'). ie A'*f =0, or,
a 340 z;(’ +c' 22 +2f ys 429 2242 h'ay=0
where o', V', ¢/, etc., denote the second differential co-efficients
a1 ass Fas ete., with respect to @/, ', 2.

If this breaks up into two right lines, its discriminant
must vanish, 7.e., we must have—

f’ll fllﬁ fu =0
f’l f”! f”a
fsl flsl f’ss

Therefore the locus of the point («, ¥, 2') is—

H=|f,, fis fis |=0
far fas Jas
Fsv Jfas fas
which is called the Hessian of f=0.

Since each of the functions f,,, f,,, etc., is of order
(n=2) in the variables, and the determinant is of order
three in the functions f,,, f,,, etc., the determinant equation
is of the R(n—2)th order in the variables. Thus the degree
of the Hessian is 3(n—2).

Ex, 1. Find the Hessians of the following carves:
() o*+y?=ny(@+y+2) () (@+y+5)° +6koyz=0
(iti) (yz + %)%= ay?,

‘Ex. 2. Find ~an expression for the Hessian of a curve of order =
defined by the explicit equation—

y=f ().
E». 8, Bhow that the Hessian of & cubic is also a cubic curve,
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Esz, 4. Find the Hessian of the curve defined by its polar equation
f(r, 8)=0.
E», 5. Show that the class of the Hessian of a ocurve having no

singular point is 3 (n=2) (3n—7).

91. Proceeding as in the preceding Article, we may
obtain the locus of points whose polar conics are—

(7) parabolas, (77) rectangular hyperbolas.
() The polar conic of the point (', 3', 2’) being
a 240 y 4o 22 +2f'yz 4 2¢ za4+2hay=0 ... (1)
the condition * that this represents a parabola ig—
a u g’ a ’=0
N A N
g f ¢ ¢ j
a b ¢ 0 !

where o/, V, ... have the singificance of §90, and a, b, ¢
denote the sides of the fundamental triangle.

Thus the locus of points whose polar conics are parabolas
is obtained in the form :

fir fiz fis =0
f’l f” fﬂS b

for fss fss ©
a b ¢c O

In Cartesian co-ordinates, however, this equation becomes

Firfaa=(f1s)"

* Salmon’s Conics, § 285.
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The degree of this equation is evidently 2(n—2), and
therefore the locus is a 2(n—2)-ic. This intersects the
n-tc in 2n(n—2) points, whose polar conics are parabolas.
Hence we have the theorem that on an n-ic, there are 2n(n—2)
points whose polar conics are parabolas.

If, however, the n-ic has a cusp, its polar conic is the
cuspidal tangent taken twice, which is then to be regarded
as a degenerate parabola.

Since the locus intersects the n-zc in two points at a cusp,
and in 2n(n—2)—2 other points, the number of points on an
n-t¢ with x cusps which have non-degenerate parabolas as
polar conics becomes 2n (n—2)—2«.

When the curve is unicursal, and its double points are all
cusps, this number becomes,

2n(n—2)—(n—1) (n—2)=(n—2} (n+1)

Proceeding in the same way, it can be shown that there
are (n—2)7 points in the plane of an n-ic whose polar conics
are circles.

In Cartesiani co-ordinates the equations giving the points
are

fii=fss and f,,=0.

Er, 1. The loons of a point whose polar conic with respect to a
given a-ic touches a given line is a 2(n —2).ic.

In the case of a cubic, the loous is a conic, which is called the pole
conic of the line. '

Ex, 2. The locus of points whose polar conics with respect to a
cubic are rectangular hyperbolas is a straight line, but the locus is a
conic for points whose polar conics are parabolas.

Ex, 8, Show that the polar conic of a point with respect to the
cubic z* +y® =a(a® + y*) will be a circle, if the point lies on the line
T=1. '

Ex. 4. If the polar conic of A w.r.t. a cubic has its centre at B, the
polar conic of B will have its pentre at A,
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(%) The condition * that, the pdlar conic (1) 48w rec-
tangular hyperbols is—

b.b""'c.i'—zbef,cos A+c'c'+a;¢.z'—2cagfm B
a .

+2 d'+ b;b’—Zabh’ cos =0

where A, B, C are the angles of the fundamental triangle:

This is a linear function of a/, ¥/, ¢/, etc. ; and each of thése
functions being of order (n—2) in the variables, the locus is
a curve of order (n~2), which intersects the n-ic in n(n—2)
points. Hence there are #(n—2). points on an n-ic whose
polar conics are rectangular hyperbolas. In Cartesian
co-ordinates, however, the equation of the locus becomes— ,

fu"'fss:o'

92. If the first polar of a point A (o', y', 2') has a double
point at B (a", y", 2"), then the polar conic of B has a double
point at A.

‘The first polar of A (2, ¥/, 2') is—

F=a Q-f-l-y' af-;-
Ox

of
Oy Oz

If this has a double point at B(z", 3", 2”), the first differen-
tial co-efficients of F should vanish at (+", ", ") (§ 47).

Therefore, we must have—

oF oF oF
~— =0, =—,=0, Z-=0
8o By™ 8

i.e., Y st s =0}
?’Cf”n +¥f"ss +z’f"|s=oj Tee (D)
@f s Y s 2 55 =0

R
A
® Askwith—Anplitical Geometry of the Conic Sections, § 276,
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Again; the polar conic of B (', y, 2’) is—
-~ . ' ,‘: ‘
O=f"00" 1750y 500" +2"5 92+ 2f"s 102+ 2", ey =0.

If this has a double point at A (&', §', 2'), we must have .

6C_ 8C_ 0C_

6—‘0!“0’4 e—yl"'o’ =0
2f Y a2 s =01
A +y’f”n o +2f" s =0 |
LT 27 N +35f"y s =0J

The conditions (1) and (2) are the same, whence the
truth of the theorem follows.

If we eliminate (&/,%,:) between the equations (1)
or (2), we obtain the locus of B (", ¥, z”), which is the
Hessian of f=0,

93. THE STEINERIAN:

If, however, we eliminate (a”,%",¢") between the same
equations, we obtain the locus of (&, ¢/, z’), which-is called
the Steinerian, after the name of the German Mathematicidn
Steiner. Thus, the Steinerian is the locus of points whose
first polars have double points, or it is the locus of points of
intersection of each pair of lines which constitute the polar
conic of a point on the Hessian. The degree of the
Steinerian is 3(n—2)%. For, the resultant of three equations
of orders m, n, p in three variables is of degree np in the
co-efficients of the first, of degree mp in those of the second
and of degree mn in the co-efficients of the third.* Each of
the above three equaﬁons is of degree (n—2) in the variables
(2", 9", #'). Therefore the co-efficients of each equation

' * Olebsch—Legons sur la Géomérie, Tom 1I, p. 18.
16
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occur in degree (n—2)* inthe resultant. But the co-efficients
of each are linear functions of &/, y',¢. Thus the resultant
is of degree 3(n—2)* in (, ', ¢'), and therefore the order
of the Steinerian is 3(n—2)*. 1ts class is 3(n~1)(n—2).

In the case of a cubic curve, however, the first polar is its
polar conic, and therefore the Steinerian S=0 and the
Hessian H=0 coincide, both being the locus of double points
of polar conics.

From what has been said above we may enunciate the
following definitions :—

The Steinerian S=0 <s the locus of the double poinis of
polar conics, or, the locus of pornts whose first polars have double
povnts.

Similarly, the Hessian H=0 s the locus of the double points
of first polars, or, the locus of points whose (n—2)th polars have
double points.

94. The Steinerian* may again be defined as the envelope
of lines two of whose poles coincide, and the locus of these
coincident poles is the Hessian.

Let ée4+ny+¢:=0 (1) be a line, two of whose poles
coincide at P(./, ¢/, 2).

Since the line (1) is the polar line of P, it must be
identical with—

af a ’,_a—f_
50 tigy +ig =0 . (2)

Identifying the equations (1) and (2), we obtain

87 Bf: 8f g1 g1y

— et

9. oy

* See Clebsch—* Ueber einige von Steiner behandelte Curven '-
Crelle—Bd, 64, pp. 288-290,
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Henoe, the given line (1) is the polar line of each of the
(n—1)* intersections of the two curves—

8f _, 8f '
€5:. % 5% - @)
and n%{: g{ | . 8

which are evidently the first polars of (¢, 0,—¢) and
(0, ¢&,—n), which are points on the line (1). If two poles of
(1) coincide at P, the curves (3) and (4) must touch at P,

Now, the tangents to (3) and (4) at P are—
m(fflﬂ‘l—.{f’l l)+y(€f'8’—zﬂl’)+z(ff'53_(fll 3)=O e (5)
«f(’lf'n'-(f'n)+y'ﬂf'"—ff',.)+2(1zf'“-€f’.,)=0 . (6)

Identifying (5) and (6), and eliminating ¢ 9, { between
the relations thus obtained, we obtain the locus of (., 3/, 2'),
which is the Hessian,

Again, eliminating ', ', 2/ between the same relations,
we obtain a relation between §, », {, which is the tangential
equation of the Steinerian.

Hence we obtain the theorem :

The Steinerian is the envelope of polar lines of all points on
the Hessian with respect to the original curve, and it touches the
tnflexional tangents of the curve.

For a curve of the third order this theorem becomes—

The polar line of a point on the Hessian w.r.t. the cubic
touches the Hessian at the double point of the polar conic of the
point, i.e., at the corresponding point.

95. That the Steinerian is the envelope of lines two of
whose poles coincide may be otherwise shown as follows :—

yeT first polar of any point (, ¢/, ') is—
©'f ey’ +2fy=0... TN ¢ 3
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"The first polar of any consecutive point—
(&' 482, y'+8y, #4+8.)
on the Steinerian is—
(&' +82")f 1 + (' +8)fs + (' +85)f, =0
s 82 f 8y fy 48 fy =0 . (2
From (1) and (2) we obtain—
fo i fs 1 fa=(y8'=28y') 1 (84 —4'87) 1 (2'8y'—y'8a") (3)
=¢. 9 : { (say).
#e., f, : fy : fs 8re proportional to the co-ordinates (£,7,{)
of the tangent to the Steinerian. If the:two first polars (1)

and (2) meet at the point (4, ¥”, 2”), two poles coincide at
this point, which lies on the Hessian, and we have

Exm: =y fa i fs o (4)

From (1) it follows, therefore, that, if (v, ¥, 2') are
made current, the equation (1) represents the tangent
to the Steinerian which, again, in virtue of the relations
(4) represents the polar line of the point (u4”, 3", #")
on the Hessian. Thus, corresponding to each point
(«", ¥’ 2") on the Hessian, we obtain a tangent to
the Steinerian, and in fact, the polar line of («”, y", 2’) is
identical with the tangent to the Steinerian.

Eliminating (z, y, 2) between the equations (3) and the
equation of the Hessian, we obtain the tangential equation
of the Steinerian in terms of ¢ », ¢

96. Tuar CLASS OF THE STEINERIAN :

.From what has been said above, the class of the
Steinerian can be easily determined. Since the polar lines
of points on the Hessian are tangents to the Steinerian, if
P is a fixed point on one of these tangents, the first polar
of P with respect to the original curve must pass through
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the coincident poles of the tangent, which lie on the
Hessian, Therefore a tangent to the Steinerian, drawn
through P, corresponds to a point of intersection of the first
polar of P with the Hessian. But the first polar is of order
(n—1), and the Hessian of order 3(2—2). Therefore they
intersect, in general, in 3(n—1)(n-2 ) points, which give as
many tangents of the Steinerian drawn from the point P, or,
in other words, the class of the Steinerian is 3(n—1)(n—2).

1f, however, the original curve has 8 nodes and « cusps,
it may be shown that each node counts as two, and each cusp
as four of the intersections of the first polar and the Hessian.
Therefore, the two curves will intersect in only

3(n—1)(n—2)—28—4x~

other points, and consequently the class of the Steinerian is
reduced to—

3(n —1) (n—2)—28—4x

97. We may prove here the following more general
theorem :

The class and order of a curve y, which is enveloped by the
polar lLines, with respect to the original n-ic f=O0, of points on
a curve =0, of order m, are m(n—1) and m2n+m—>5)
respectively.

The class of the envelope in question is determined by
the number of tangents which pass through any fixed point
(2, ¥/, 2'). Since the point lies on the polar line of a point
on ¢=0, the corresponding point on ¢ must therefore lie
on the first polar of the point (', ', 2'), which is of order
(n—1). Therefore, the number of tangents is equal to the
number of intersections of ¢=0 with the first polar curve
of (¢, y', s') with respect to the original curve f=0,

e Wi o OF 40 Of o/ Of
i.e., with 6w+y By +2 5;—0 o @)

These two curves evidently intersect in m(n—1) points, and
consequently, the class of the curve ¢ is m(n—1).
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"The first polar of any consecutive point—
(@48, y'+8y, #+38)
on the Steinerian is—
(¢'+85")f + (4 +8y')f s + (2 +82))f, =0
o 8 f 4+ 8 f, +8 f, =0 . (2
From (1) and (2) we obtain—
fo 1 et fy= (g8 =Yy 1 (8 —2'8) 1 (2'8y'—y'8d)) (3)
=& .7 { (say).

#e., f, ¢ fo : fs are proportional to the co-ordinates (&,7,{)
of the tangent to the Steinerian. If the: two first polars (1)
and (2) meet at the point (+”, 3", 2”), two poles coincide at
this point, which lies on the Hessian, and we have

Exn:{=f'yfs i f's NN

From (1) it follows, therefore, that, if (v, ¥y, 2") are
made current, the equation (1) represents the tangent
to the Steinerian which, again, in virtue of the relations
(4) represents the polar line of the point (", %", #")
on the Hessian. Thus, corresponding to each point
(2", y", 2") on the Hessian, we obtain a tangent to
the Steinerian, and in fact, the polar line of (", y”, 2’) is
identical with the tangent to the Steinerian.

Eliminating (=, ¥, z) between the equations (3) and the
equation of the Hessian, we obtain the tangential equation
of the Steinerian in terms of £ 7, ¢

96. TaE CLASS OF THE STEINERIAN :

.From what has been said above, the class of the
Steinerian can be easily determined. Since the polar lines
of points on the Hessian are tangents to the Steinerian, if
P is a fixed point on one of these tangents, the first polar
of P with respect to the original curve must pass through



COVARIANT CURVES , 117

the coincident poles of the tangent, which lie on the
Hessian. Therefore a tangent to the Steinerian, drawn
through P, corresponds to a point of intersection of the first
polar of P with the Hessian. But the first polar is of order
(n—=1), and the Hessian of order 3(n—2). Therefore they
intersect, in general, in 3{n—1)(n—2) points, which give as
many tangents of the Steinerian drawn from the point P, or,
in other words, the class of the Steinerian vs 3(n—1)(n—2).

1f, however, the original curve has & nodes and « cusps,
it may be shown that each node counts as ¢two, and each cusp
as four of the intersections of the first polar and the Hessian.
Therefore, the two curves will intersect in only

3(n—1)(n—2)—28—4x "

other points, and consequently the class of the Steinerian is

reduced to—
3(n—1)(n—2)—28—4«

97. We may prove here the following more general
theorem :

The class and order of a curve i, which is enveloped by the
polar lines, with respect to the original n-ic f=O0, of points on
a curve =0, of order m, are m(n—1) and m(2n+m—>5)
respectively.

The class of the envelope in question is determined by
the number of tangents which pass through any fixed point
(2', ¥/, 7). Since the point lies on the polar line of a point
on ¢=0, the corresponding point on ¢ must therefore lie
on the first polar of the point (2, ', 2’), which is of order
(n—1). Therefore, the number of tangents is equal to the
number of intersections of ¢=0 with the first pola,r curve
of (', ¢, 2') with respect to the original curve f=0,

.., with w'%-{-y'% +5 g_{=o (1)

These two curves evidently intersect in m{#—1) points, and
consequently, the class of the curve y is m(n—1),
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In order to.determine the order of ¥, we take the point
(¢, ¥, #)on any line such that two consecutive tangents
pass through the point, which therefore lies on .the
curve . In this case the two points of intersection of ¢=0
and (1) will be consecutive points, since to each such point
of intersection corresponds one of the tangents. Therefore,
the first polars of points on the curve y, enveloped by the
polar lines of ¢, touch this latter curve. The condition
that the two curves ¢=0 and (1) should touch is of degree
m(2n+m—>5) in the co-efficients of (1), .., the condition
contains (', 4, ¢) in the degres m(2n+m—>5), which
equated to zero gives the locus of points (<, ¥/, 2'), whose
first polars touch ¢=0, 7e., gives the curve y=0 in
point co-ordinates.

Hences, the order of  is m(2n+m—5).* v

If, however, ¢=0 is the Hessian, and y=0 is the
Steinerian, the class and order of ¢ are respectively found
to be )

3(n—2)(n—1) and 3(n—2){2n+3(n—-2)—5}

i.e., 3(n—=1)(n—2) and 3(n—2)(5n—11).

But, as shown before, the order of the Steinerian is 3(n—2)*;
this difference is explained by the fact that, when the point
(#,y,7') lies on an inflexional tangent, two consecutive
tangents through it coincide with the inflexional tangent of

¢.t Therefore, the inflexional tangents of the Steinerian

aleo occur in the equation of the locus obtained, which,
however, are not, in general, to be regarded as forming the

part of a curve given in line co-ordinates.

* The loons obtained contains also the inflexional tangents, since
at any point on an inflexional tangent, two consecutive tangents meet,
and consequently such & point will satisfy the condition of the problem,
bat such tangents are not to be regarded as part of the locus.

+ Two tangents are also coincident with a bitangent, but they
are not Gonsecutive,
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Hence, we obtain the theorem :

The locus of points whose first polars touch the Hessian s
oomposed of two parts—the Steinerian of order 3(n—2)*, and
another ourve of order

8(n—2)(5n—11) —3(n—2)* =3(n—2)(4n—9)

which is the product of the inflexional tangents of the Steinerian.

. It should be noted, however, that the first polars of
) points on the inflexional tangents have proper contact with
the Hessian, while the first polars of points on the
Steinerian have double points on the Hessian, and con-
sequently there is no contact in the proper sense, although
the analytical condition for contact is satisfied at such a
point.

Therefore the number of inflexional tangents of the
Steinerian is 3(n—2)(4n—9).

98. From what has been said above it follows that, if
the Steinerian has a double point, that corresponds to two
different points on the Hessian, and conversely, if to two
different points on the Hessian, there corresponds the same
point on the Steinerian, it is a double point on this
I&tteg. But, as will be shewn later, the Steinerian has
$(n—2)(n—3) (3n®* —9n—35) double points, and the first polar
of each double point has two double points on the Hessian.

Therefore, there are #(n—2)(n—3;(3n*—9n—5) first
polars with two double points, and the corresponding poles are
the double points on the Steinerian. The two nodal tangents
of the Steinerian are the polar lines of the two corresponding
points of the Hessian. It can be proved, in a similar
manner, that there are 12(n—2)(n—38) first polars which
have cusps; the corresponding poles are cusps on the

Steinerian and the cuspidal tangents touch the Hessian at
those points.*

¢ Qlebsch—Legons sur la Géométrie, Tom 11, pp. 87-90.
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99. THEOREM :

The tangent to the second polar of a point on the Steinerian
touches the Hessian at the corresponding point.

Let A(z, y,2') be a point on the Steinerian, and
B(a", 4", 2") the corresponding point on the Hessian. Then
we have the equations (1) of § 92 satisfied.

Now, the second polar of A is the first polar of the first
polar of A, and its equation is, therefore,

apF(o D 4y D 4r® Ve
¢_AF_(‘% 6w+y 3y.+z az)f_o )

te, i Y est+ oy +2f 10y +2f ) +2f | 42'a’ =0.

The tangent of ¢ at the point B (2”, 3", 2") is—

04,06, 00_
Ad’_wa +ya r/+za ” =0

. The co-ordinates of the tangent are—

09 d¢ ok

aw”» ayu> al/
. ®é_,0'F ,, ®F ., 3F |
t'e', a 1 —w a wl/’ +y a w"a yl/ + z a zll a wll

84 _, O'F 9*F 3°F
6 a w//ayl/ +y ay//g +Z aynszn }
89 _, BF . BF ., 8'F
a = azIIqu +y ayla + azllg

J
]

which, in virtue of the relations (2) §92, are found to be
proportional to the co-ordinates of the tangent to the
Hessian at (2", 4", 2").
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Hence, the tangent to the second polar of A touches the
Hessian at B.

Since the second polar of A is the first polar of the first
polar of the same point, and the first polar of A has a double
point at B, from §85 we obtain the following theorem :—

The tangent of the Hessian at B ds the harmonic conjugate
of the line BA with respect to the nodal tangents of the first
polar at that point.

There is no scope for a detailed discussion of the
various properties of the Steinerian and other covariant
curves, which have been thoroughly studied by Cremona *

100. THE CAYLEYAN t:

The line joining the point A (x/, ¥/, 2’), & point on the
Steinerian, with the double point B (.”, 3", 2”) of its first
polar (which is a point on the Hessian) envelopes a third
curve, which is called the Cayleyan of the original curve.
The two points A and B are called the corresponding points.

Thus, the Cayleyan may be defined as the envelope of lines
jotning points on the Steinerian with their corresponding points
on the Hessian. '

The degree of the Cayleyan is 3(n—2)(5n—11), and
its elass is 3(n—1)(»—2). It is in fact a contravariant of
the original curve. The determination of the order} of the
Cayleyan presents some difficulty, and is not consequently
attempted here. We propose to take up a detailed
study of the properties of the Hessian, the Cayleyan and
the Steinerian on a future occasion.

* Cremona—Introduzione ad una teoria Geometrica delle curve
piane. Also Clebsch— Legons, Tom II, Chap. 1.

¥ Cayley has studied the properties of this curve for a curve of the
third order. Phil, Trans, Vol. CXLVII, 2nd part (1857). See also
Steiner's papers—Crelle’s Journal, Vol. 47.  Prof. Cs,yley himself calla
this curve the Steiner-Hessian.

1 Clebsch—Legons sur la Géométrie, T. II, pp. 79-82.
16
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101, The class of the Cayleyan can be easily determined.

~ Let (, ¢, 2') and (+, 3", 2”) be two correspon'diug points
on the Steinerian and the Hessian respectively. The tangeut
to the Cayleyan joins these two points. 1f the tangent
passes through a fixed point (¢, 7, {), we may take—

@' =N+ pa”
y'=M+py”
=N pe”

Substituting these values of (., y/,:') in the equation (1)
of §92, we find—

"‘f”1+’\(f”11£+f”l s+ =pfy +A¢p, =0 O
I"f"n"')'(f”s1£+.f”n"7+f”us€)5i‘*f”s +Ap, =0 L oee (1)
"'f”5+)t,f”~‘ 1£+f”3 !77+f”as§)EPf"s +)‘¢s=0 .,J

whenece, eliminating A, x4, we obtain the equations—
s _¢’fws =0
f”ad’x—qssf"xzo } (2)

|
;
frib—d,fs=0 J
which give the corresponding values of (2", y”, ").

The number of common roots of equations (2 will give
the required number of tangents which can be drawn from.
(&,,¢) to the curve. But the common roots of the first
two are (2rn—3)* in number, from which we must exclude
the (n—1)(n—2) common roots of the equations f,=0,
¢, =0, for they satisfy the first two equations and not the
third. We must also exclude the case when the point
(¢, ¢, ') coincides with (&, #, {), for that is also a root, but
is evidently illusory, as it .does not give a definite result.
Henoe the number of common roots ’

=2n-3)—=(n—1)(n—2)—1
=3(n~1)(n—2)
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and any of these roots corresponds to a tangent of the
Cayleyan passing through (£, », {).

Thus the class of the Cayleyan is 3(n—1)(n—2).

That the class of the Cayleyan is 3(n—1)(n—2) can

very easily be shown by means of Chasle’s * correspondence
formula,” which will be explained in a subsequent chapter.

Ex. 1. Prove that the Steinerian and the Cayleyan touch the
inflexional tangents.

Ex. 2. Show that the equation of the Cayleyan of the cubic

®d + Y3 +23 + Bmoyz=0is m(§® + 9% + (®) + (1 —4m?) {n(=0.

Fe. 3. Show that the sides of the triangle of reference constitute

the Hessian and Steinerian of the curve—
(x/a)" +(y/b)" +(2fc)" =0

and the Cayleyan degenerates into the vertices.

Er. 4. A and B are two corresponding points on the Steineriam and
the Hessian respectively. Prove that

(i) The tangent at A to the Steinerian is the harmonic conjugate of
AB for the degenerate polar conic of B.

(ii) 1 AB touches the Hessian at B, it touches the Cayleyan at B.

102. The Hessian passes througl all the double points on
the curve.

We have seen (§72) that the polar conic of a double
point breaks up into two right lines. But the Hessian is the
locus of points whose polar conics are two right lines.
Consequently the double point must be a point on the
Hessian.

Or, we may proceed directly as follows :—
Let (', ¢/, 2') be a double point on the curve f=0.
Then, by §47, we must have— :

af §f¢= §j’_
8 oy o 65'-0'

fr=fa=fy=0. .



124 THEORY OF PLANE CURVES

But, by Euler’s theorem on homogeneous functions,
f 124+ F o+ 2f 1o = (—1)fy =0
@f' 1 +yfss+2f s =(n—1)f,'=0 1
Yf 1 +yFaat2f sy =(n—1)f,'=0 Jl
Eliminating (&, ¥/, 2') between these equations, we obtaiﬁ
H&| 1, flis flis [=0
f'l 1 fV" f’i 8
far Fas Fos
‘which shows that (&', ¥/, 2') is a point on the Hessian.

103. Ewvery node on e curve vs a node on the Hessian with
the same nodal tangents.

The equation of a curve, havinhg the origin as a node with
the axes of 2 and y as nodal tangents, may be written in the
homogeneous form as—

F=ay:""?4ugz" 3+ 4u,=0 e (1)

8 OF _ woy, By s
Now, —a—w_yz +awz +...

oF ama g O%g uoy
_— =3 + -_— +no
ay Xz ay z

oF
0:

Therefore, we have—

=(n—2)eyz" "t 4 (n—3)uzz""* +...

a= O'F _ 8y, "8 4 a————'u‘z""+...
[ E

Ot O
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aaz _(n-g)(n—S)zyz"‘ +..
f= %gﬁ:(n-—Z)m"” +...

= 6-6——8— =(n—2)yz""* 4 (n—3) a—a‘z""’-{-

'§_’E =z 6 Uy g3
"oy Toazey tr

The equation of the Hessian may be written as—
abe 4 2fgh—af? —bg® —ch® =0. e (2)

Now, the orders of the lowest terms in the second
differential co-efficients a, b, c. etc., are respectively 1,1, 2,
1,10

. The order of the lowest terms in abc is 14+1+42=4

" ., s fghis 14140=2
" » w  aftis  142=3
» . bgdis  142=3
. chYis  240=2

" 2

Thus it is seen that the order in the variables of the
lowest terms in the equation (2) of the Hessian is two, and
the origin is consequently a double point on the Hessian.

Again, the lowest terms in (2) occur only in fgh and ck?,
each of which contains zy as a factor.

Therefore the origin is a node on the Hessian with the
axes as tangents, which are also the nodal tangents to the
given eurve. -
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It is to be noted that a node on a curve counts as six of
its intersections with the Hessian. (§51.)

Ex. Consider the curve »° + y3 =8axy» (Folium of Descartes).

The Hessian is H=a* + y3 + azy2=0, which is another curve of the
same form, whose loop lies on the opposite side. Both the curves have
a node at the origin with the axes of # and y as tangents.

104. Every cusp on a curve is a triple povnt on the Hessian,
and two of the tangents at the triple point coincide with the
cuspidal tangent.

The equation of a curve having the origin for a cusp
with the axis of y as the cuspidal ¢angent is—

F=ets" ttuz* 4. 4w, =0

Now, the second. differential co-efficients are respectively

a=2:""t 4., b= o* O "us _u~3+
oy*

c=(n—2)(n—=3)u2z" "1t 4 ...

f=(n—3)%—1!f;z"“‘+.... y=2(n—2)z* " 4 ..,

r= Qs pumsy

0z0y

The orders of the lowest terms in the second differ-
ential co-efficients a, b, ¢, etc., are therefore 0,1,2, 2,1, 1,
respectively.

Hence it is seen that the order of the lowest terms in
the equation of the Hessian abc+2fgh—af* —bg*—ch*=0 is
three. Thus the equation of the Hessian begins with . the
third order terms, and consequently the origin isa brlple
point on the Hessian.

Again, the lowest terms occur only in abc and by?*, and
each of thege contains z* as a factor, Hence the cuspidal
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tangent occurs also as ‘two coincident tangents to the
Hessian at the triple point, Thus the triple point on the
Hessian arises from a cusp with a simple branch passing
through it, and two of the tangents at the triple point on the
Hessian coincide with the cuspidal tangent of the original
curve, )

It is to be noted that & cusp on a curve counts as eight
of its intersections with the Hessian (§51).

Ex. Oonsider the curve a(«?® + y?)=2ky*® (the Cissiod).

The origin is & cusp, y =0 being the cuspidal tangent. The Hessian
is wy?=0, which has a triple point at the origin, two tangents at which
are coincident with the cuspidal tangent y=0.

105. A4 maultiple pornt of ord er k on « curve s a mul-
tiple point of order 3k—4 on the Hessian, and the tangents at
the multiple point are tangents to the Hessian.

The equation of a curve, having the origin for a multiple
point of order k, with the axis of y for one of the tangents, is

Fewon, 2" *Furo 2" * 4 4w, =0

The degree of the second differential co-efficients may
be determined as follows :--

Where there are two differentiations with respect to
v or y, the degree of the lowest terms will be k—2;
where there is one differentiation with respect-to : and one
with respect to z or y, the degree is k—1: and where
both differentiations are performed with respect to z, the
degree is k. Thus the degree of the lowest terms will be
k~2in @, k—2in b, kin ¢, k—1 in f, k=1 1in g, and k—2in k.

Hence the degree of the lowest terms in the equation of
the Hessian abe42fgh—af* —bg*—ch?=0 will be 3k—4.

Therefore the origin is a multiple point of order 3k—4 on the
~ Hessian. '

- Fmrther, the lowest terms in the equation of the curve
contain x as a factor. Then it is evident that « will be
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a factor in the lowest terms of each of the recond differ-
entials in which no differentiation has been performed with
vespect to «, s.e., » will be a factor in b, c and f But every
term of abc+2fgh—af*—bg®—ch® contains either b, corf.
Therefore, the lowest terms in the equation of the Hessian
contain z as a factor, and conseqently #=0 is a tangent to
the Hessian. Similarly, it can be shown that all the
tangents at the multiple point on the curve are tangents
to the Hessian.*

106. HarmoNic PoLAR oF A PoixT oF INFLEXION:

We have seen (§71) that the polar comic of the
origin is #n(n—1)u,+2(n~1)u, +2u,=0. If the origin is
a point of inflexion on the curve, we must have—

o =0, w,=w,v, ‘
Therefore the equation of the polar eonic hecomes—
{(n—=1)+v,} «, =0
7.e., the polar conic breaks up into two right lines, one of
which is the tangent »,=0, and the other is the line
(n—=1)4v,=0, which is called the Harmonic polar of the
point of inflexion. It follows, therefore, that the origin,

which is a point of inflexion on the given curve, is a point on
the Hessian.

* We have seen that if the point of interseetion of two curves
is a maultiple point of order % on one and of order  on the other, the
point counts as kl of the intersections of the two curves. If they have
r tangents common, the point counts as kl+r intersections (§51).
In the present case, a multiple point of order %k on the curve isa
maltiple point of order (8%k—4) on the Hessian, and moreover, they
have k tangents common. Therefore, the point counts as k(3k—4)+k
or 8k(k—1) intersections. But 8%(k—1) =6.k(__k2—l) ; and alio we
have seen that & node on the curve counts as 6 intersections. with
its Hessian, Therefore tte multiple point may be regarded as result.
ing from'the” union of k(k;l)

obtained in §46.

nodes, a result we have otherwise
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107. NUMBER OF POINTS OF INFLEXION ON AN #-2C:

The points of inflexion on @ curve are the points of intersec-
tion of the curve with its Hessian, and their number is 3n(n—2),
when the curve has no singular points,

‘Let us examine the conditions when the line joining
two given points (2, y, z) and (&', ¥/, z’) interseets the curve
in three consecutive points. The coordinates of any point
on the line are A v+ px', Ay4py/, Ao+ p:'.  Substituting these
values for .+, ¥,z in the equatien f («, y, z) =0 of the curve, we
obtain the equation (1) or (2) of § 63 to determine the ratio
A: . If the point (&, ¥/, 2') lies on the curve, f'=0, and
one value of A : u is zero. If further A’f’=0 and A'*f =0,
two other roots will be zero, and the line will meet the curve
in three coincident points at (&, y', z’). Therefore, in this
case, («', ¥’ 2'), which is a variable point, satisfies both
AF=0, A"f'=0.

The first condition shows that it lies on the line A'f =0,
i.e., on the tangent at («/,%,2'). The second condition
requires that it lies on the polar conic of (', %/, 2’).- Combin-
ing these two conditions, it follows that the polar conic breaks
up into two right lines, one of which is the tangent at the
point. Hence the point (&, %', z') is a point on the Hessian,
or, what is the same thing that— '

The Hesstan passes through the points of inflexion on a curve.

Now, the degree of the Hessian is 3(n—2), and there-
fore it intersects the curve of the nth degree in 3n(n—2)
points. If the curve has no other bjingula.rities, this must
exactly be the number of points of inflexion on the curve. If,
however, the ocurve possesses other singularities, this
number must be reduced.

Exz. 1. Determine the points of inflexion on a curve defined by its
polar equation, )

Ew. 2. Show that the abscissae of the points of inflexion on the
curve y" =f(z) are the roots of the equation

"'%‘ (@)} =5(@) 1" (2).
17
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108. DiSCRIMINATION OF A DOUBLE POINT FROM A POINT
OF INFLEXION : -

We have seen that the polar conics of both the double
point and the point of inflexion break up into right lines, and
consequently both must lie on the Hessian, Therefore, it is
necessary to devise means of discriminating whether a
point on a curve is a double point or a point of inflexion,
There are various ways of doing this :—

(a) If we transfer the origin to the point in question,
the lowest degree terms in the transformed equation
will be linear, if the origin is a point of inflexion; and
further in this case, the terms of the second degree will
contain the linear terms as a factor. But if it is a double
point, the linear terms will be absent from the equation,
and the lowest terms will be a quadraitic.

(b) The polar conic of a double point breaks up into
two right lines—the nodal tangents, which are also nodal
tangents to the Hessian. But the polar conic of a point
of inflexion breaks up into two right lines, one of which
is the tangent at the point, and the other does not, in
general, pass through the point, and the point is an ordinary
point on the Hessian.

{c¢) At a double point (<, %', z'), we have—

8f o Of o Of -
8= oy = 87 "

while at a point of inflexion these functions do not all vanish,
‘but have definite values, and are proportional to the
coordinates of the tangent at the point.

E». Oonsider the curve z®=y%z,

This is évidently a cubic, having the vertex C (0,0,1) as a cusp, with
y=0 88 the cuspidal tangent, while the vertex B is a point of inflexion,
with the inflexional tangent s=0. The Hessian is evidently ay%=0,
which passes through A, B, C, and therefore intersects the cubic at B
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and 0. Hence Band O may be either double points or points of inflexion.
To determine this, we gee that the first differential co-efficients all

vanish at C, and therefore it is a double point, evidently a cusp, with
the cuspidal tangent y=0, common to the curve and the Hessian. At
the point B, however,

i.e., these functions do not all vanish at B. Therefore the point
B is a point of inflexion, with z=0 as the inflexional tangent. The
form of the curve is shown in the accompanying figure.

109, THEOREM :

On the polar line of any point A, there are always
three different points, of which the first polars have points of
inflexion at A.

The polar line of a point A (&, ¥/, 2') is—

L, 8f ., 8f,, 08f_
"8 TVey TTor ="

Let B (a",y",#") be a point on (1).
The first polar of B is—

”Q,f ”a_.f_ ”__@I— oo
Fss 8w+y By +2 3::"0 @)

and it passes through A (§. 76,)

1)
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The Hessian of F is

PoF, By F, (=0 o (3)

1“21 IPQD Fas
Fal :FSS FGB ]

The equation (3) involves (¢";y",:”) in the third order.

Now, if A (&, ¥/, ') is a point of inflexion on (2), («', ¥', 2’
must satisfy (3). Hence, if we consider (., 3/, ') as given,
the locus of (+’, y”, 2”)is a curve of the third order given
by (3). Also (+/, 4", 2”) is & point on the line (1). There-
fore (a”, y”, 2”) is any one of the three points of intersection
of the curve (3) with the line (1).

110, If, however, the point B lies on a curve ¢=(, the
points u;%.'inﬂexion of its first polar lie on a curve, whose
equaMiR” is obtained by eliminating (+/, 3”, ") between
the equations (2), (3) and

¢ (il,‘”, y”’ z/l)=0‘
If, in particular, $=0 is a straight line

Eetny+ =0 RV €]
the eliminant is an equation ®=0 e ()

of order 6(n—2). Since (2) and (4) are each linear and
(3) is of degree 3 in (#', y",2"), ® is of degree 3 in the
coefficients of (2), of degree 1 in the co-efficients of (3),
and of degree 3 in those of (4). But the co-efficients of (2),
(3) and (4) are of orders n—1, 32—9 and 0, respectively,
whence the order of ® in the variables is

3(n=1)+(3n—9)+0=6(n—2)

The first polars of all points on the line pass through
(n—1)* common points, which are the poles of the line.
But these (n—1)* points are ¢r¢ple points on the curve ®=0.
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For, from (2) and (4), the (n—1)* poles of the line are

iven by
grver f:‘fnzfssé:"lzé

When these are satisfied, the second partial differential co-
efficients of ® w. r, t. (2, y, 2) vanish identically, 7,e., A*®=0,
which shows that (#, y, z) is a triple point on @=0%,

If, on the other hand, (7, y, z) are regarded as constants
in the equation ®=0, and £, », { as variables, the equation
gives the product of the three linear factors, which equated
to zero give the equations of the three poles, whose first
polars have a point of inflexion at (v, y, 2).

If the line envelopes a curve ¢ (&7, {)=0, of class m, the
(n=—1)? points of intersection of the first polars describe the
curve o(f,, fy, f3)=0, of order m(n—1). If, in particular,
the line turns about a point (a, 8, y). the curve deseribed
is the first polar of that point. e

111.  If a curve has 8 nodes, the number of its points of
inflesion cannot exceed 3n(n—2)—68.

The Hessian of a curve passes through all the double
points and points of inflexion on a curve, and it intersects
the curve in 3n(n—2) points, which include all these
singularities. But a node on a curve counts as six among
the intersections of the curve with its Hessian (§103), and
therefore the 8 nodes are equivalent to 63 intersections.
Thus, the remaining 3n(n—2)—63 intersections give only
the points of inflexion.

112.* If a enrve has « cusps, the number of its points of
tnflexion cannot exceed 3n(n—2)—8k.

. Since each cusp counts as eight among the intersections
of a curve with its Hessian (§ 104), the x cusps are
equivalent to 8x intersections, and the Hessian intersects
the curve only in 3n(n—2)—8« other points, which are the
points of inflexion on the curve.

* Clebpch—Legons, Tom II, p. 20,
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Combining this with the result of the preceding article,
we obtain the theorem :

If a ourve has 8 nodes and  cusps, the number of its points
of infle.cion cannot exceed 3n(n—2)—68—8k.

Ew». 1. Form the Hessian of the curve »°(z?®+y®)=a%y?, and find
the points of inflexion.

Ex. 2. Show that the curve azy +a® =23 has a point of inflexion at
the point where it outs the axis of #, and show that the tangent at the
point of inflexion is inclined to the axis of = at an angle tan~18.

E»3, Find the inflexions on the curve—

2 o — :"S
5 ()
E». 4. Show that the inflexions on the cubic (z*+a?) y=a's are
given by *=0and 2= t+a 8,
Ez. 5. Find the points of inflexion on the carves—
(7) 2x(2?+¥?)=0a(2x®+y?) (i) @3 + y3=a?,
(iit) 3 +(a=y)x®+aty+a®=0,




CHAPTER VI.
Porar RECIPROCAL AND OTHER DERIVED CURVES.

113. In Chapter I, we have enunciated the general
principles of reciprocation.* The theory of point reciproca-
tion has beer. fully discussed by Salmon in his Treatise on
Conic Sections, Chapter XV, and therefore it is not necessary
to enter into a detailed discussion of the theory in the
present work. We shall here study the properties of polar
reciprocal curves mainly with reference to their singular
points. At the outset, however, it is useful to recall the
following definition :

Suppose we have a certain conic, called the base-conic.
The envelope of the polar line of any point on the given
curve S is called the polar reciprocal 8’ of S with regard to
the conic. The relation between S and S’ is reciprocal, one
being derived from the other by the same process.

Let C=0 be the base-conic, and f=0 any given curve.

Let the equation of a tangent to f be written in the form
p=w cos a+y sin a o (1)

and the condition that this line touches the given curve
be written in the form

p=9(e) .o (2)
If now (', ¥') be ‘the pole of this tangent w.r¢t. C=O0,
the tangent (1) must be identical with the polar line of

(«',4'), i.e. with
of 2 Huf'y +of s =0 . 3)

,cosa__"_‘_f- sig_a=-_f_'y
=y and P 7.

oy =——
1]

* Poncelet—Mémoire sur la théorie generale des polaires
réciprogues ete. Crelle—Bd. 1V, (1828) pp. 1—T71.
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whence P —f f' +1 , and tan a=-§,'-‘j.

Therefore, the locus of (+/, 3'), ¢.e, the polar reciprocal

of fis
f=.+f'y=f'.f{¢(tan-*§v; )}

The base C=0 may be any conic—a ci? le for example,
and a point-circle, in particular; and in that case, the
reciprocal is said to be taken w. r. {. the circle.

In this case we may define the polar reciprocal curve in
a different manner as follows:

If OP be the perpendicular from the pole upon the
tangent to a given curve, and if on OP or OP produced
a point Q be taken such that OP. OQ =k* (const), the locus
of Q is called the reciprocal polar of the given curve with
regard to a circle of radius k and centre at O.

It is evident from this definition that the polar reciprocal
curve is the inverse of the first positive pedal of the curve.

Ex. 1. Find the polar reciprocal of the curve
(afa)” + (yjb)" =1

with regard to 8 circle of radius % and centre at the origin.

The condition that the line « cos a+y sin a=p is a tangent to the
curve ig—

(ecos a) " " + (bsinag) " ' e=p

If now » denotes the radius vector of the reciprocal polar, we have
pr=k?, and substituting the value of p in the above condition, we obtain

(a cos a) s (b sin a) —(k’/r)

whence e . 2m

(az) "y y) "t =k"?
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If, in particular, m=2, the polar reciprocal of the ellipse
z*fa® +y®/b2=1
is found to be a?x? +b%y?=Fk¢,

E». 2. Show thab the polar reciprocal of the curve a™y" =a™** with
regard to a circle whose centre is at the origin is another curve of the
same kind.

Ez. 8. Show that the polar reciprocal of the curve »™=a™ cos mé
w,r.t. the hyperbola r*cos20=a? is

Ex. 4. Prove that the reoiprocal of the same curve 1. 7. t. a circle
with centre at the pole is of the form in Ex. 3.

114. Porar RecterecaL v HoMoGENEOUS Co0-ORDINATES :

Theorem: If ¢ (£, 9, {)=0 be the tangential equation of a
curve, the point equation of its reciprocal polar with respect
to the imaginary circle «®*+4y*+:*=0 s

$(r, y, 2)=0

Let ¢rx4ny+¢z=0 be a tangent to the curve, and
let (#, 4, 2') be its pole with respect to x®+y*®+42%=0.
Therefore, the polar of (2, ¥/, 2'), i.e., xa'+yy' +22'=0 must
be identical with £x+ny+ & =0.
i.e., we must have—

5

¢

-
s
e

and consequently, ¢(+/, ¥, z')=0, 7.e., the locus of the point
(«', ¥’ 2') is the curve ¢(«, y, z)=0, which is the reciprocal
polar of the given curve.

Thus, if m be the degree of the tangential equation of a
curve, the degree of its reciprocal polar curve is also m. But
the degree of the tangential equation of a curve is egqual to
its class.*

# Salmon, Conios, § 821.

18
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Therefore, the - degree of the reciprocal polar of a curve s
equal to dts class, and vice versd.
The conic #®+y®+2%°=:0 is called the base-conic.

It is to be noticed, in particular, that if the condition
that the line ¢z+y+{=0 touches a curve be put into the
form ¢(§, {)=0, i.e., if the tangential equation of the curve
be ¢(§, {)=O0, then its polar reciprocal with regard to
the parabola «®+2y=0 is ¢(x, y)=0.

Eo. 1. Find the reciprocal polar of the curve z(z%—azy)=ay(z+y)
wert e®+y?+22=0

Ewx. 2. Prove that the polar reciprocal of ¢(¢, , () =0 with respect
to the base-conic

ax? +by? + cz? + 2fyz + 2928 4+ 2hay =0
is plax+hy+gz, ha+by+fz, gr+fy+cz)=0.

Ex. 3. Show that a conic and its reciprocal have, in general, a
common self-conjugate triangle with the base-conic.

115. TANGENTIAL EQUATION PERIVED FROM POINT EQUATION :

Let f(«x,y, 2)=0 be the equation of a curve, and let
Ex+my+¢z=0 be a tangent to it at the point (., ¥/, 2').
Then this line must be identical with

5 Of 4y 87 4, 07 _
- TALE TALE i

which is the equation of the tangent at («+/, ¢/, ).
. Wehave &:9:{=f,:f,:f, o D
. Since (&, ¥/, +') is a point on f(x, y, 2)=0, we have
sy, 2)=0 )

Eliminating (4, ¥/, 2') between equations (1) and (2), we
obtain the rei;uired tangential equa.tion of the curve,
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But, by Euler’s Theorem,

2 9f

4y & s M =nfe, v, )=0 .. @

a !

Therefore, the process is simplified, if elimination is
effected between (1) and (3). We thus obtain the tangential
equation in the form ¢(§, 5, {)=0.

Second Method :—
Eliminating one of the vanables z (say) between the
equation of the curve
f(x, y, 2)=0 o (@)
and §,o+77y+Cz=O e (2

we obtain the equation of the lines —

f (e, y, —(Eetny)/)=0 RN C))

which join the vertex C(0, 0, 1) of the triangle of reference
with the intersections of (1) with (2).

1f the line '(2) touches the curve (1), two of the lines (3)
will be coincident, and the equation (3), regarded as an
equation in_ x/y, will have two equal roots. Hence the
discriminant of (3) will vanish, which gives the tangential
equation of the curve.

Ex. 1. Find the tangential equation of the cubic #? +y°® +2* =0,
First Method :—

We have —

Eimil=a't:y2: 22

and, also
& 4y +('=0.

But, d=1+vE YV=1vn, =%/

Yot (3=0;
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or, rationalising, we obtain —
¢=£D + .,,‘ﬂ + ‘0 _2“31,3 _2‘3(3 _263,73 =0
which is the tangential equation required.
Second Method : —
Eliminating # between the two equations, we obtain-—
w?(§2 —(°) + 88 nzty + BEn ayT + (n° - *)y* =0.
The discriminant of this is
R+ =) =4803(".
But, (=0 does not make the line a tangent, and consequently, the
factor (¢ ig irrelvvant. Hence the tangential equation is—-
(ES + .,l.’! _(3)2 =453n8‘
which is the same equation as above.

Ez, 2. The tangential equation of the parabola »*=4ax is—
an?=§(.

Ez. 38, The tangential equation of m32+ y§2= a.’JQ 3 is found to be
(62 + 1,2)(2 =az€2ﬂ‘:_
Ex. 4, Find the tangeuntial equations of the following curves :—
(¢) 3(z+y)e?=2a3 (i) z(=®+y2)=y"
(#id) (2 +y*)5=a(3aty—y?).

Ex. 5. Find the tangential equation of the circular points.

116. TaE PoiNT EQUATION DERIVED FROM TANGENTIAL
EQuaTIioN :

Let (£, 7, {)=0 be the given tangential equation of a
curve, and £z4ny+{:=0 be a tangent to the curve drawn
from any point (z, y, 2).

If { be eliminated between these two equat ions, the
resulting equation will determine the co-ordinates of the
tangents which can be drawn from («, Y, z) to the curve.
Now, if the point lies on the curve, two of these tangents
must coincide, .., the resulting equation should have a
pair of equal roots.
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Consequently, the discriminant f(x, v, 2) must vahish,
which gives f(», y, 2)=0 as the pomt equation of the
curve.

Second Method :—

Let (z, y,z) be a point, and &, 5'. {’ be the co-ordinates of
its polar tine. But the pole of the line (¢, v/, {') is—

89 94
¢ 88 +n 88 +:38 =0
_ 84 .94.06

AR A YA T AR Y
Also, ¢ aag +7]' 6¢ +¢ 3_2’5 =me¢(¢, v, ')=0

where m is the degree of ¢, since the line (¢, 7, ¢)
touches the curve.

Eliminating (¢, v, {') between these equations, we obtain
the locus of (w, y, z) in the form f (x, y, 2)=0.

Ex. 1. Form the point equation of the curve whose tangential
equation is §3 + 7%+ (*=0.

Eliminating { between this equation and &z +7y+ ¢z=0, we obtain
£3(0% —2%) + 32 p3y + BEn%ay® + (y* =23 )2 =0.
The discriminant of this is— ‘
2%(a® +y% —2%)2 =4a%y%2°,

But, evidently {» +ny + (2=0 is not a point on the curve, if 2=0.

= The faotor 2° is irrelevant, and the point equation of the curve is
L B% 4 Y0 428 —2p3y5 — 2323 =233 =0,

Thus the order of this ourve, which is of class 3, is 6.

* O, A, Bcott,—loc. cit., § 64,



142 THEORY OF PLANE CURVES

Ew». 2. ‘The point equation of 4¢3 + 279%(=0 is found to be
23 —y?z =0,
For, eliminating { between the given equation and f»+ny+(z=0,

we obtain —
4832=27n e —277%y=0

the discriminant of which is #°—y?:. Hence the point equation is
2% =1y3z, and the order of this curve, which is of class 3, is also 3.
Ex. 3. ‘Find the point equation of curves defined by the following
tangential equations : —
(i) 9n+4(¢—n)*=0. (i7) (&*+27)=a"¢n"
(i1i) 27u*n?¢+4(at+{)*=0.

117. By a comparison of the examples in §§ 115, 1186, it
is seen that the class of a cubic may be as much as 6, or as
little as 3 ; and conversely, the degree of a curve of class 3
may be either 6 or 3. Hence, in general, it follows that the
class of a carve does not depend solely on its order, nor its
order upon the class. Further, it is seen that if f(«, y, 2) =0
is the point equation of a curve whose tangential equation is
(& n, ) =0, then f(¢, 9, {)=0 is the tangential equation of
a curve whose point equation is ¢(», y, ) =0, and the class
of a curve is the same as the degree of its tangential
equation.

Now, corresponding to the locus f(e, y, 2)=0, there is,
by the Principle of Duality,* an envelope fi¢, 7, {)=0, dnd
the point equation of this, found by the above method, is
o¢(e, y, 2)=0. Instead of discussing the two equations
f (e, y,2)=0and ¢(¢, , {)=0 of the same curve, we may
conveniently consider two distinct curves f(=z,y, z)=0 and
¢(s, y, 2)=0. These two curves are called Polar reciprocal
curves. The relation between them is a reciprocal one, 7.e.,
the one can be obtained from the other in the same way as
the latter is from the former; and the line and point
properties of one are exactly the same as the point and line
properties of the other.

* Piﬁoker—“ System der Analytischen Geometrie (1835).
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118, THEOREM : A node on a curve corresponds to a double
tangent on the reciprocal curve, and vice versd.

Through a node there pass two branches of the curve,
with a distinct tangent to each. Thus the point may be
regarded once as belonging to one branch and once to the
other. Therefore, the polar lines of these two points are
two corresponding tangents to the reciprocal curve, which
become ultimately coincident. The nodal tangents corres.
pond to two distinet points on the reciprocal, the tangents
at which become ultimately coincident. Thus, the nodal
tangents with their coincident points of contact reciprocate
into two distinct points on the reciprocal curve, with the
tangents at those points coincident. Hence, a node corres-
ponds to a tangent of the reciprocal curve, which touches it
at two distinet points, 7., is a double tangent,

Note. Since a conjugate point is o real point with imaginary
tangents, the polar line of the conjugate point is a real tangent with
imaginary points of contact.

Hence a conjugate point on a curve corresponds to a real doudle tangent
of the reciprocal cwrve with imaginary points of contact,

119. THEOREM : A cusp on a curve corresponds to an
tnfle ional tangent on the reciprocal curve and vice versd.

At a cusp, the two branches of the curve have a common
tangent. Let P be the cusp, and PQ the cuspidal tangent.
From any point Q on the tangent, we can draw two other
tangents QT, QR, one to each branch of the carve. The
reciprocals of these three concurrent tangents will be three
points on the reciprocal curve, which are collinear on the
polar of Q. Ultimately when Q moves up to coincidence
with P, the three tangents coincide with the cuspidal
tangent, and the three corresponding points become
collinear, 7., three consecutive points on the reciprocal
curve are collinear. Therefore the tangent has a contact
of the second order, and consequently, the cusp corresponds
to an inflexional tangent on the reciprocal curve,
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Second proof :

At a cusp the moving point turns back along the tangent,
i.e., it changes its sense of motion in the direction of the
tangent. Therefore, in the reciprocal curve, the enveloping
line changes its direction of motion about its point of contact,
i.e.,the line becomes stationary for a moment before the
sense of its motion is changed. Therefore it is an inflexional
tangent, and the point of contact corresponds to the cuspidal
tangent.

Thus we see that a cusp and an inflexional tangent are
stationary elements, while the node and the double tangent
are simply double elements.*

120. TrrorEM: If a curve of order n has 8 nodes, the
degree of its reciprocal polar is n(n—1)—28.

We have seen that the reciprocal of a curve of order
n is, in general, of degree n(n—1), this being the number
of tangents that can be drawn from any point to the curve,
and this is equal to the number of intersections of the
curve with its first polar. If, however, the curve has a
node, the first polar passes through it, and the point counts
as two among the intersections of the curve with its first
polar. But the line joining the node to the pole is not to be
reckoned as a tangent. Thus the number of tangents which
can be drawn from any point to the curve is diminished by
two for every node on the curve. Therefore, if there are 8
nodes, the number of tangents is diminished by 28, and,
consequently this number reduces to n(n—1)—28; or, in
other words—

The degree of the reciprocal polar curve 7s n(n—1)—23.

* At a tacnode, two distinct branches of a curve touch, and
have a common tangent and a common point. Therefore, in the
reciprocal curve there are two branches having a common tangent at a
common point, i.e., o a tacnode corresponds a tacnode on the reciprocal
curve, :
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121. TazoreM: The degree of the reciprocal of a curve
with x cusps is n(n —1)—3«k.

When the curve has a cusp, the first polar of any point
not only passes through this cusp, but also has its tangent
the same as the cuspidal tangent (§85). Therefore, the
cusp counts as three among the intersections of the curve
with its first polar. Consequently, the number of intersec-
tions is diminished by three for every cusp on the curve,
and this diminution amounts to 3x for the « cusps on the
curve. Hence, the deyree of the _reciprocal curve is
n(n—1)—3«.

Combining this with the preceding theorem, we obtain
the following :—

The degree of the reciprocal polar of « curve with 8 nodes

and k cusps /s n(n—1)=28—3«.

122, Turoren: [f @ curee has w mnltiple point of order k,
the degree of its reciprocal polar crurve és n(n—1)—k(k—1).

We have seen that a multiple point of order kona
curve is a multiple point of order k—1 on the first polar.
(§86). Therefore, the wmultiple point counts as k(k—1)
among the intersections of the curve with its first polar.
Consequently, the number of remaining intersections is
n(n—1)—h(k—1), which is the degree of the reciprocal polar
('ltl'L’e.*

123, ExvELOres:

If the eqnation of a curve involves a variable
parameter, we obtain a servies of diffevent curves by giving
different values to the parameter. All these curves touch
a certain curve, which is called the enrelupe of the system.

* A multiple point of order k is equivalent to }k(k—1) nodes,
and for each node the class of a curve is diminished by two. Hence
for a mnlbiple‘ point of order k, the class is diminished by &(k—1),
which agrees with the result we have established just now,

19
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Euch carve is intersected by the cousecutive curve in u set
of points, and the locus of these poiuts is called the envelope.

Let f(., y, 2, A\)=0 be the equation of a curve, which
contains a single variable parameter A. The parameter
of a consecutive curve may be taken as A48, and it may
be represented by the equation f(¢, 7, 2z, A+8\)=0, or
fiCe, y, % A, 8)=0. Therefore, the equations f=0 and
f,—f=0 determine the co-ordinates of the points of intersec-
tion of Lwo consecutive curves.

" Y
But fL=r+ 5% 5)\.+etc.

—0J 3
» fi—=S= 2 BAtete.
where 8\ is infinitesimal, and thevefore its higher powers
may be neglected. Therefore the eqnations

7=0, and &L =0
oA
determine a set of points depending on the parameter A.
Eliminating A between these two equations, we obtain the
equation of the locus of all points of intersection of
consecutive curves of the system, which is the equation of
the required envelope.

It may so happen that f is an integral and rational
function of X. 1In that case the above process is evidently
equivalent to forming the discriminaut of fregarded as a
function of A, and then equating it to zero. Thus, if the
quantic f, arranged in powers of A, be written in the form—

al™ 4+ nubA" "1 +7L”‘)_Tll,n)\""+etc. ‘e (])

where a, b, c,...ave functions of (., ¥, 2), then the discriminant
of (1) equated to zero will give the envelope.
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If the curve f (2, y, 2z, A\) =0 passes through a fixed point
(@, 9, 2'), we have f (&, ¥/, &/, \)=0, and if this equation is
solved for A, there are found n values of A, corresponding to
each of which there is a curve of the system, and conse-
quently, n curves. of the system pass through any point.
When, however, the point lies on the envelope, two of these
curves coincide.

Es. 1. The system of circles (¢=—A)? +y2=#2 where A is a
parameter, has its centre on the axis of x. The euvelope of this
system is given by 2 (x—~A)=0, i.e.,, w=A, which gives for the envelope
yi=1r?, or, y= + 7, i.e., two lines parallel to the locus of centres.

Ee. 2. The equation of the normal at auy point (a cos 6, b sin 6) on
the ollipse

w
<
IS

o+ =]
a* b*
is My )
cos 0 sinf

which iuvolves a parameter 0.

Differentiating (1) with respect to ¢, we obtain—
ax gec 6. tan 0+ by cosce 6. cot §=0, or, ax sin®6 +by cos®d=0... (2)

Eliminating 8 between (1) and (2) we obtain the equation of the
envelope in the form :

2 3
3 3

(av)® +(by)?®

which is called the evolute of the ellipse.

2
=(a*=b%)",

Er, 3. To find the envelope of at" +bt" +¢=0

Differentiating with respect to ¢, we obtain nat"™! +pbtf~i=0.

. b
whence . = —(P*> '
) - na

Substituting this value of ¢ in the equation we obtain the equation
of the envelope in the form :
atare* "t +p?(n—p)y =0
where positive or negative sign is to be taken, according as # is odd or
eveu.
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Ex. 4. To find the envelope of the chords of curvature of the
points on a conic.

The equation of the chord of curvature of the conic x2/a* +y*/b*=1
is
Yy

T .
< cos a— > 8in a=co8 2a
a b

and therefore, the envelope becomes—

8 2
2 2 2 n2
(i"; +¥ -4 ) +27( -2 ) =0
a* b* a® b*
Er. 5. Find the envelope of a circle of constant radius, whose centre
moves on & giveu conic.
Let #*/a® +y%/b2 =1 be the given conic, and (v—a)®+(y—B)2=s?
be the circle, the centre (a, 8) moving on the conic.
Then we may write a=a cos8, B=b sin 6.
The equation of the moving circle now becomes—
(a®—b%) cos 20 —4ax cos 6 —4by sin 8 +2(x +y?)+a2+b:—=2r2=0

The envelope can now be found as already explained, and is called
the curve parallel to the conic.

124. 1t often happens that the equation of a curve
contains two or more parameters connected by an equation
or equations, so as to represent a single variable parameter.
In order to determine the envelope we make use of the
method of indeterminate multiplier, the principles * of
which we shall presently explain.

Let the equation f(«¢, ¥, =, A, u)=0 of a curve contain two
parameters A, u connected by a relation ¢(A, u)=0.

Then we have

8/ +6_f_ Rl =0 and: 0¢ +6_35 Or o,
Or Op OX or Op OA
* The subject properly belongs to the province of Differential
Geometry, and the student is referred to Edwards’s Differential Cale.
Chapter XI, for fuller treatment of the subject.

See also Oayley, Collected Works,
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Eliminating g-;—: between these two equations, we obtain-

= Qf a._-f =0
V= G Ou
0¢ o¢
oA du |

The envelope is obtained by eliminating A and u between
the equations f=0, ¢=0 and y=0.

We may eliminate one of the parameters between the
given equations, and then obtain the envelope by the method
of the preceding article.

A similar process is followed in the general case, when
the k parameters in the equation of a carve are connected
by k—1 relations. In this case the envelope is obtained by
eliminating the k parameters and i—1 indeterminate multi-
pliers between the 2k equations. The method may be best
explained by means of a few simple illustrations.

Ez. 1. To find the envelope of lines which cut off intercepts on
the axes, the sum of which is constant.

The equation of the line making intercepts « and b on the axes is

L

« b

where ¢ +b=1I.= Constant.

Differentiating tho above equations, we have

whence, Y_r_ or, Y o_ +
a
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Substituting for a in the equation of the line, we obtain—

b= i&'«/—y_

7= +y=+ ~/a;y+ Y.
Na

2 A/ SV (e Vi) -
Y
Or, (24 Voy)+(+ vay+y)=Fk
i.e., (-\/.u + Vy )""—':k

. The envelope is v + My =+ k.
Er. 2. Find the envelope of

T
s
a

=1

o=

where ¢ and b are connected by the relation ab=const,

Differentiating the two equations, we obtain—

[+ 1]

b 0, and b+a-OP =o.

Oa

;i
+
I‘&
|

2
»
<
-
)
)

c% =Ab and 3!1"'=A“" where A is an indeterminate multiplier.

Multiplying these by « and b respectively, and then adding, we
obtain—

(-t + "Z—’=)\(ub +ab)=2xc (say)

whence 1=2x; and consequently A=2-IE
S 2ca=a?b and 2ey=ab?
and since ab=¢, wehave 2r=a and 2y=0.
;. 4zy=ab=const.
The envelope is #y=const., i.e., & hyperbola.

Ex. 3. The envelope of polars with] respect to the circle
@¥ + y*=2ax of points which lie_on the circle »* + y?=2bx is

{(a=bd)x+ab}2=b2{(r=a)?+y%}



ENVELOPES 151

125, We huve seen that when the eguation of a curve
contains A in the nth degree,

7.e., when  f=al"+nbA*~! 4+ 14’—;—_'—1) A"t 4,,.=0

where a, b, ¢, ... are functions of the co-ordinates, the
envelope is obtained by equating to zevo the discriminant *
of f. Thus, for n=2, 3, etc., we have for the envelopes

ac—02=0
a®d® 4 4ac® 4+ 4b*d —6abed —3b3c?* =0, etc.
It will be noticed that the degree of the envelope is
2(n—1) in the co-efficients a, b, c...
Hence, when a, b, c... ate linear, the degree of the
envelope is 2(n—1).

The simplest of these cases is the envelope of
AN +2BA+C=0

where A, B, C are all linear functions of the variables, so that
the equation represents a right line.

Kliminating A between
AN 42BA4+C=0 and AA+B=0

we obtain for the envelope B*=AC, which is & conic.

When A, B, C are expressions of the second degree, the
envelope B? =AC is a curve of the fourth degree, and so on.,

* It has been proved by Prof. Cayley that the discriminant, in
general, contains other loci besides the envelope. In fact the complete
envelope of the variable curve consists of the proper envelope as
explained above together with the locus of the nodes of the variable curve
twice, the locus of the cusps thrice, the envelope of the douuble tangsnts
fwice and the envelope of the stationary tangents tiurice.

Cayley, Messenger of Mathematics, Vols.1I and XIL See also
Henrichi, Proc. of the London Math. Soc., Vol. 11; 1. M HIl /bid,
Yol. XIX, and 8almon, H. P. Curves, §89 (a).
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Otherwise : The equation AA*+42BA+C=0 may be
regarded as a quadratic equation to find the values of A for
the two particular members of the family, which pass
through a given point (., y). When (v, y) is a point on the
envelope, these two members must coincide, and conse-
quently, the quadratic in A must have two equal roots, and
the locus of such points is thervefore B? =AC.

Ea. 1. The envelope of w cos 8+ y sin 6= Va? cos® 0+ 0° sin*0
is o +ytbi=1
For, the cquation can be put into the form—

vty tan 8= Va*+0b° tan® 0
or, clearing the radical, 2 +y* tan® 0+ 2uy tan 0=u* +‘b"' tan® 6
i.e. (y*—=0b*) tan® 6+ 2y tan 6+ («*—a*)=0.
This, as a quadratic in tun 6, has two cqual roots,
if dw?yr=4(e2—=a?)(y?—=b2), ie., 2 at+y? bi=1,

Ez. 2, Show that the envelope of the lines

& cos ma+y sin me=a(cos na) "
where a is the arbitrary paramcter, is the curve

P - "
r = cos{ - - - 0.
Kk [

Ez. 3. Gircles are described having for diameters the radii vectores
from the origin to the curve «* +y%=3ar*, Prove that their envelope
is the inverse of a semicabical parabola (Oxtord, 1888).

Ez. 4. An equilateral triangle moves so that two of its sides pass
through two fixed points P and Q. Prove that the envelope of the third
side is a circle.

Er. 5. Find the relation between o and b, when the envelope of

the line z/a + y/b=1 is the curve 27y* =kr+s, *
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126. EvVOLUTES :

The evolute of a curve may be defined as (i) the envelope

of its normals, (i7) the locus of the intersection of consecu-

' tive normals, (¢7z) the locus of the centre of curvature at
each point of the curve.

Tt is clearly seen that these definitions ean be deduced
one from the other.

In order to obtain the evolute of a curve, we generally
take the equation of the normal at any point of the curve
and then find its envelope. The same may be found by
finding the co-ordinates of the centre of curvature at any
point, and then determining the locus of the centre of
cur vature.

The methods will be best illustrated by means of the
following simple examples : ’

Ez. 1. Find the evolute of the parabola y®=4az,

The normal at any point (at?, 2at) is—
to +y=2at +at? we (1)

To obtain its envelope, we differentiate it with respect to t, and thus get
x=3at® +2a o (2)
Eliminating ¢ bet;veen (1) and (2), we obtain
27ay® =4(z—2a)*

as the equation of the evolute of the parabola.
Ex. 2. Find the evolute of the ellipse z%/u? + y2/b3=1,

The normal at any point (a cos 8, b sin 0) is—

ax by —a®—b?

The evolute of the ellipse, by Ex. 2, §123, is; therefore,

(o) + (by)¥=(a* =),
20
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Ez. 3. Find the evolute of the cissoid (2 +y2)z=ay®
" Writing the equation in the form (a—a)y*=u%, we may express the
co-ordinates of any point on it in the form

a a

ey VTRTEeY

The equation of the normal is, therefore,
2
20% + (1 + ae=)y=2‘(_1.;‘_2"_)

20%% +30%y—20%a + 8y—a=0.

. The discriminant of this is found to contain (z + ;a)* + y* as a factor,
the remaining factor, therefore, gives the proper evolute, namely,

y* + %za?y’ + E;Tzuﬁm=0.
Ez. 4. -To find the evolute of the curve given by w=ct, y=c/t,

The oentre of curvature at any point (t) is
w=c(3t* +1)/2t>,  y=c(t* +3)/2t.

Eliminating ¢ between these, we obtain the equation of the evolute."

" 127. NorMAL or THE EvVOLUTE :

The following construction for the normal of the evolute
is-useful :

Let I and J be any two finite points in the plane. Then,
if the tangent at any point P of a curve meets IJ in M, and
if M’ be the harmonic conjugate of M with respect to I, J,
then the line PM’ may be regarded as che normal. From
this it follows at once that if the point P be on the line 1J,
then PM' will coincide with that line. But when P coincides
with either I or J, the points M, M’ coincide, and the normal
coincides with the tangent.

Therefore, when I and J are circular points at infinity,
and P is a point on IJ, the normal at P coincides with the
line at infinity, and if the curve passes through either of
the circular points at infinity, the normal coincides with the
tangent.
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2

128. When a curve is defined by its tangential equation,
the line co-ordinates of its normal, and consequently the.
tangential equation of the evolute, can be easily obtained.

Let ¢(¢, n, {)=0 be the tangential equation of a curve.
Then, if (¢, 7', {') be the line co-ordinates of any tangent,

o 00,  O¢
S+ =0 (D)
£ = 5 T o 14 o0 (
is the equation of its point of contact.
Let ¢=0 be the equation of a pair of points I, J, then

¥ ¥ L ¥ )
5 T { = B (2)
is the equation of the pole of the given tangent with respect
to 1J, 7.e., if D is the point where the tangent meets 1J, then
the harmonic conjugate Q of P with respect to I, J is given
by (2). 1f now I, J are the circular points at infinity,
equation (2) gives the point at infinity on the normal.

Therefore the two equations (1) and (2) determine the
line co-ordinates of the normal. If, therefore, &, %', be
eliminated between the equations (1) and (2, and the
equation of the curve, we obtain the tangential equation of
the evolute. '

The equation of the circular points at infinity is
Ent= ' :

Then f &P 47 w, +Ca¢ =0
O
gives the condition of perpendicularity &'+mm'=0.

Ex. 1. Find the evolute of a oentral conic.
The tangential equation of such a conic is a3 +b39% =1,

. The co-ordinates of the normal are determined by

atF +bigy’'=1 and ' +un'=0
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P , 1
which give &= -y = (=)

Byt (&', ') satisfy the equation of the conic.
5oarErabigt sl
Eliminating ¢, n’ between these equations, the required evolute is

2 ps
% +7I—s=(a‘*‘—b’)’.
Ez. 2. Find the tangential equation of the evolute of the parabola
an® =k
2 2 2

Ex. 3. Obtain the evolute of % +y3=a®.
Any point on this curveis x=a cos®?, y=a sin?.
The normal at that point is .« cos 8§—y sin § = a cos 26,
' 3 K
The envelope of this will be (x+y)¥ +(s—y)*=2a%

which is the required evolute.

129. Caustics :

There is a class of curves, called Caustics, the investi-
gation of which, although originally suggested by the science
of optics, belongs purely to the. theory of curves. The
subject formed one of the earliest questions discussed in
connection with envelopes,* and as such we shall discuss
here some of the simplest and interesting cases.

DEFINITION :

Let P be a point in the plane of a curve, which may be
considered as the boundary separating two optical media. If
a ray of light from P be incident on the curve, the reflected
or refracted ray envelopes a curve which, in general, is called
a Caustic.—Katacaustic in case of reflection and Diacaustic in
case of refraction.

- ® The subject was introduced by Tschirnhausen, Acta Bruditorum
(1682), referred to by Gregory, Examples, p. 224,
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Gergbnne“‘ has proved that- each Katacaustic is the
evolute of an algebraic curve which, according to Quetelet t
is called the Secondary Caustic or Anticaustic.

Quetelet has given a practical method by which caustics
may be regarded as evolutes, and in fact, he gives the follow-
ing construction : ’

If with each point successively of the reflecting curve as
centre, and its distance from the radiant point as radius, we
describe a series of circles, the envelope of all these circles
will be a curve, the evolute of which is the katacaustic
required.

In a like manner, Quetelet has given the following
theorem :

If with each point successively of the refracting curve as
centre, and a length in a constant ratio to its distance from
the radiant point as radius, we describe a series of circles,
the envelope of all these circles will be a curve whose
evolute is the Diacaustic.

130. Equarion or KATACAUSTICS :

Let F(z,y)=0 be the equation of the reflecting curve,
and P(«', ') be a luminous point in its plane.

Let Q(a, B) be the point of incidence of a ray on the
curve F. If then T=0 and N=0 be the equations of the
tangent and normal to the curve at Q, the equation of the
incident ray PQ may be written as T+AN=0, which is
satisfied by («'; '), i.e., PQ is the line TN'—T'N=0, where
T' and N' are the results of substituting ', y' for z and y
respectively in T and N.

Now, the incident ray and the reflected ray are equally
inclined to the normal. Therefore, the reflected ray is the

* Gergonne, Ann. de Math,, t. 15 (1825), p. 345.
+ Quetelet, Brux. Ac. Nouv. Mém., Vol. 5 (1829), Nr. 1.
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fourth harmonic to the three lines, viz., T, N and TN'—T'N
Hence the equation of the reflected ray is—

TN'+T'N=0

which involves (a, 8) as parameters connected by the
relation F(a, 8)=0. ‘

Thus, by the usual method we can now determine the
envelope of this reflected ray which is the Katacaustic.

Ez. Caustic by reflection of a straight line :

If the reflecting line be taken as the z-axis, and the radiant point P

be taken on the y.axis at a distance « from the origin O, then it is
e vident that the reflected rays all pa.ss. through a fixed point Q on the
y-axis on the other side at a distance & from 0. Q is said to be the

reflexion of P about the line.

131. CausTiC BY REFLECTION OF A CIRCLE :

The actunal determination of caustics by reflection or
katacaustics of general curves presents some difficulties, but
they can be very easily calculated for simpler curves, for
instance, a straight line or a circle. We shall here determine
the caustic of a circle.*

Let «*+4y?=r* be the equation of the reflecting circle,
(a, B) be the co-ordinates of the radiant point P, (a, b) those
of the point of incidence @, and (z, y) the co-ordinates of
any point on the reflected ray.

Since (a,b) is a point on the circle, we may take
a=rcos 0, b=rsin 6.

The tangent at Q is then
«w cos O+ ysin O=v o (1)

* A very elegant solution of the problem is given by Lagrange in
the Mém de Turin. Mr. P. Smith discussed the same in & note in the
Cambridge and Dublin Mathematical Journal, Vol. 2 (1847), p. 287.
Prof.  Cayley investigated the problem very exhaustively in his
well-known paper—* A Memoir upon Caustics”—Coll. Works, Vol, 2,

836.380. ’ '
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and the normal is the line

z 8in.6—y cos 6=0 . (2)-

The equation of the reflected ray is, therefore, by the
preceding article,

(a cos 6+ sin §—r)(x sin 6—y cos 6)
+ (a sin §—f cos 6)(a cos 64y sin 6—r)=0
which may be written in the form—
(ay+Be) cos 20+ (By—ar) sin 26
. +7(2+a) sin 6—7(y+p) cos 6=0 ... (3)

where 6 is a variable parameter.

The envelope of this, by the usual method, is found to be
[4(at +B7) (2 +3") = {(a+a)* + (g +B)1}
=27(Be—uy)*(2*+y*—a®—B%)* ... (4)

which is the equation of the caustic by reflection of a circle
and was first obtained by St. Laurent.

If, however, the axis of z passes through the radiant
point, and the radius of the circle be taken equal to unity,
we have S=0 and =1, and the equation of the caustic
reduces to

{(4a®*—1)(a* +y*) —2a2—a®}?
=27a%y?(«* 4y*—a®)? o (9)

The equation (3) of the reflected ray reduces to the form

(—2acos 1) c4 900820—cosb .o .. (6)

sinf

Differentiating this with respect to 6, we obtaiu

(—2asinf)z+ —acos6(1+2sin*6) +1

sin%g y=0
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a®cosf(1+2sin®0) —a

whence, Y 134 008204 247

_ 2a%sin%0
y_l —3a cos2042a®

i.e., the co-ordinates («, y) of any point on the caustic are
expressed in terms of the angle 6, which is the parameter of
the point of incidence.

132. TanceNTIAL EQuaTiOoN OF THE CAUSTIC :

If the equation (6) of the reflected ray be put into the
form £e+ny+a=0, then we must have—

&=—2a cos 6+1
__ acos26—-cosf
- sinf
whence, (é—1)*—4a*=—4a%sin?@
4= 1 (1—2a cos 6+4a?)
sin®*@
and ¢4 a*=1—2a cos 6+a.
Therefore,

E+9*){(é—1)*—4a’} +4a’é+4a* =0
ie,  {EE=D)—20}n{(E=1)—da’}=0 .. (7)
which may be considered as the tangential equation of the

Caustic by reflection of a circle.

£, however, (£, ) be considered as the co-ordinates of a
point, then the equation (7) may be regarded as the equation
of the reciprocal polar of the caustic (§114).

133. If we put y=0 in the equation (5) of the Caustic,
we obtain
{(4a®—1)2* —2az—a?}*=0
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= % 2= &
~ 2241’ -

2a-1

Z.€.,

or, the Caustic meets the axis of . in two points each of
which is a triple point.

If, again, we ‘put 2% 4y?=a*, we obtain
{(4a®*—1)a® —2ax—a*}*=0
which gives r=—a(l—2a%)
and, therefore, y=+2a* vI—a®
or, the Caustic meets the circle #2 +y*—a?*=0 in two points,

each of which is a triple point.

The nature of the infinite branches can be found by
considering the highest degree terms, 7.., the terms of
degree six and five. The two asymptotes are thns found to
be given by—

y=
V1—a* (8a®+1)

(4a3—1)% 3a
L et

By considering the equation of the reflected ray (6), the
tangents pa,ra',llel and perpendicular to the axis of  can
be found easily.

Thus, the parallel tangents are—

_, V4a?—1
y=+ .

and the tangents perpendicular to the axis of z are

p=
1% +V8a®+1
which are, in fact, double tangents of the Caustic.
Again, when the radiant point lies on the circle, a=1,
and the equation of the curve redacés to—
{3y + (= 1)\ 3z +1)}* =27y* (" +y° —1)*
21
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which is divisible by (#—1)?. Removing the factor, the
Caustic is & curve of the fourth order, vi:.,

27y +18y? (30 —1)+ (z—1)(Be4+1)3=0

In the case of parallel rays, the radiant point is at
infinity, ¢.e., a=o¢ ,and the Caustic reduces tc— -

(423 4493 —1)> —27y2 =0

which is a sextic.

We thus see that the Caustic by reflection of a cirele is
a curve of order 6, has 4 nodes, 6 cusps (including the
circular points), etc. For . detailed investigation—see
Prof. Cayley’s paper on Caustics—Coll. Works, Vol. 1I,
p- 357. Also a Memoir by Rev, Hamnet Holditch—Quarterly
Math. Journal, Vol. I (1857), pp 93-111.

Ex. 1. If the incident rays are parallel, show that the caustic is an
epicycloid formed by the rolling of one circle upon another of twice its
radius,

Er. 2. When the incident rays diverge from a point on the
circumference of the reflecting circle, show that the caustic curve is a
cardioid, which is formed by the rolling of a circle npon another of
eqnal radius.

Ex. 3. Rays diverging from the focus of a parabola are reflected
from its evolute. Prove that the secondary caustic is a parabola.

Er. 4. Rays parallel to the axis of y are reflected from the curve
y=e*, show that the caustic is the curve

'y={‘-{em+l+n_(w+l)}

Er. 5. Obtain the caustic by reflexion of an elhpse, the radiant
point being at the centre.

134. INTERSECTION OF THE CAUSTIC WITH THE REFLECTING
CIRCLE :
If in 'rhe equation of the caustic, we put et 4y*=1, we

have—
(3a® ~1—2az)® —27a{'y’(1-—a’)' =0.
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z.6., (3a%~1—2as)* —27a% (1 —4?*)(1—a*)?=0
which reduces to the form
(a8—1)*(8az—27a* +18a* 41)=0.

The factor (ax—1)* equated to zero shews that the caustic
touches the circle.at the points

=L yma A/ T0E

a

R |

e, at the points where the circle is met by the polar of
the radiant point. The other factor gives—

o= 27a*—18a?—1
T T 8

1t can be very easily shewn that the curve passes through
the circular points at infinity, which are cusps on the curve
and the ‘points where the axis of « meets the curve are
cusps (the axis of . being the tangent) and the two poirts
of intersection with the circle .* +y*—a®*=0 are also cusps,
the tangent at each point coinciding with the tangent of the
circle. There are thus in all 6 cusps.

135. Caustic By REFRACTION OF A STRAIGHT LINE :

Let the line bg taken as the axis of y, and let the axis of
« pass through the radiant point P, so that P is the point
(- l, O)-

L]
Let ¢ and ¢’ be the angles of incidence and refraction
respectively.

Then, sin ¢ : sin ¢'=p (refractive index)
=1 (say)

The equation of the incident ray is—

y=tan ¢(x41)
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Let the refracted ray be
y=a tan o' +c.

Since both the rays meet on the line x=0, we must
have—
c=tan ¢

and the refracted ray becomes—

y—= tan ¢'=tan ¢

ks

or, y———ﬂ]—?——- z—tan ¢=0 . @)
V1—k3in*¢

Differentiating this with respect to ¢, and combining ths

two equations, we obtain, after a simnple reduction—

S

fpe — (L—H?sin?4)*

eoss¢
Ky=— k’_aflns_?
cos3¢
where EF=+v1—-}

Hence, eliminating ¢, we obtain

(ke)¥— (ky)¥=1

which is the required equation of the Caustic.

When k<1, ., refraction takes place into a denser
medium, k'* is positive, the caustic is the evolute of a hyper-
bola.

But when %>1, 7., refraction takes place in a rarer
medinm, %'* is negative and the caustic is the evolute

of an ellipse (§ 126, Ex. 2). Thus the hyperbola or the
ellipse is the Anticaustic dr the Secondary Caustic.
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From what has been said in §129 we can easily form the
equation of the secondary caustic as follows : —

The equation of the variable circle may be taken as
2% 4 (y—tan ¢)*—k®sec*dp=0
the envelope of which is found to be—

k':(ms +ys_k:)__yz=

.6., K3t —kiy? —k* K =0
a3 y*
or, Ei— ic—r’ -——l

which is the equation of the Secondary Caustic. It will be
seen that the radiant point is a focus of the conic.

136. We have seen that the caustic by reflection or
refraction may be regarded as the evolute of a certain
envelope which is called the secondary caustic. In fact, the
vetlected or refracted rays are the normals to a series of
secondary caustics ; any one of these has the reflected or
refracted rays for normals, and consequently the caustic
curve for evolute.

It is usually more convenient to find a secondary caustic
in some cases than the caustic itself ; for instance, in the
preceding article, the secondary caustic by refraction of a
straight line is an ellipse or a hyperbola.

We shall now determine the secondary caustic by
refraction at a circle.

Let 2?4y%=r® be the refracting circle, P(a, B) the
radiant point, and (¢, n). any point on the circle, so that
{=rcos 0, n=rsinb.
If u be the refractive index, the secondary caustic will
be the envelope of the variable circle

p*{(z—7 cos 6)*+ (y—r sin 6)*}
—{(a—7cos 6)* +(B—r sin 6)*} =0
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Writing the equation in the form—
pr (@t +y+r0)—(a* +B0 +1*)
—2r(p?c—a)cos 0—2r(u*y—B) sinf=0
the envelope becomes—
{2 (@ +y? +r)—(a* + 82 +7%)}®

=dr*{(pra—a)® +(p*y—B)"}

or, . {pr(er+yr—rt)—(a?+pr—r)}°
=4rp*{(2—a)+(y—B)*}

if now the axis of & is taken to pass through the radiant
point, 8=0 and a=a (say), then the equation becomes—

Wty 1)t b P =t f(ema) )

which, after simplification, may be put into the form .

b A (o= 5 ) by =vimarr e (u-1)

The above equation of the secondary caustic is evidently
of the form—
mp+m'p' =c(say)

where p and p’ are the distances of the point (, y) on the
locus from the two fixed points

(%,0) and (a, 0)
M

respectively, and p=—m : m.

Thus, the locus of (&, y), i.e., the secondary caustic is the
Oval of Descartes or the Cartesian,* of which the two fixed
points are the foci. Therefore the Caustic by refraction of a
crrele is the evolute of a Cartesiun Oval.

* 8¢e Williamson’s Diff. Oulculus, Chap, XX, pp. 375-382,
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The cases of parallel rays or of rays proceeding from a
point on the circumference of the circle may be deduced
from the above results by assuming a=oc or a=7 respec-
tively. For further discussions the student is referred to
Geometrical Optics by R. S. Heath, Chapter VI, pp. 99~133,
aad to Prof. Cayley’s Memoir.

E». 1. Prove that the form of the caustic curve near the cusp is
a semi-cubical parabola.

Ex. 2. Find the caustic by refraction of a circle, when the incident
rays are parallel.

Ex. 3. Rays diverging from the centre of a given circle are re-
fracted at a curve so that the refracted rays are all tangents to the
circle. Find the equation to the refracting curve.

E». 4. Show that the caustic by refraction of a circle when the
radiant point is on the circamference is also the caustic by reflection
for the same radiant point and for areflecting circle concentric with
the refracting circle.

Ex, 5. Prove that the caunstic by reflexion of a circle is the evolute
of the limagon.

137. Pepau Curves:

The locus of the foot of the perpendicular drawn from
any origin O on to the tangent at any point of a carve is
called the first positive pedal of the curve with respect to
the origin,

The pedal of the first positive pedal is called the second
positive pedal, the pedal of this latter is called the third
positive pedal, and so on.

The curve which has the original curve for its first
positive pedal is called the first negative pedal, and so on.

Let OY be the perpendicular on the tangent at any
point P of a curve, and OZ be the perpendicular drawn from
O on to the tangent at Y to the locus of Y ; then the angle
OPY =angle OYZ, or, in other words :-—

The angles between the radius vector and the tangent at
corresponding points of a curve and its pedal are equal,
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In the same case, we have OP.0Z=0Y". Let OY and
OY’ be the perpendiculars drawn from O on to the tangents
at two consecutive points P and P’ of the curve, the tangents
meeting at the point T.

It is clear then, since the angle YOY'=YTY’, the points
0,Y,Y', T are concyeclic, and therefore,

OYZ=»—-0YY'=0TY"
Hence, the triangles are similar, and we have—

0Z _ oY’

0Y ~OT M
In the limit when P and P’ coincide, the angle OTY' -

becomes equal to the angle OPY, and 0Y’'=0Y, OT=0P.

Hence, OPY=0YZ and °
OP.0Z=0Y?, and the
theorem is proved. :

In the limit when P
and P’ coincide, the circle
through OYY'T has OP as
diameter and touches the
tangent YY' to the pedal.

Hence we obtain the
theorem that the circle on
radius vector as diameter touches the pedal.

138. TaE CarTESIAN EQUATION OF THE PEDAL :

Let ¢(£ 7)=0 be the tangential equation of a curve.
Let any tangent to this curve cut the axes of z and y in P
and Q respectively.

Let (x,y) be the co.ordinates of kY, the foot of the
perpendicular from O on to AB.
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K £POY=a, wehave—
Q0Y=0Pcoea = (?Qéin a.

But OP=1/¢, .0Q=1/y;

. cosa_sina _ __1

Y f = - Po) 1 &
K vVE 4 \
Then w=0Y cos a=OP cos® a .

y=0Y sin a=0Q sin* o !

; - £ = "
~t.6., .v-é' 7 and y—é' -
Hence, f._m, e n“m, 7

Substituting these in the equation of the curve, the locus of
Y becomes—

¢( w%” a:rl-y—y’ )=0 e D)

The inverse of (1) is evidently ¢(z, y)=O0, which is the
polar reciprocal of the curve (§114).

Hence, we have the definition :—

. The polar reciprocal of & curve is the inverse of the first
positive pedal, and the pedal is the inverse of the polar
reciprocal curve.

Cor.: The tangential equation of the first negative pedd
is— :
BE/6* +0*, 1/E* +19)=0
When”;tj»(m,'y) =0 is the point-equation of the curve.
3
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Ew, 1. The first positive pedal of the curve (w/a)" + (y/b)*=1is

s

@ 4y)T =(@)T + )T . -

Ex. 2. Show that the first positive pedal of 2 +y3=a? is

(= + y’)%=a”(w%+ y%).
Ex. 3. If the origin be situated on a ocurve, prove that its first
pedal has a cusp at the origin.
Ex, 4. The pedal of the parabola y®=4az with respect to the
vertex is the cuspidal cubic (the Cissoid) B
a(z® +4?) +ay? =0,
Ex. 5. The pedal of a conic w. 7. t, its centre is a unicursal quartio.

Ex, 6. The first positive pedal of the ourve a:%+y%=a% is

»= +a 8in 6 cos 6.

Ex. 7. The negative pedal of an ellipse w. 7. t.a focus as pole is a
quartic having the circular lines as stationary tangents, (Salmon—
H. P. Curves, Ex. 3, p. 107.)

139, Ixverse CTRVES:

. In §15, we have discussed the process of circular
inversion, by means of which, from a given curve, another
curve, called its 7nverse, can be derived. The principles
have been explained by means of simple illustrations. We
shall now discuss some of the properties for a general curve
of order n.

Let f=uotu, +ug+ . 4u,=0 v (1)
be the equation of the given n-ic. b
. %1 Then, by the formulae of § 15, the equation of the inverse
becomes —
do(w' +yt )k, (20 4y2) R u, =0 L. ()

wixich shows that the origin is a multiple point of order =
on the inverse durve. The tangents at the multiple point
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are evidently given by u,=0, which shows that the tangents
u,=0 are parallel to the asymptotes of the original curve. .

< ' The equation (2) shows that the inverse curve has also
a multiple point of order # at each of the circular points at
infinity.

The following examples will illustrate some of the

properties of inverse curves, and can easily be solved with
the help of the formulae established in § 15.

Eex. 1. Find the inverse of a conic w. 7. t. a focus as the pole.
Ex. 2, Prove that the inverse of the curve ap, + Bp, +yp; =0 w. 7. ¢,
any origin is a curve whose equation is of the same form.,

Ex. 3. Show that to a double point on any curve corresponds
another double point of the same kind on the inverse curve with respect
10 any origin,

Ex. 4. Show that the inverse to the k-th positive pedal is the k-th
iegative pedal of the inverse curve.

Er. 5. The osculating circle at any point of a curve inverts, in
general, into the osculating circle of the inverse curve at the inverse
point.

Ex. 6, Discuss the case when the osculating circle passes through
the origin,

Ex. 7. Find the number of osculating circles of a given curve which
pass through a given point.

140. ParaLLEL CURVES :

DeriNiTION : ‘The envelope of a line parallel to the tangent
of a given curve at a fixed distance is called a curve parallel
to the given one.

From this definition it follows that, if on the normal at
any point P to a given curve, a point Q is taken such that

PQ=Fk=const.

the locus of Q isv a curve parallel to the given curve. It
follows then that all parailel curves have the same normals



194 THEOKY OF PLANE CURVES

and the same evolute; but every normal to a parallel curve
is normal in two places corresponding to the values +&

The two possible positions of Q corresponding to the
values +£ ave, in general, branches of the same curve. But
they may be different curves in certain cases.

Let ety +{z=0
be the equation of a tangent to a curve. Then, the equation

of a parallel line at a distance k from it may be written as
bty +{+kVE 1" =0

the envelope of which will be a parallel curve. If then
é(& 1 {)=0 be the tangential equation of a curve, that of
the parallel curve is obtained by writing -

(HhVE+y

for { in the given equation, 7.e., the equation of the parallel
curve is—

(&, n {+EVE +92)=0

A parallel curve may also be regarded as the envelope
of a circle of given radius whose ventre moves along the
curve. The methods will be clearly illustrated by means
of a few examples.

Ez. 1. Find the parallel to the curve—

The co-ordinates of any point on this curve may be taken as
a cO8%6, a 8ins6.
The equation of the tangent is then
x coB 0+ y sin 8=q 8in 0 cos 6.
und that of & line parallel to this, at a distance k, js—

© 008 04y sin Ox=k+ « hin 0 cos 6
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The envelope of this line is found to be—
{B(w? +y* —a®)—4k2}8 + {BTary— k(2 + y2)—18atk + 8k} 3 =0.

In this case there are two different; curves constituting the parallel
and these are not branches of the same onrve,

The tangential equation is found to be—
(& +n*)* = {afn £ k(¢* +7°)}
Es. 2. In the case of a circle of radius », the parallel becomes two
concentric circles, of radii » +k, and these are certainly different curves.
E», 3, To find the tangential equation of the parallel to
®®/at +y2[b%=1,
The tangential equa:tion of the ellipse is a?§2+b%n°=(? and con-
sequently, that of the parallel is—
a?gt + b2 =({+k VE +97)*
or Ha =g + (b2 ko )n? = (2} 2= 4k (8 4 m)(
Es. 4. Show that the tangential equation of the parallel to the
parabola y®=4daw is—
(a0 —E0)* =k2E3 (¢ + 7).

Ex. 5. The radii of a co-axial system of circles are increased by a
constant. Show that their new envelope is parallel to their old.

141. 1lsormic Locr:

The locus of the point of intersection of two tangents
which cut one another at a given angle is called an Isoptic
Locus of the given curve. If the tangents cutting at an
angle wm—oa are included among those cutting at the angle
a, the locus is an algebraic curve.

The method of finding the locus will be best illustrated
by the following examples:

Ex, 1. Find the isoptic locus of thé parabola y*=4as.
Let a be the angle at which the tangents cut one another.

For all values of m, the line y=me fg'-
‘m
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is a tangent to the parabola. Hence the slopes of the two tangents
passing through any point (¢, ') are given by

m2ax’ —my’ +a=0,

If m, and m, are the slopes, then

’ a
m, +my=Y and MyMg=—
7 @

'

YV TYEY ' ‘/ e __ g
\ -
g y'2 2% —4alw ] y 4ax

o fAn a =
: 1+ m, My 1+%2
)»’

a+a’

s+ 1he locus of (¢, ¥') becomes—

y® —-4dax=tan®a(a +x)*.

Ex. 2. Find the isoptic locus for ?/a? +y?/bt=1
The tangential equation of the ellipse is—
a?{? +biyt=¢* o (1)
If we eliminate { between this and ¢z + ny=, the resulting equation is
(a®=w®)E? + (b5 —y2)n® —2oygn=0 (@)

If now m=tan 6=—¢[n be the slope of the tangent drawn from any
point (z, ¥), we obtain from (2) the equation—

m2(a?—a?) +2xym+ (b2 —y3)=0
which gives the slopes of the two tangents.

Now, m, and m, being the slopes, we obtain—

— 2y b2 —y?
=3 MaM,=
a’—z

m, +m,= ———
! ? a?—=pr?

V423 +da’y® —daid®

2?2 +y¥~—a?—b3

whence —~tan a=

i.e., the equation of the locus is—
4(b%2% +a?y?~a?h?)=(a* + y? —a2=b%)* tan *a.

The case of a gemeral n-ic assumies « simpler form, when the
constant angle is a right angle, and will be taken up shortly.
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142. If PQ and PR are two tangents to a curve inelined
at a constant angle, the circle PQR touches the isoptic locus.

Let P and P R SO B

be consecutive
points  on  the
isoptic locus, and
PQ, PR aud PQ'
P'R’ be tangents
inclined at an
angle a to each
other., Then, Q,P,
P', R are concyclic,
since £QPR=/QPR, and in the limit, the circle PQR
touches the locus of P.

1t is clear then that if the tangents PQ and PR toa
curve are inclined at a constant angle and the normals at Q
and R meet at S, then PS is the normal to the isoptic locus.

Since QS and RS are perpendicular to the chords PQ
and PR of the above circle, the point S lies on this
circle, and PS is a diameter and is consequently perpendicular
to the tangent at P to the circle and the isoptic locus, that
is to say, PS is the normal at P to the isoptic locus.

It can be easily shown that the isoptic locus has
m(m—1)-ple points at I and J.

143. Owrrrortic Locr : *

The locus of the point of intersection of two tangents
to a curve which cut one another at right angles is called
the orthoptic locus of the curve.

This is a particular class of isoptic locus, when the
constant angle is a right angle.

* Dr. C. Taylor—“Note of a Theory of Orthoptic and. Isoptic
Locus,” Proc, of the Royal SBoc. London, Vol. 37 (1884), pp. 138-141.
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Carresian EQUATION :

Let ¢(¢£ 7)=0 be the tangential equation of the curve,
and éz+ny+1=0, that of a point P on the locus, so that two
of the tangents drawn from P to the curve are perpendicular.
If now we make ¢(¢, »)=0 homogeneous in £, » by means
of £¢+7ny+1=0, the resulting equation in £/ gives the slope
of the tangents which can be drawn from P to the curve.

Putting —¢/n=m, the resulting equation can be put into
the form v m)=0 o (1)

If two tangents are at right angles, two of the roots
m,, my of (1) must be connected together by the equation

m,my+1=0.
The condition for this is that the eliminant of
Y(m)=0 and Y(—m~?)=0

should vanish, which gives a relation between =z andy,

which is the orthoptic locus.

Since this eliminant for a curve of the mth class is of
degree (m—1) in the co-efficients, which ars themselves, in
general, of degree m, the degree of the orthoptic locus of a
curve of the mth class cannot be greater than m(m—1).

Ex. 1. Find the orthoptic locus of the parabola.
This follows from Ex. 1 § 141, when

_m
H—E—.

By using the method of the present article, we proceed as follows :—
The tangential equation of the parabola is an® ¢,

Making this homogeneous, we get
an® + §(Ez +ny)=an® + 2§ + yfn=0

Patting —¢/n=m, we obtain miz=my+a=0 w (1)

Putting m= —m"1, we obtain—

mia+my+z=0 w (2)
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From (1) and (2), we have—

m: o om 1
‘—ay—ay +ad=z?® +ay+ay

whence {(a=m)® +y’:}(m+a)’=0
Whi(;h gives z+ a=0 ag the locus required.
Ewx. 2, The orthoptic locus of
@%fa® +y8/b3=1
is found to be 2* + y?=«? + b?, which is the director circle.

Ez. 8. Inthe case of the circle, z? + y? =72, it becomes #2 + y®=2r2
which is a concentric circle,

Ec. 4. Find the orthoptic locus of the evolute of the parabols
y? =4dax.
The tangential equation of the evolute is 4a}3=279%
Making this homogeneous, we obtain—
4a® + 2T (¢ + ny) = 4at® + 27wgn® + 27yn® =0.
Putting —¢/n=m, we get
4am3 + 2Tam—=27y=0 cee (D)

Putting m= —m"1 in (1) we obtain

2Ty + 27em? + 4a=0 . (@

Now, the eliminant of (1) and (2) will give the required orthoptic
locus.
Ex. 5. The orthoptic locus of the evolute of #2/a? + y*/bt=1

is (a? +b%)(2® +y®)(a%y? +bIe?)? =(a?=b2)2(aty*~b2a?)?

a sextic curve.

144, If the equation of the curve be given in the
parametric form x=f,(¢), y=f,(¢), we may proceed to find
the orthoptic locus as follows :

Let ¢ and ¢' be the parameters for any two points P
and Q on the curve.

23
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Then the equations of the tangents at P and Q may be
written in the forms—

z+d(ty=y(t) and z+()y=y(') v (D
where ¢ and ¢ are functions of ¢.

, The slopes of these tangents are—

1
5 "™ e

Hence, if they are perpendicular, we must have
é(t). $(t)+1=0 (2

If now we make the substitution u=t+¢ and v=tf,
then, by means of equations (1) and (2) we can express (z, y)
the co-ordinates of the point of intersection of (1) in terms
of a parameter « or v.

Ex, 1. Consider the curve z=at?, y=2at
Tangents at two points whose parameters are ¢ and ¢’ are
z—ty+at®=0
g—t'y+at’s =0

Since they are perpendicalar, tt' + 1=0, whence we get

LA
—at  a(t3-1) t’

t.e.,, ®+a=0 is the orthoptic locus.
E». 2. Consider the parabola—
z=at? +2bt +c=¢(!) (say)
y=At* + 2Bt + C=y(t) (say)
The equation of the tangent at any point is—

RV (8) =90’ () = ¢(1)¥ ()= ¢ (t)¥ (D).
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Here, . () =at? +2bt+c
¢'(t) =2at + 2b
Similarly, ¥'(t)=2At+2B.

. The equation of the tangent is—
8(2A¢ + 2B) —y(2ut + 2b) = (Ab—aB)¢* + (Ca—cA)t+(Bc—Cb).
=1t (sny) ()
Similarly, the tangent at another point (') is
2(2A¢ +2B)—y(2at’ +2b)=1("). )

Since the taungents are perpendicular, we have—

VO Ve ,
s 0 0 S

If now we put w=t+t, =1, then, by means of equations (1), (2)
and (3) we can find » and y in terms of u or v.

145. EQUATION OF THE ORTHOPTIC LOCUS WHEN THE POLAR
EQUATION OF A CURVE IS GIVEN :

Let r=£(6) . (1)

be the polar equation of a curve. Then the polar equation
of its first positive pedal can be obtained, as msual, in
the form

r=¢(a). we (2)

In this latter equation r is evidently the length of the
perpendicular drawn from the pole on the tangent, and a is
the angle which this perpendicular makes with the initial
line,

Writing the equation of a tangent in the form—
x cos a+y sin a=p,
we have from equation (2)

& cos a+y sin a=¢(u), w (3)
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A perpendicular tangent makes with the initial line an

angle ‘
g (2k+1)21 +a

and consequently, its equation can be written as—

=~z gin a4y cos a=(—1)"p{(2k+ l)g +a} e (4)

From equations (3) and (4) we can express « and y in

terms of a.

E». 1. Find the orthoptic locus of the curve +" =a" cos mé.
The equation of the pedal is—

m
r=a { cos 0
m+1

or

Hence, the equation of any tangent may be written as—
. { m ) -t

Z cos a+ Y Sin a=a 3§ CO8 [} "

m+ 5

whence, proceeding as in the article, the equation of the orthoptic

locus can be found.
Theorems of § 142 also hold for the orthoptic loci.

Eo, 2. Find the orthoptic locus of the Cardioid »=a(l + cos 8).

[ The locus consists of a circle and a limagon.]



CHAPTER VII
CuaracterisTics oF CURVES

146. PrLuckrr's EQUATIONS:

- We shall denote the degree of a curve by »
» Class , . y m
,, number of nodes .y O
” »  y CUSPS , K
” " ,, double tangents ,, ~
v " yy Stationary ,, ., L

and the deficiency by p.

The six quantities #, m, 8, «, 7, « are called Pliicker's
numbers or the Characteristics of the curve.

Then we Lave m=n(n—=1)—20—"«k (§121) ... (1)
=3n(n—2)—68—8«. (§112) ... (9)

The corresponding numbers for the reciprocal curve are
obtained by interchanging » and m, 7 and 8, ¢ and «.

Thus, from the reciprocal curve, we obtain—
n=m(m—1)—2r—=3 )
k=3m/m—2)—6r—8 e (4)

From equations (1), (21, (3) and (4), we may express
8 in terms of m, 7, « and 7 in terms of #, §, x :—

Thus, =1 —2) (1t =9) = 2(1® —n—6)(20+3x)
+43(8—1) +128k+ 9x(xk—1) . (5)

28 =m(m—2)(m? —9)—2(m* —m—6)(2r+3)
+dr(r—1) 4+ 12n+9:(—1) . (6)
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The six equations 1—6 are called Pliicker's Equations.*

Ttis rea.dily seen that a curve has the same characteristics
a8 any projection of the curve, but curves with the same
characteristics are not necessarily the projections of each
other. All carves with the same chara cteristics, however,
are said to be of the same type.

147. The above formula (5) is cumbrous in form and
is not geomstrically intelligible. We give here the follow-
ing simpler form to the equation (5), which can be geo-
metrically interpreted.

It can easily be shown, that fwo double tangents coi n-
cidoe with each of the tangents drawn from a node to a
ourve, three coincide with each tangent drawn from a
cusp, four coincide with each line joining two nodes, sie
coincide with each line joining a node to a cusp, and nine
coincide with each line joining two cusps.

Now for a non-singular curve, the number of double
tangents is given by r=1n(n—2)(n*—9) and if the curve
has & nodes and « cusps, this number will be reduced.
Now, (m—4) tangents can be drawn from each node to the
curve, and (m—3) tangents from each cusp.

s 28(m—4) double
tangents coincide with
the tangents drawn 2 2,
from the nodes, and

3x(m—3) tangents coin- 4
cide with those drawn M

from the cusps. The e '
number of lines joining \

the nodes is 38(5—1),

* Plicker—Bolution d'wne yuestion ‘oundamental concernant la
théorid gmérale des Courbes—Crelle, Bd. 12 (1834), pp. 105-108, Ree
also Cayley-—Orelle, Bd. 34 (1847), p. 30.
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and  consequently they

are equivalent to 28(8—1)

double tangents. The

number of lines joining % . _ 9
the nodes with the

. cusps is 8, and they

are equivalent to 63« N\

double tangents. Final-

ly, there are }x(x—1)

lines joining the cusps, 5 3

and they are equivalent
to gx(xk—1)  double \
tangents.  Thus the

number of double tangents to a curve of order =, class m,
with 8 nodes and « cusps is—

r=in(n—2(n% —9) —28(m—4)—3x(m—3)—28(8—1)
—63k—2x(k—1) v (D)

This equation is, in fact, equivalent to (5). A similar
expression may be obtained for the equation (6).

148, TuEe BirancentiaL Curve:™®

We can however directly determine the number of
bitangents of a non-singular n-ic, and for this purpose, we
find a curve A =0 which intersects the n-ic in the points
of contact of its bitangents. The curve A =0 is called the
bitangential curve, and its order for & non- smgular curve
is, in general, (n—2)(n*—9).

* Prof, Oayley first determined the curve passing through the points
of contact of bitangents—Crelle, Bd. 34 (1847), p. 87. Another
method for determining this curve has been given by Balmon—Quarterly
Journal of Mathematics, Vol. III, p. 317, and demonstrated by Oayley
+~Phil, Transactions (1859), p. 193, and (1861), p. 357.
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The roots in Aju of the equation (1) of § 63 give the
points where the line joining the points (<, ¥, ¢') and
(+", 4", 2") meet the curve F=0. We have seen in that article
that if (a, 9/, 2') lies on the curve and(.”, y", 2”) is a point on
the tangent, F(2/, y',7)=F =0 and AF'=0. If the
tangent at (#/, ¥/, »’) touches the curve elsewhere, then,
mﬁking F'=0 and AF'=0 in that equation, the reduced
equation of order (#—2) must have equal roots. Conse-
quently. the discriminant D of this reduced equation
must vanish for (4, ¢, 2') and (", 4", 2"). But, as in
the case of a point of inflexion AF'=0 and A?F'=0,
and also A®F contains AF’' asa factor, in the case of
a bitangent the discriminait D must contain AF'=0
as a factor, and the condition thus obtained is the
condition that the point (4, ¥/, 2') shall be a point of contact
of a bitangent.

Now, the reduced equation takes the form—

Docs AT 4 A ATF L =0

2

The discriminant D of this contains terms of the form
(A*F)*~3F"~%, and therefore, D is of order (n+2)(n—3)
in (+",y", 2"), of order (n—2)(«u—3)in (., ¥,7), and of
order 2(n—3) in the co-efficients of the original equation.

But all the intersections of D=0and AF =0 will coincide
with (&', y',#'). For, the equation of the tangents drawn from
(«, ¢, 2) (§ 67) is of the form kAF' +D(AF)*=0.
Hence, these tangents are intersected by AF'=0 in no
other point than (2, %, 7). Thus, if we pat AF'=0in
this equation, we see that AF' can neither meet D nor A’F"
in any other point than (<, ¢/, 2').

Now, therefore, we have two curves AF'=0and D=0
of orders 1, (n+2)(n—3) respectively ic (+*, 3", 2") and of
orders (n—1) and (n—2)(n—3) in (2, ¥, ¢'), and the
(n+42)(n—3) points of intersection of the two curves all



OHARACTERISTICS OF CURVES 185

coincide with (2, 3/, 2/). Then, by & known lemma,* the
condition that the curves have other common points is of
order

(n—2)(n—38) +(n—1)(n+2)(n—3)—(n+2)(n—3)

t.e., of order (n=2)(n*—9) in (&, ¥, ).

This condition A=0 is, therefore, of order (n+2)(n—3; in
the co-efficients of AF’, of the first order in the co-efficients
of D,and consequently, of order (n+4)(z—3) in the co-
efficients of the original equation.

Hence, the points of contact (a/, ¥/, z') of the bitangents
of the curve F==0 are the points wheré A =0 meets it,
and their number is therefore n(n—2)(n%—9).

But there are two of these points on each bitangent,
the number of bitangents is, therefore, 3n(n—2)(n*—9).

Salmon has given an expression of the bitangential carve
A =0 for a general curve of order n.t

149. From Pliicker's formule various other important
results can be deduced:
From (3) and (4), by eliminating r we obtain

k=3n=(=3m, or, k—1=3(n—m) w (7)

The same equation also follows from (1) and (2) by
eliminating 8. Wae see, therefore, that the four equations
are not independent, but they are equivalent to three

equations only.
From (1) and (3) it follows by subtraction that

ny=m?=2(8=71)+3(x—1)
or, n?—=mI=2(8—=71) 49 n—m).
& (n=m)(ndm—9)=2(8—7) w (8)

* Salmon—H, P. Curves, § 381,
+ Salmon—H, P, Curves, §§ 38492,

24
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From (“5) and (8), we obtain—
10t —m3 4+ 3(n—m)]=3[2(8—=7) +4(x—1)]
=8—1+4+2(k—1)
or, iIn(n+3)—8—2xk=im(m+3)—r—2 o (9

150. The equation (9) has a very simple geometrical
interpretation :—

“We have seen (§ 21) that a curve is uniquely determined
by 4n(n+3) given pomts, or, in other words, the equation
of a curve of the nth degree can be made to satisfy 3n(n+3)
conditions.

But the existence of a node reduces the conditions by
one, and that of a cusp by two. Therefore, the number of
points determining a curve of the nth degree, with & nodes
and « cusps, is inn43)—8—2«, and the above equation
says that this number is equal to 3m(m+3)—r—2, which is
the equivalent expression for the reciprocal curve.

Hence, a curve and its rectprocal polar are determined by
the same number of conditions, as is otherwise evident, since
when a curve is given, its reciprocal is determined. (See

§ 62).
Again, we have—
Hnt—=m¥=3(n—m)}=3(n—1)(n—2)—{(m—=1)(m—2).
The left-hand side, by (7) and (8), is equivalent to
3[2(8—=7)42(k=1)]=8—14Kk—t
i(n=1)(n=2)=8—k=}(m=1)(m—=2)~=1r—1=p ... (10)
The number p is called the Deficiency of the eurve.

The equation (10) says that a curve and its reciprocal
have the same deficiency. By introducing the number p
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we can write the formule in the following simple forms 1 —

mx—2n

n41—2m
2(p—-1)=

n(n—3)—2(84«)

m({m—3)—2(r41)
Prof. Cayley * puts ¢+3% = «+3m = a

Then all the Plicker’s numbers can be expressed in
terms of three only, namely, n, m, a,

Thus, k=a - 3ut, t=a—3u

20=n?2 —n+8m—3a, 2r=m? ~m+ 8n—3a.

151. Tur Porint ANp Lixg DEFICIENCIES:

We have seen that a curve does not, in general, possess
singular points, unless certain couditions are satisfied by
the constants in the equation. But the general equation
represents a curve which ordinarily possesses certain double
or stationary tangents.  Thus, double tangents and
stationary tangents may Dbe reckoned as the ordinary singu-
larities of a curve whose point-equation is given, while all
other higher multiple tangents may be regarded as
extraordinary singularities, the preseuce of which requires
certain conditions to be fulfilled by the constants in the
equation. But, if the tangential equation of a curve is given,
the curve ordinarily possesses double and stationary points
and cusps, but no singular tangents. Hence, double and
stationary points are ordinary singularities of curves given
by its tangential equation, but the presence of higher
singular points are subject to certain couditions. Therefore,
these ordinary singularities are such, that if any curve

* QCuyley—Quarterly Journal, Vol XI, p. 186.
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possesses the one, its reciprocal will possess the reciprocal
singularity.

From all these considerations we are led to conclude
that, if a curve has its maximum number of double points
for a curve of that order, it has also the maximum namber
of double lines for a curve of that class. But it does not
mean that the presence of double points on one leads to the
presence of double lines on the other. The presence of
maximum number of double points on a curve reduces its
class to such an extent that the possible number of double
tangents is thereby diminished, and made the same as the
actual number. Similarly,” in a curve of given class, the
existence of the maximum number of double tangents
reduces the order to such an extent that the possible number
of double points is made the same as the actual number.
Thus it is seen that for a curve of given order and class,
the point deficiency and line deficiency are the same.

152. Corves witH THE SAME DEFICIENCY ;

‘We shall now prove the following general theorem:—

If two curves have a one-to-one correspondence, i.e., are so
related that to any point of ome corresponds a single point or
tangent of the other, they have the same deficiency.*

Let S and S’ be any two curves of orders » and #'
respectively, whose classes are m and m'. Let 8 and & be
the number of nodes and &, «' the number of cusps on
them. Let p and p’ be their deficiencies respectively.

Let A and A’ be any two fixed points in the plane, and
P and P’ two corresponding points on 8, §' respeétively.
Let C be the locus of the intersection of the lines AP and
A'P,

The degree of C may be determined as follows :—

* This proof was simultaneously given by Zeuthen (Compt. rend
Ac. 8c., Paris, Vol. 52, 1869, p. 742) and Bertini (Giorn. di Mat., Vol. 7,
1849, pp. 105-106). :



" CHARACTERISTICS OF CURVES . 189 ..

Consider any line AT through A. The number of
intersections of AT with C will determine its degree.
Now AT intersects S in = points, corresponding to which
there are n points on §'. Consequently, the » lines which join
these points to A’ intersect AT in » points which lie on C.
Again, the point A is a mnltiple point of order #' on C; for
AA’ intersects §' in n' pointe which correspond to ' points
on S. The »' lines joining these ' points on S to A meet
AA' 1 »' points coincident at A, which is a point on AT.
Thus the degree of Cis n+n'. We obtain the same result
by considering the intersections with C of any line through
A'. The degree can, however, be easily determined by
Chasles’ Correspondence formula, which will be explained in
a subsequent Chapter.

The class of C is 2n'+m+x—1 or Z2n+4m'+«'—1, where
[ represents the number of cusps on S which correspond
to 7 cusps on S'.

Consider the tangents to C which can be drawn from
any point A. Since A is a multiple point of order »/, the
tangents at A are to be regarded as equivalent to 27’ among
the tahgents which can be drawn from A to the locus C.
Other tangents may be determined in the following manner :

Any line AP will be a tangent to C when two of the
lines A'P’ corresponding to AP coincide, without, at the
same time, two of the lines AP corresponding to A’P’
coinciding ; for in this latter case, the intersections of AP
and A'P’ will be a node on the locus, and AP will not be
a tangent in the ordinary sense.

The following three possible cases will then arise :

(1) AP touches the curve S;

(2) AP passes through a node on S;

(3) AP passes through a cusp on §'.

In case (1) AP will evidently also tovch the locus C.
In case (2), according as the node on S corresponds to a
node or a pair of distinct points on §', we have, corresponding
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on the locus C, a node or a pair of distinct points; but
in neither case is AP an ordinary tangent to C.

In case (3), according as the cusp on S corresponds to
acusp or a pair of coincident points on S, AP passes
through a cusp on the locus C, or elseis an ordinary tangent.

~Thus ordinary tangents are obtained only in cases (1)
and (3).

Now the class of S being m, the m tangents to S will
be the tangents to C drawn from A,

Again, if there are ! corresponding cusps on S and §/,
the number of tangents to-C in case (3) will be k—1. It is
to be noted that there are 7 corresponding cusps on C.
Hence, the total number of tangents, which can be drawn
from A to the locus C, is 2i'4m4x—1.

t.e., the class of Cis 2/ 4m-4x—1.

Similarly, considering the number of tangents which
can be drawn to C from A’, we find for its class

Qndm' +«'—1.
20/ it k=1 = 2n4m/ 4 x'—I,
or, mtk—2n = w'4«'—20'.
But m=n(n—1)—28—-3« and m'=1'(n'—1)—28'—3«'.
Son(n—1)—28—2k—2n = n/(n'—1)—28' — 2 -2’

(n—=1)(n=2) o ) _o5{('=1)(n'=2) s )
or, 2{ —g— 3 K5 ...2{ e -8 =k ;

i.e., p=p.

Cor.: The deficiency of a curve and its reciprocal polar
is the same.

Ex. 1. The deficiency of a curve and its evolate is the same.

Ez. 2. The -Hessian, the S8teinerian und the Cayleyan of a curve
have the same deficiency.

Ex. 3. A curve hag the sume deficiency ax its inverse and pedal
curver.
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153. From what has been said in §46 about multiple
points on a curve, it follows that if the curve has multiple
points, the equations 1-6 still hold, subject to certain
equivalent conditions. In fact, Pliicker’s equations are still
satisfied, if a multiple point of order % be regarded as
equivalent to 3k(k—1) double points, and reciprocally, a
k-ple tangent be replaced by 3k(k—1) hi-tangents.

Thus, if the curve has multiple points of orders
kys kg... we have

m=n(n—1)—28—-3c—3k(k—1)
and 1=3n(n—2) - 68—8k—33k(k—1).
Reciprocally,
n=m(m—1)—2r—3—3k(k—1)
k=3m(m—2)—6r—8.—33k(k~1)
where 3 extends over all the multiple points and tangents.

It can easily be deduced that the deficiency of a curve
with only ordinary multiple points with distinct tangents is

$(m—2n42).
For, in this case k=0,
b p=h(n—1)(n—2)—1Sh(k—=1) (§53)
or, 2p=(u—1)(n—2)—3k(k—1)
={nn—1)—3k(k-1)}-2(n-1)
=m—2n+2.
p=3(m—2n42).

154. THE CHARACTERISTICS OF THE HESSIAN :

We have already seen (§90) that the erder of the
Hessian is 3(n—2). If the original curve has no singular
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points, the Hessian ordinarily has ro:double points,* and
its Pliickerian characteristics are easily found to be—

n'=3 n—2), & =0, «' =0,
m'=3(n—2)(3n—="7)
, =31 (n—1)(n—2)(n—3)(3n—8)
ani J=9(n—-2)(Rn—8)  p'=1(3n—7)(3n—8)
where ', w/, &, «'..,etc., denote the Pliicker's numbers of
the Hessian.

If, however, the original curve has nodes and cusps,
each node is a node on the Hessian and each cusp is a triple
point. Hence, these numbers must be modified accordingly,
if the original curve has nodes and cusps.

155. THE CHARACTERISTICS OF THE STEINERIAN : T

There is a (1, 1) correspondence between the Steinerian
and the Hessian. Hence, the deficiencies of the two curves
must be the same. We have already found (§ 96) that the
class of the Steinerian of a non-singular n-icis 3(n—1)(rn—2)
and its order is 3(n—2)®.

A point will be a node or cusp on the Steinerian, if it is
a point whose first polar has two nodes or two cusps. The
number of first polars having a pair of nodes (§ 98) is—

$1(n—2)(n—3)(3n? —=91~>5)

and the number having two cusps is 12(n—2)(n —3).
Hence, the characteristics of the Steinerian of a non-
singular curve are—
n'=3(n—2)* m'=3(n—1)(n=—-2),
8 =3(n—2)(n—3)(3n* —9n—5)
k' =12(n—2)(n—3)
7 =§(n—2)(n=3)(3n*—3n—8)
V=8(n—2)(4n-9) P =3(8n—7)(8n—8).

“MPezzQ-ano!i, Rend, Vol. 22 (1883).
+ 8teiner—" Allgemeine, etc., Crelle, Bd. 47, p. 4.
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- 156. THE CHARACTERISTICS OF THE CAYLEYAN : %

This curve has evidently a (1, 1) correspondence with
the Hessian and with the.Steinerian, and has therefore the
same deficiency.

We have already determined the class of this curve
(§101) which also touches the inflexional tangents of the
original curve.' It has no inflexions, in general, and thus
we obtain the following characteristics of the Cayleyan :

W=3(n—2)(5n—11)  m'=3(n—1)(n—=2)
8 =3(n—2)(52—13)(50* —197 +16)
x'=l8(n-2)(2n—5) /=0
?=2(n—2)%(n*—2u—~1)  p'=1(3n—T7)(3n—8)

157. TraE CHARACTERISTICS OF THE INVERSE CURVE :

From what has been said with regard to the process of
inversion (§15) and the properties of inverse curves
(§ 139), it follows at once that a curve and its inverse
have a one-to-one correspondence and consequently, the
characteristics of the latter can be easily determined.

If f=uotu, +u,+...+u,=0 e (1)
be the equation of a curve, that of its inverse t is
(42 4+y*)" +F (B +y?) T B, =0 L (2)

Hence, the inverse curve has a multiple point of order =

- at each of the circular points I and J, and has also an n-ple
point at the origin. ‘

The degree of the inverse cnrve (2) is evidently 2n. But

if the origin is a k-ple point on (1), the degree of the inverse

# Clebsch—* Ueber einige von Steiner behandelte ‘Curven— -
Crelle’s Journal, Bd. 64, pp. 288-208. .

;¢ .A. 8. Hart~—Camb. aid Dublin Math, Journal, Vol. 'VII(1) (1853)
25
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(2) is 2n~k The degree will be further reduceq, if
%y Uy, 8tc., contain some power of 7 as a factor, d.e., if the
curve (1) has 'multiple points at I and J.

Then, as before, n'=2n

- But, if the origin is a multiple point of order %,.the
degree of the inverse will be 2n—F. '

" A node on the given curve inverts into a node on the
inverse, and in addition, each of the points I and J and the
origin is an n-ple point on the inverse. Each of these three
points is then equivalent to 3n(n—1) nodes.

Hence, =84 3n(n—1).

Again, a cusp inverts into a cusp, so that we have x'=«.
From these, the other characteristics of the inverse can
be easily calculated.

Thus,  m'=n'(n'—1)—28'—3«'
=2n(2n—1)—28—3n(n—1)—3x
={n(n~-1)—28—3x}+2n
=m+2n.

' =3n!(n' —2) —68'—8«’
=6n(2n ~2) —68—9In(n—1)—B«

-

=3n(n—2)+3u
=u+3nr
" Similarly, 7'=2n(20—7)44mn+2r
and P =p.

" It is to be noted, however, that in these investigations,
the curve is supposed to have only nodes and cusps and no
other higher multiple points.

‘It will be shown later on that the foci of a eurve invert
into the foci of the inverse curve, and that, if the origin. is &
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focus on the curve, the circular points are cusps on the’
inverse. ' C
If I and J are each a maltiple point of order f, and the
line at infinity a multiple tangent of order g, and, f, ¢’ denote
reciprocal singularities, then the above results have to be
modified.

Thus, n'=2n—25—¢'
m'=m42n—2(2f+9)—(2f +9)
¥=1(n—-2f)(n~2f—1)+(n—f—¢')(n—f—g'—1)+3

and so on.

Ee. 1, A 2n-ic with n-ple points at I and J inverts into a curve of
3 same type.

Ew, 2, Show that a bitangent inverts into a circle having double
contact with the inverse. Hence, find the number of circles passing
through a given point and having double contact with a curve.

Ez. 3. Prove that an inflexional tangent inverts into a circle of
curvature of the inverse. Find the number of circles of curvature of a
given curve which puss through a given point.

Ex. 4. Bhew that the curve
C(a® +y%)? +2(l@ +my)(a® +9*) + «a? + Bhaoy + by? + 29 + 2fy=0

inverts into a cabic through the points I and J.

Ea. 5. Prove that through any point O on the above curve, three
real circles of curvature pass, besides the circle of curvature at O, and
the three points of osculation lie or a circle through O.

158, THe CHARACTERISTICS OF THE PEDAL:

From what has been said in articles 137-39, it
follows that the first positive pedal is the inverse of the
polar reciprocal curve. Hence, the characteristics of the
pedal can be obtained from those of the polar reciprocal
curve by using the results of the preceding article, ..,
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in the-results of that article, we have simply to interchange
n and m, 8and 7, ¢ and «. Thus,

w'=2m* w'=n+2m, &=Im(m— 1) 47
K=t  7'=2m(2m—T7)+4mn428,
J=3m+«,  p'=p.

In cases of higher singularities, these numbers require
to be modified according to the nature of the singularity.

1t f, 9, f, ¢, ete, have their significance as in § 157,
we have—

n'=2m—f -y, m' =n+2m—2(g+2f)—(2f+4')

and so on. '
Taylor defines the pedal T of a pair of curves as follows:

The locus of the vertex of a right angle whose arms
envelope two curves of class m and class n respectively
may be called the pedal of the two curves, or of the one
wys.t. the other, and the corresponding locus generated by
the vertex of any other constant angle may be called a
skew pedal. When one of the curves in the former case
degenerates into a point, we obtain the ordinary pedal of
the curve. :

. * Taylor says that the lines OI and OJ may be regarded as perpen-
dicular to every one of the m tangents of a given curye of class m,
which can be drawn from I and J respectively.

Each of I and J, therefore, is an m-ple point on the pedal and this
having no other point at infinity is of order 2m. When O is at a focus,
each of the lines Ol and OJ is a tangent and also perpendicular to
itself. Hence, these lines making up the point circle at O belong to the
lpcus and the remaining factor is of order 2(n—1).

Taylor—Messenger of Math., Vol. 16 (1887), p. 4.

t Dr, Ca Taylor—d’roc of the Royal Boc. of London, Vol 37 (1884),
p. 189. .
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Ev, 1. Find the characteristics of the second, third, ete., pedals
of a given curve.

Ee, 2. Find the characteristics of the first negative pedal.

[This may Be regarded as the polar reciprocal of the inverse curve

with respect to any point; and hence, the characteristics may be
obtained from the results of § 157.

n =m+2n m' =2n
¥ =2n(2n—7) + 4mn + 27, eto.]
Ez. 3. Find the characteristics of the locus of the centre of a circle

passing through a given point and touching a given curve.

Ew. 4. Find the characteristics of the envelope of a cirele which
passes through a given point and whose centre moves on a curve.

159. TuE CHARACTERISTICS OF THE EVOLUTE ¥:

In order to determine the degree of the evolute, it is
sufficient if we examine the number of points in which the
line at infinity meets the evolute.

Now, the points at infinity on the evolute arise (1) from
the points at infinity on the curve, (2) from the existence
of points of inflexion on the curve.

Corresponding to a point at infinity on the curve, we
have a cusp on the evolute, with the line at infinity as the
cuspidal tangent.

Let M be any point on the line 1J, and M’ its harmonic
conjugate, then the normal at M is the line IJ (§ 127).
But if the consecutive points of the curve, antecedent and
subsequent to M be L and N, their normals are LM/, NM'
Hence, M' is a point through which three consecutive
normals, i.., three consecutive tangents to the evolute pass,
and is, therefore, a cusp with 1J for its tangent.

Now, the cuspidal tangent meets a curve in three conse-
cutive points at a cusp, and then points at infinity of the given

* Steiner—* Uber algebraische Curven und Flichen ”—-Orella
Bd. 49, pp. 340
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curve give rise to the same number of cusps on the evolute,
which are then met by the line at infinity in 3z points.

Again, a point at infinity on the evolute is the point of
intersection of two consecutive normals to the given curve
which are parallel. The corresponding tangents to the
given curve will therefore coincide, and the point of contact
will be an inflexion on the given curve. Therefore, the
¢« points of inflexion on the given curve give rise to ¢ points
at infinity on the evolute.

Hence, the line at infinity intersects the evolute in
t43n points, or in other words, the degree of the evolute
is 14 3n. '

If the curve passes through either I or J, these give rise
to no points at infinity on the evolute, and consequently, the
degree will be diminished by 3.

If, again, the line at infinity IJ touches the curve, the
normals for the two consecutive points in which it meets
the curve coincide with 1J ; and consequently two, consecu-
tive tangents to the evolute coincide, 7.e., there is a point of
inflexion on the evolute, having 1J for its tangent. But this
takes the place of two cusps which we have when 1J meets
the curve in distinct poirts, and the degree of the evolute is
reduced by three.

Hence, if each of the circular points is an f-ple point on
the curve and the line at infinity touches it at g points, the
degree of the evolute is—

n'=c+3n-—3(2f+g)
=a—3(2f+y)

160. The class of the evolute may be determined by
considering the number of tangents which can be drawn to
it from any point, or what is the same thing, by considering
the number of normals which can be drawn from any point
to the given curve. We may examine the case when the
point is at infinity.
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Now, the number of normals, distinct from the line at
infinity itself, which can be arawn parallel to a given line, is
equal to the class m of the curve. Again, the n norina,]s,
corresponding to the = points at infinity on the curve,
coincide with the line at infinity, and consequently also pass
through the assumed point.

Hence, the number of normals which can be drawn to the
given curve from any point is equal to the sum of the order and
class of the curve, i.e., equal to the sum of the orders of the
curve and 2ts reciprosal.

Thus, the class of the evolute m/'=n+m.

If the curve passes through a circular point, the normal
at that point does not coincide with the line at infinity, and
consequently, the number of normals is one less than in
general. If either of these points be a multiple point of
order f, the number will be reduced by f.

If, again, the line at infinity is a tangent to the curve,
the number of finite tangents which can be drawn
through a point at infinity is one less than in general, and
consequently, the number of normals is also one less.

Thus, if the line at infinity touches the curve at g points
and the curve has f-ple point at each of I and J, the number
of normals is m+n—2f—g, 7.e., the class of the evolute ist

m'=m+n—2f—g.

It is to be noticed that, in general, no two consecutive
normals of the curve coincide. For, in that case, the
corresponding tangents coincide with their normals and with
each other ; and this can happen only in the exceptional
case where the original curve bas an inflexional tangent
passing through I or J. Consequently, two consecutive
tangents to the evolute cannot coincide, or in other words,
there ¥8 no inflexional tangents of the evolute. Hence, /=0.

If, however, the curve touches the line at infinity, there,
is & point of inflexion at infinity on the evolute; and the
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curve passes through I or J, the evolute has an inflexional
tangent passing through the same point.

Hence, in this case, (=2f+g

We can now easily calculate the other characteristics of
the evolute by means of Pliicker’s formulae.

Thus, k'=8n 4 ~3m'=3(e4 3n)+/—3(m+n).

Since, =0, K'=9n—3(m+n)+3=3{2n—m+}
When the curve touches the line at infinity at g points and
has f-ple point at each of I and J, we have—

' =3n' 4 —3m/

=3{c+3n—3(2f+9)} +(2f +9) —3(m+n—2f—g)
=3a—3(m+n)—5(2f+9)

where a='+3n

And d'=3{n'*—n'48m'—3a'}
T'=3{m'* —m'48n'—3a'}
where a'=!+3n'=3a—8(2f+9).
Finally, p=1{n+/=2m'}+1 (§150)
={+3n—2(m+n)}+1
=r

Ex. 1. Find the characteristics of the evolute of a3y?=g°%.
rn'=8, m’=8, p=0.

Ez. 2. Find the number of points on a curve where the osculating
circle has a contact of the third order.

[The existence of a cusp of the evolate not lyingon the line at
infinity indicates the coincidence of three conseocutive tangents of ‘the
evolute, and consequently of the coincidence of three consecutive
norn-n.ls to the ourve, or in other words, corresponding to such a cusp
on the evolute, we have a point on the curve where three consecutive
normals coincide, i.e., the osculating circle has a contact of the third '
order. Thus the number of such points =«'—n, since the » cusps on
1J do not give any such point. ‘

K =n = 5n—8m +8:.]
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Ez. 3. How many lines are normal to a curve at two points ?
A bitangent on the evolate corresponds to such a normal to the curve.

[Hence, there are 7’ such points. But the n normals corresponding
to the n points at infinity on the curve coincide with the line at
infinity. Therefore, excluding these jn(n—1) normals, corresponding
to these n points, which coincide with 1J, there are then

7 —in(n—1)=}(m® —2mn—4m—«)
points. ]
Ez. 4. Find the uvumber of normals common to two curves of

orders n, and n,, and of class m, and n, respectively.

{Evidently such normals are the common tangents of their evolutes,
whose classes are m, + 2, and m, +n,.

Hence the required number <= (m, +#,)(m, + ny).J
Er. 5. Find the Phicker’s numbers for the eurve

£
)

(r+y) -0(4:-——14); =2u§

2
[This ia the evolute of the curve ze% + ygza%,'}

161. Tar CHArAcTERISTICS OF PArRALLEL CURVES :

To determine the degree of the parallel curve, we put
k=0 in the equation, which does not affect the terms of the
highest degree in the equation. The vesult of putting k=0
is, however, the original curve written twice together with
the two sets of m tangents drawn from the circular points I
and J to the curve,

Hence, W' =20m<+n).

Again, the number of tangents which can be drawn
parallel to any given line is double that which can be so
drawn to the original curve, z.e., m'=2m.

To each inflexional tangent on the original correspond
two on the parallel curve, and therefore =2

From these we can easily calculate the other charac-
teristics.

26
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Thus, K ={ 4+ 3(m'—n")
=2043{2m—2(m+n)}
=2a

and so on.

The parallel curve and the original curve have the same
normal and the same evolute.

.

E». 1. Find the characteristics of a parallel curve, when the
original curve touches the line at infinity, and the points I and J are
multiple points on the curve.

"Er. 2. Find the characteristics of the parallel to a parabola.

Ex. 3. Interpret the tangential equation of the parallel to the curve

2,02 %
a3+ yd=q¥,

[The parallel is (& +92)CC={atn+k(¢>+7n%)} ]
Ex, 4. Find the characteristics of the envelope of a family of circles
whose centres lie on a given curve and which touch a given circle.

Er. 5. Find the pedal of the parallel curve and show that it is the
same as the locus of o point Q taken on the radius vector OP of the
pedal of the curve, such that PQ=+k. (This locus is called the
conchoid of the pedal.)

162, THr CHARACTERISTICS OF THE OrTHOPTIC LoOcus : *

In order to determine the degree of the orthoptic locus,
we have to examine its intersections with the line at infinity.
The line at infinity meets the locus only at I and J and in no
other point, and each of I and J is a multiple point of order
Im(m—1). For, m tangents can be drawn to a curve from
each of the circular points [ and J and these may be taken
in pairs in jm(m—1) ways, and every pair may be regarded
as at right angles to one another. Kach of the points I and
J is, therefore, a multiple point of order im(m—1), and these
are, in general, the only points at infinity.t

* Taylor—“On the Order of Orthoptic Loci ”—Messenger of Math.,
Vol. XVI (1887), pp. 1-5.

+ O. Zimmermann calls this curve “ Orthogonale "—Crelle, Bd. 126
(1908), p. 183,
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¢

For, let A and B be two points on the line 1J, harmonic
conjugates with respect to 1 and J. The two tangents from
A and B intersecting at C ave then perpendicular, and
consequently, C lies on the orthoptic locus. 1f then A and
B approach I, C also approaches I, while C(1J, AB) remains
harmonie. Lo

1f the tangents from A and B are not consecutive,
C becomes the point of contact of either tangent.

Now proceeding to the limit, we see that to each pair of
tangents to the given curve from I corresponds a branch of
the orthoptic locus through I, and the tangent. to this branch
is harmonic conjugate to 1.J with respect to these tangents.
Siuce the class of the curve is m, the w tangents through I
may be taken to constitute lm(w—1) such pairs of
tangents, and cousequently, there is the same number
im(m—1) of branches of the curve which pass through T :
or in other words, each of the points T and J is a multiple
point of order }m(m—1). Further,it can be easily seen
that there is no other point of the locus on I.J.

Hence, the degree of the orthoptic locus is—

n'=m(m—1).

163. To find the class of the orthbptic locus, it is
sufficient to find the number of tangents which can be
drawn to the locus from J.

Since each of I and J is u multiple point of order
3m(m—1), there are m(m—1) such tangents at J (§ 65)
which are to be regarded as tangents drawn from J to the
curve. In order to find the other tangents we proceed as
follows :

In the figure of § 142, let PP’ pass through J; then QR
passes through I, for P(QR,IJ) and P/(QR,IJ) are
harmonie. ,

In the limit, Q, R become the points of contact of the
perpendicular tangents PQ, PR; and the tangentat P to
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the - orthoptic locus passes through J while QR passes
through T.

If a line through 1 mtersects he given curve at Q
and R, and the tangents at Q and R meet in O, let L be a
point on IQR, such that O(QR, IL) is harmonic. Now
consider the envelope of the line OL. Every tangent from
J to this envelope (distinet from IJ) will be a tangent to
the orthoptic locus. Hence. the unmber of tangents to the
orthoptic loens drawn from J  (points of contact not lying
on 1J) is equal to the class of the envelope of OL. which is
evidently equal to the number of its tancents drawn from 1.

It is readily seen that OL canuot pass through 1, unless
1QR touches the given curve at Q but not at R, or viee

rersa.

In this case then 1QR will touch the envelope at a point
K, such that 1K, QR) is harmonic. Therefore, each tangent
from 1 to the curve is an 17 —2)-ple tangent to the envelope,

and consequently, the class of the envelope is m(n—2).
Thus, finally the class of the orthoptice locus is—
w'=m(n—1)+m(n—21=m(m+n—3).

In order to determine the unmber of cusps, it 18 to be
noticed that, since a cusp may be considered as arising from
the coincidence of two conseentive points ou the locus, the
points of intersections of an inflexional tangent to the
given curve with a perpendiculur tangent are cusps on
the orthoptic locus, and in general, there are no other cusps.
But, there are m perpendicular tangents to each inflexional
tangent of the given curve. Consequently, the number of
cusps on the orthoptic locus is k' =um.

.

From these we can easily calculate the other charac-

teristics of the orthoptic locus.

| Thus, =x'—3(n'—m')
=m—3{m(m—1)—m(m+n—3)}
=m(t+3n—6)
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o' =i+ 3n' =um +3(Bm—mn—m)+3m(m—1)

28 =n'%—n'4-8m'—=3(/+32')
=n'* —=10n'48m'—3/
=m*(m—1)*—10m(m—1) +8m(m+n—3)

—~3m(c+3n—6).
=mnf{(m+1)(m—2)* —2r)
2r'=m'? —m' —8n'—3(x'+ 3m')
=m{m(m+n)?—(6m? +6mn+n?)—m+ 22428}

The deficiency is given by—

2 =m/ 4’ —2n'+2  (§ 135)
=m(m+n—3)+t—2m(m~1)+2
=(m—1)(m—2)42 mp

p'=1(m—=1(m—2)+mp.

164. There is no dificulty in seeing how these numbers
are to be modified, if the original curve touches the line at
infinity or passes through the circular points at infinity.

Thus, if the line at intinity touches the curve at g
different. points, we have—

w'=(m—g)(m—1) m'=(m—g)(m+n—3—gq)
K'={(m—g); and so on.

lu order to obtain these results we recall the results of
§ 143. Tt will be noticed that if the cnrve touches the line
at infinity, the absolute term will not appear in its
tangential equation, and the co-eflicients in the eliminant

are of degree (m—1), and the degree of the orthoptic locus
is, therefore, (m—1)3.

Hence, the orthoptic locus of a circle is a circle, while
that of a parabola is astraight line (the directrix).

If, however, the linear as well as the absolute term are
absent, the line at infinity is a bitangent or a stationary
tangent, and the co-efficients in the eliminant are of degree
(m—2), and the orthoptic locus is of order (m—2)(m—1).
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And generally, if the line at infinity is a multiple tangent
of order g, the degree of the orthoptic locus of a curve of the
mih class ¢s (m—g)(m—1).

1u a similar maunner, the class is found to be—

w'=(m—g)(m+n—3—g)

The tangential equation of the evolute of the parabola
is daf® =272,

Here the linear and the absolute terms are absent, and the
orthoptic locus ix a parabola.

The line at infinity is a bitangent to the evolute of the
ellipse, and hence the orthoptic locus is a sextic curve.

Dr. C. Taylor in a note, published in the Proc. of the Royal
Society of London, Vol. 37 (1884), pp. 138-141, propounded
a number of theorems on the isoptic and orthoptic loci of a
curve, where he remarks that these had been verified by
analytical methods in an unpublished paper by one Mr. J. 8,
Yeo. The theorems stated here are taken from the said note.

In a similar manner, the Pliicker's numbers are to be
moditied when the curve passes through 1 and J, or has
multiple points at those points.

Ez. 1. Show that the orthoptic locus is a circle, when the curve is
a central conic (or a circle).

Ex. 2. Show that the orthopiic locus is a straight line, when the
curve is a parabola.

Ex. 3. The orthoptic locus of a quartic curve of class 3, touching the
lige at infinity at two points dividing IJ harmonically, is a straight line.

Ez. 4. Find the characteristics of the orthoptic locus when the
inflexional tangents of the curve pass through the circular points.

[W'=(m+1)(m=2), m'=m{m+n—4), =uwm —4.]

Ez. 5, Find the characteristics of the orthoptic locus of the evolate
of a curve.

[The locus is the same as the locus of intersections of perpendicular

normals of the curve. Hence,

W=(m=1)(m+n=2),  w'=(m-=1)(4m+x~8), etc.]
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165. Tue CHARACTERISTICS OF AN Isopric Locus *:

Since each of the circular points is an m(m—1)-ple point
on the isoptic locus, proceeding in a manner similar to that
in § 162, it is found that the degree of the iroptic locus is—

‘ u,'=27n(m—‘l).

To find the class, the tangents at 1 are regarded as
2m(m—1) tangents which exn be drawn from I to the curve;
and proceeding as in § 163, it will be found that there are
other 2m(n—1) tangents which can be drawn from I to
the curve.

Thus, m'=2m(m—=1)+2m(n—1)=2m(m+n—2)

Also, ' =2m

From these we may calculate the other characteristics.

Thus, =m(2m—3)(m?—m—1)+2mr,
T =m{2m(m+n)?—(8m® +8mn+n?)—2m+ 12423},
J=2m(Im4k—3) p'=(m—1)% 4+2mp.

Ex. 1. Find the characteristics of the envelope of a chord of a
curve which subtends an angle of given magnitude at a given point.

Ex. 2. Prove that the envelope of a circle which passes through a
fixed point and subtends a constant angle at another iz a limagon.

Fa. 3. The isoptic Jocus of a parabols consists of the line at infinity
twice and a central conic (Taylor).

Ex. 4. Prove that the points of contact of the tangents drawn
from the circular points to any curve are single points on the orthoptic
loous, and double points or lsoptic locus (Taylor).

166. Otuer DERIVEL CURVES:

Besides the curves discussed in the preceding articles,
a good number of others might be derived from a given
curve by means of various known processes. But separate
discussions of such ecurves are not considered necessary.

# C. Taylor—* Note on a Theory of Orthoptic and Isoptic Loci"—
Proc, of the Royal Soc. of London, Vol. 87 (1884), pp. 138-141.



208 THEORY OF PLANE CURVES

Properties of such curves may be discussed independently
as occasion arises. We shall, however, conclude this chapter
with a few examples, which the students are required
to work out for themselves.

Ex. 1. If on the radius OP of a straight line, we measure off
distances PQ= +%, the locus of Q is a curve having a node at O
and a tacnode at infinity with the given line as tangent.

[ The locus is called the Conchoid of Nicomedes. )

Er. ©. Find the locus of a point Q taken on the radius veotor OP

to a cirele through the point O such that PQ= +#k.
[This locus is called Pascal’s Limagon. ]

Exz. 3. Discuss the nature of the origin in Ex. 2,

Er. 4, Any straight line OP intersects two given curves at P, and
P,. Find the locus of a point P such that OP=0P,—-0OP,.

[This curve is called the Cissoid of the curves for the pole 0.]

Ez. 5. Find the characteristics of the locus in Ex. 4.

[W'=2n,m,, W =n,m,+n,m,+2n,n, K=k, 4 nyky,
where n,, m, k,, etc,, and »n,, m,, k,, ete,, are the characteristics of
the two given curves.]

Ex. 6. Find the locus of P and its characteristics, if in Kx. 5,
OP=%,0P, +%,0P,, where I, k, are constants.

Ez, 7. Show that the cissoid of two circles, one of which passes
throngh the origin, is a quartic curve having a node at the origin ,and
two nodes at the circular points (A bi-circular quartic).

Es. 8. 1If on the radius vector OF of .« curve, PQ = +k is mensared
off, where & is a constant, the locus of Q is the cissrid of the given
carve and the circle with centre O and radius k. |

[This curve is called the conchoid of the curve. (f. Ex. 1.]

Ex. 9. Pind the conchoid for the conic given by the general
equation of the second degree.

Ez. 10. Show that the characteristics of the locus of the centre
of a circle orthogonal to a given circle and touching a given 2n.ic
with n-ple points at T and J are the rame as those of the reciprocal
to the given 2n.ic.



CHAPTER VIII
Focr or CorvEs.

167. It is shown in Treatises on Conic Sections * that
the foci of conics are the points of intersection of the
tangents which can be drawn to the conic from the two
circular points at infinity. This conception of the foci of
a conic has been extended by Pliicker,i who gives the
following definition of the foci of a curve in general :—

Foct of a curve are the points of intersection of the
tangents drawn to the curve from the circular points at
infinity.

TaeoreM: A curve of the mth class has, in general, m?*
foci, of which only m are real.

Since m tangents can, in general, be drawn to a eurve
of class m from any point, 2m tangents can be drawn to the
curve from the two circular points at infinity. These
tangents are all imaginary, and they intersect in m® points,
which are the foci of the curve.

But m, and only m, of these points will be real, if the
curve is real; for, if one of the tangents drawn from the
circular point I be of the form A+:B=0 (A and B being
linear functions of the co-ordinates), one of the tangents
drawn from the other circular point J will be of the form
A—i{B=0, these two intersecting in the real point A=0,
B=0. All the other J-tangents will be of the form
C—iD=0, none of which can intersect the I-tangent
A4: B=0in a real point unless C/A=D/B, in which case
A~iB =0 and C—2D=0 become indentical,

#* Salmon—Conios, § 258, p. 238.

+ Pliicker—Crelle, Vol. X (1832), pp.84.91, Also Cayley—Coll
Papers, Vol. VI, p. 615.

27
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Therefore, a real focus of the curve is the intersection
of an I-tangent with its conjugate J-tangent, and hence the
number of real foci is m. For example, a conic has four
foci, of which only two are real.

168. In the preceding investigation, it is assumed
that the points I and J have no special position with
reference to the curve. But if the curve passes through, ar
has singularities at, these points, the number of foci must
-be determined by a special method.

. TaeoreM: If the line at infinity is a multiple tangent of
order g, 1.e., touches the curve at g points, a curve of the mth
class has (m—g) real foci.

Let the line IJ touch the curve at g points A, B, C, ete.,
distinet from I and J. Then IJ is to be regarded as g of
.the tangents from I or J to the curve. Then the I-tangents
are made up of the line IJ counted g times and (m—g)
other tangents. Similarly, the J-tangents consist of the

“line 1J counted g times and (m—g) other tangents. Then

 the foci of the curve, which do not lie at infinity, are the
(m—g)* intersections of the (m—g) I-tangents with the
(m—g) J-tangents, and of those only (m—g) are real,

Again, the point I counts a8 g(m—g) foci,* for, it may
be regarded as the point of intersection of g J-tangents (1J)
‘with the (m—g) I-tangents. Similarly, the point J counts
as g(m—g) foci. Then again, tke g I-tangents (1J) intersect
the g J-tangents in g* points, of which only ¢ are real, and
these are the g points of contact of IJ with the curve.
‘Thus the foci of a curve, which lie at infinity, consist

\'of g(m—g) at each of I and J, and g* on IJ, of which only
‘garereal.

% The foci of & ourve are to be distinct from the circular points
I and J. Therefore they are not to be counted as foci. There are
different opinions as to the way of counting the foci that lie at infinity.
The reader is referred to Prof. Oayley’s, paper—Ooll. Works, Vol. VI,
p. 516, and also to Salmon’s Higher Plane Curves, § 188,
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Hence, the foci of & curve are—(1) (m—g)* finite,
@) glm—g) st I, (3) g(m—g)atJd, (4) g* on 1J, the total
number being (m—g)* +2g(m—g)+g*=m?*; of these (m—~g)
are real at a finite distance, and g at infinity.

Es. The parabola is touched by the line at infinity, Its class
being 2, it must have two real foci, of which one is at & finite distance
and ove is at infinity, i.., at the point of contact with the line at
inflnity. .

169. TaroreM: If a non-singular curve of the mih class
passes through the circular points at infinity, the cvrve has
(m—2) real single foct, and one real double (singular) focus.

Since from a point on the curve, not more than (m—2)
tangents (exclusive of the tangent at the point) can be
drawn to the curve, when I, J are points on the curve,
(m—2) tangents can be drawn to the curve from each of
the points I and J, exclusive of the tangents at these points.
Thus the curve has (m—2)* finite foci, of which (m—2)
only are real.

The two tangents at I and J are the limiting positions
of the four tangents which can be drawn from the imaginary
points I' and J' in the neighbourhood of I and J respectively.
These four tangents intersect in four points, of which two
are real and two imaginary. But when I' and J' move up to
coincidence with I and J, the two real points coincide into
one and form a double focus. This point is not usually included
among the ordinary foci, and is called a singular focus.

In fact, the four points of intersection coincide into one,
which, therefore, should properly be called a guadruple
focus, but if we regard this as a real focus, it must be
considered as a double one. Thus, the intersection of the
tangents at I and J is a real double focus. '

The foci of the curve then consist of :—

(1) (m~2)* finite foci, (2) 4 foci at the intersection of
the tangents at I and J, (3) 2(m—2) foci at. the intersections
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‘of the (m—2) I-tangents with the tangent at J counted
twice, (4) 2(m—2) foci at the intersections of (m—2)
J-tangents with the tangent at I.

The real foci are then (m—2) single foci and one double
focus, which is the singular focus.

Ee. The circle passes through I and J and its class is two. The
‘centre is the real (double) singular focus, or a quadruple focus,
considering the imaginary feoi also.

Combining this with the theorem in the preceding
srticle, we obtain the theorem :—

If a non-singular curve of the mth class passes through the
circular potnts at infinity, and the line at infinity <s a multiple
tangent of order g, the curve has (m—g—2) real single foci
one (double) singular focus, and g real foci at infinity.

170. Taeorem: If the circular points are nodes on a curve
of class m, the curve has m—4 real single foci and two real
(double) singular omes, which are the two real points of
tntersection of the nodal tangents at the circular points.

When the points I and J are nodes on a curve, the
number of tangents which can be drawn from each to the
curve is m—4 (exclusive of the nodal tangents). Therefore,
the number of real single fociis m—4. Again, any one
of the tangents at I intersects its conjugate nodal tangent
at J in a real point, whichk is a double focus, and it
intersects the other nodal tangent at J in an imaginary
point. Since there are two pairs of conjpgate nodal
tangents, there will be two real singular foci. Hence, the
real foci of the curve are (1) m—4 single foci, (2) two
(double) singular foci.

In general, if each of the points I and J is a multiple
point of order % on the curve, it can be shown, in a similar
way, that there are %* singular foei, each of which counts
a8 foar, and of which only % are real; and since only m—2k
tangents can be drawn from each of I and J to the curve,
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there are (m—2k)* ordinary foci, of which' m -2k are real
sipgle foci.

If the line at infinity is a multiple tangent of order
g, the number of real single foci is m—g—2k, and that
of the real singular foei is %, and there are g real foei at
infinity. '

171. TaeoreM: If the circular points are cusps or
inflemional points on a curve, of class m, it has m—3 real single
foct and one real triple focus, which is the intersection of the
cuspidal (or inflexional) tangents at the circular points.

From a cusp or a point of inflexion, m—3 tangents, in
general, can be drawn to the curve, distinct from the
cuspidal (or inflexional) tangent. Therefore, from each of
the points 1 and J, (m—3) tangents can be drawn, and
consequently, the number of real single foci is m—3.

Each of the cuspidal (or inflexional) tangents at I and J
counts as three tangents, and therefore, their point of
intersection counts as nine intersections, of which only three
are real, and the point is regarded as a real triple focus.
Thus, the real foci of the curve are :—(1) m—3 real single
foci, (2) one triple focus.

When the line at infinity is a multiple tangent of order
g, the number of real single foci is m—g—3, and there is a
triple focus.

172. In all these investigations we have assumed that,
except at the circular points, the curve possesses no other
singularities. But, every line joining the circular points
to a double point has a contact of the first order with the
curve at the double point, which can, therefore, be regarded
as satisfying Pliicker’s definition of a focus, in which no
distinction is made between contact and tangency. If,
therefore, a curve has 8 nodes and cusps, exclusive of the
circular points, these points should be included in the
number of foci, and in the above formule, giving real single
foci, m should be replaced by m 28+ 3«.



.Zﬂ THEORY OF PLANE CURVES

173, ) Tus Co-ORDINATES OF THE FocI:

The co-ordinates of the foci of & curve can be determined
by forming the equation of the tangents which can be
drawn from the point I to the curve by the method of § 67.
The equation thus obtained will be of the form :

P+:Q=0
and the corresponding equation for the point J will be—
_ P—-:iQ=0.
The intersections of these two systems of tangents will,
therefare, be determined by the equations
=0, Q=0.
~ Thas, if f,, f, denote thc first differential co-efficients
of f with respect to £ and y, and f,,, f,,, etc., denote the
second differential co-efficients, then the equation of the

system of tangents drawn from the point (1, Z, 0) to the
curve f=0, is obtained by forming the discriminant of the

equation
h'f-l-/\."“(f‘ +7':f:)+ %A'-'(ﬂ 1+27"fn"fn)+'"=0

The foci are then determined by equating the real and
‘the imaginary parts of the discriminant separately to zero.

In actual practice, however, the following method is
very convenient : ‘

Let F(¢, 5, {)=0 be the tangential equation of a curve of
class m.

The condition. that the circular line z—a'+¢(y—y')=0
through a foous (z', y') should touch the curve is obtained
by putting 1, ¢,—(z'+2y’) for ¢ 7, { respectively in the
.given equation F (£, , {)=0 of the curve.

~ Equating the real and imaginary perts of this separately
to zero, the co-ordinates (2/, %) of the foci are determined
as the intersections of two loci.
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Es. 1. Find the foci of the oonic defined by the genersl equation
of the second degree.
The tangential equation of the conic is—
Af* + B9 +cf* +2 Pyl + 2G(k + 2Hn=0.

Substituting 1, ¢, —(#’ +4y’) for ¢, 9, { in this equation, and equating
the real and imaginary parts separately to zero, we obtain for the locus
of (¢, ¥/)—

C(w*—2*)+2Fy~2Ga +A~B=0

Coy—Fa—~Gy+H=0

which represent two rectangular hyperbolas, From these equations
the co-ordinates of the foci can be determined. The ohord of contact
is evidently the direotrix.

By analogy, the chord of contact of the two ciroular lines tbrongh
a focus of any curve may be called the corresponding directrix. -

E». 2. Find the real foci of the curve given by—
439 —38¢2 +1=0,

Making the equation homogeneous by introducing powers of
¢, we have—

40 =30 +(1=0

Now, puiting {=1,7=i apd {=—(&'+iy’), the resulting equation
gives us—

(@+i/)*=4 or (2 +iy)t=-1

Hence, we have either @' +1y'=+2 or @ +iy/ = 41

'.l'h; first solution gives 2'=+2, =0

The second gives 2’ =0, v=+1

~ The foci are " (+2,0), and (0,+1).

Ee, 8. Find the real fooi of the curve (*+¢%9?=0

Putting =1, =i, (==(o"+i)
we obtain (-’-n'y’)‘all

o (#+3y)*= 11, whenoe &' +4y'= +1, or, 8’ +iy’= 4§ |

-which give the foci (£L,0), and (0,11).
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E». 4. Find the fooi of :—
L (6) (4P + 20 =203+ Ben( 4+ 2P =0
[Foci (1, 1), (01)]
() 27 kn*+ 42 =0
[Focus (~2/%, 0)].

174. From what has been said above, it follows that, if
the tangential equation of a curve be given, the co-ordinates
of the foci can be determined for special forms of the
equation. Using tangential co-ordinates, let a, 8, v,...
denote the foci and o, o the two circular points at
infinity. Then, since the lines aw, av', Bu, Bu,...are tangents
to the curve, the tangential equation must be of the form
af3yd...=ww'$, where ¢ is an expression of order m—2 in
tangential co-ordinates.

Now, for a curve of the second class, wo' is constant and
the equation becomes ef=ww'=constant.« The geometrical
interpretation of this is that the product of the perpendiculars
drawn from the two foci on any tangent s constant.

The equation of a curve of the third class. can be
similarly put into the form afy=ww'd, and the geometrical
interpretation of this equation is that the three tangents
drawn from the foct o, B, y (besides the circular lines) are
concurrent tn a fourth povnt 3, and therefore, the product
of the perpendiculars from the three foci of a curve of the
third class on to a tangent is in a constant ratio to the
perpendicular drawn on the same tangent from a fourth
point 8. A similar interpretation ‘can be given in the

general case.

175. EquatioN oF Conrocar CuURrves:

Let f (¢, 1, {)=0be the tangential equation of a curve
of class m. Then the equation of a curve having the same
foci as the given curve may be written s

f&En O +od'd(, 7, )=0 we (1)
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where ww' is of degree 2 and represents the circular points
at infinity, ¢(£, ¥, {) =0 represents a curve of class m—2.

Considering the two circular points as constituting a
degenerate curve of class 2, a curve confocal with the given
curve must touch the 2m common tangents to we'=0 and
f=0. Hence, the tangential equation of a curve confocal
with f=0 must contain—

im(m+3)—2m=}n(m—1)
arbitrary coefficients.

Since there are }m(m-—1) coefficients in ¢, the equation
(1) represents a curve touching the common tangents of
f=0 and wo'=0.

Cor.: 1In the Cartesian system

f(f, 77):0 and F(§, 11):0
are confocal, if f(¢ n)—F(& n)=(£*+2*)o(£, 1)

176. DETERMINATION OF SINGULAR Focr:

The singular foci of a curve are the intersections of
the circular lines which are asymptotes of the curve. If '
then these asymptotes are found by the nsual method, the
singular foci can be easily determined.

Let (z—2a')+i(y—y')=0
be an asymptote to the curve; then
(e—a")—i(y—y)=0

is also an asymptote. These two evidently intersect in the
point (', y') which is a singular focus of the curve.

Ee. 1. Find the singular focus of
2a(a? + y*)=a(30®—y*)
" Two circular asymptotes are z+iy=a, and @—iy=a
which evidently intersect at the point (a, 0), which is a singular foous.
To find the ordinary focus, we consider the intersection of the
line y=1#® + ¢ with the curve.

28



£2 ) THEORY OF PLANE CURVES

By putting y=1® + ¢ in the equation of the curve, we find—
4a3(ic—a) +2cx(c +ia) + ac®* =0
ome root of which is evidently infinite, as it should be.

The other two roots will be equal,

if 4e®(c+1a)?=16 ac*(ic—a)
or, if (c+1ia)(c~8ia)=0
i.e., if c=—1a or c=38ia

c¢=—1ia gives another infinite root, which gives the singular focus.

If c¢=8ia, the line y=1w+3ia is a tangent, or, (¢ +3a) +iy=0isa
tangent. Hence (# +3a)~—4iy=0 is also a tangent. They intersect in the
foous (—3a, 0).

Ee. 2. Find the foci of @(@2+y®)=ay®
The line =12 + ¢ intersects the curve in points given by—
of{a®+ (i@ +c)}=alin+c)?
or ®3(a + 2ic) + #(c? —2iac) —ac?=0 v (I)
one point of intersection is evidently at infinity. The other two points
are given by equation (1).
' These will be equal, if (c?—2iac)? +4ac?(2ic +a)=0
e, if c+4ai=0 whence c¢=--4ai,

Hence, the ordinary focus i8 (4a, 0). The singular focus will be obtained
by making the coefficient of @2 vanish, i.c.,, by making 2ic+a=0,

Hence, the singular focus is (—-1a, 0).
Ew. 3. Show that the following two curves have no foci, singular
or ordinary :

(s) A curve of class m touching the line at infinity at the circular
points and m~8 other points. ‘

(%) A curve of class m touching the line at infinity at the circular
points and m—4 other points,and having cusps at the circular points,

Ew». 4. Find the foci of the curve defined by #=at?, y=at?*?,

The lines y= +i® + ¢ meet the curve, where
at?*i= ti(at?) +c o (1)
At a consecutive point, we have—

at?*1 4+ (p+q)at™ 11 Yt= ti{at” +apt* 1 Pt} +¢ we (2)
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From (1) and (2) we obtain (p+g)at?* 1~ 1= +iapt?~?
1
t-2=4_P2_ or z;—.( +- 2 )‘1-2
“p+d “p+g
Hence, the point of contact is given by—
p p+q
n=a( i-i q—2’ y=a( +- 2 12
p+q p+q

Bubstituting these in the equation of the lines, we obtain—

Pty P
w( =2 )q—2=i-ia( +-2 )q-2+c
pt+q, p+q
p+q r
. P ) q-—2 L. q=2
Putting k=+-—-"—, weget ak = tiak +c
p+q
+
.L? P
q—2 3
whence c=ak +iak 97
p+q P

.~ The foci are ( +ak~ |, ak

Ews. 5. Find the foci of the following curves:
G) (@ +47)—8(8% =y?) +16=0

[Bingular fooi (+2,0), ordinary foci (+ v15/2,0)]
(1) (e+y)(2* +°) +22(0—y)=0

[Singular focus (0, 1), ordinary foci

(-3F24/ V241, —1F2¢/ v2-1))
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177. A xew Taeory oF Focr: *

If in the equation F (1,7,—a—iy)=0 of § 173 we put
¢=a+1y, F may be considered as a monogenic function
of a complex variable z, and consequently, the theory of
foci of algebraic curves reduces to the algebra of binary
forms.

If then F breaks up into  factors of the form—
_(z-a,_i/;,)('z_a,_w,)... (G—a,—iB)=0 .. (1)

it also breaks up into » other factors of the form—
(2—a, +1B,)(z—a, +iB,)...(s—a, +1B8.)=0 ... (2)

If now we take one factor of each along with one factor
of the other, and put each equal to zero, then, since these
can be taken in %* different groups, there are in all #* foci,
of which # are real with co-ordinates

(an Bl)) {au B: )s (as, ,B,),..,(a,,, B.)

and n(n—1) are imaginary, as has already been shown. These
latter foci are so arranged that they lie on the perpendiculars
drawn at right angles to the lines joining the real foci
through their middle points.

Writing the equation F (¢, 5, {)=0 in the form—

n(n—1)

e T

P03 —..+(=1)"P,=0 (1)

where P,, P,,...P, are functions of ¢, 5, and putting {=0,
we find that

.PuEP«S‘+P1$‘-I7]+P’£”-’7]’+-.-+p,7]‘= (2)

* This method of treatment was given by Siebeck—* Ueber eine
neue analytische Behandlungwise der Brennpunkte’—Orelle, Bd. 64,
pp. 175-182. He has shown that from known properties of complex
functions many interesting results on the properties of fooi can
eenily be deduced with the help of this new method of treatment.
8ee also Zimmermann—Orelle, Bd. 126 (1908), p. 171.
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gives the tangents of the angles which the tangents drawn
from the point {=0 make with the axis of 2.

If ,, a4,...a, be the angles, we have—

tan Ja=(p, —py+ps—... )+ (@e—patpi—.) (3)

Again, the foci are obtained .by putting (1,¢, —z) for
& 4, £, so that the equation giving the foci becomes—

" —nP 1 "(”2‘,” P,o* % 4...4(=1)*P,=0

where P.=(p,—p,+p,~...)+i(p,=ps+ps—...)

If B,, B,, ... B. be the angles which the radii to the foci
make with the axis of ., we have—

Mr.cos 3B=(—1)*(p,—ps +ps—...)
Or.sinB=(—1)"(p,—ps +ps—...)
ootan 3B=(p, ~p;+p,—...)+(p.—ps+p,—...)
= tan Za

Sa=3B+nm.

Thus we obtain the theorem :—

" The tangents drawn from any point to a curve make
with a fixed line angles whose sum differs from the sum of
the angles made by the lines joining the same point to the
foci by a multiple of =.

Eo. 1. If P,=p,(cos»,+iginx,), p. is the product of the
distances of the » real foci from the origin, and «, is the sum of the
angles which the radii to the foci make with the s.axis.

Es. 2. Tangents are drawn from any point to two confocal curves,
The tangents to one curve make with any fized line angles whose
sum differs from that of the angles made with the eame line by
tangents to the other curve by & multiple of .
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178. In finding the co-ordinates of the fooi of a curve
in § 173, we obtained two equations of the forms P=0, Q=0,
which, when geometrically interpreted, will lead to yery
interesting results.

Writing the condition that the line
(z=x")+p(y—y')=0
should touch the curve in the form—
ap* +bp* "t op* Tt ... =0

where a, b, c,... etc., are functions of 2/, ', it is evident that
—bfa, c/a, etc., are the sum, the sum of products in pairs,
etc., of the tangents of the angles, which the tangents to the
curve through (', ') make with the axis of .

If now we put p=7 aud equate the real and the
imaginary parts to zero, we obtain the two equations :

P=a—c4e—...etc.=0, Q=b—d+f—...etc.=0.

Now, if a,, a,, ay...be the angles which the tangents
make with the axis of «, we have—

tan * Sa=0"dHf = ...
Q=~CHo—-..
Hence, from the first equation P=0, we obtain the theorem :

The sum of the angles made with the axis of « by the
tangents through (.', y') is an odd multiple of 1.

Also the second equation expresses the fact that the
sum is either zero or a multiple of .

Thus, if the sum of the angles be given, 7,e., if Ja=0,
we obtain the following theorem :

The locus of a point, such that the sum of the angles
made with a fixed line by the tangents through it drawn
to a curve of the nth class is given, is an n-ic,

* Hobson—Plane Trigonometry, § 49, p. 47.
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If the fixed line is taken for the axis of r, the equation
of the locus is found to be—

(a—c+e—..)tan 6=(b—d+f—...)

where a, b, c,... etc., are functions of order n in (=, ).

It follows then that the locus passes through the foci
of the curve.

Ews. 1. Find the distances of the real foci from the origin.

Let f(¢, n)=0 be the tangential equation of the curve, and (r, 6)
the polar co-ordinates of a focus. Then (@ —7cos8)+i(y —r sin8)=0
are tangents whose co-ordinates are —

1 +1

_reiw ! —re +10

Substituting these values for ¢, 7 in the given equation, we obtain—
i -1 e—wl, i~ e_ia)=()

and (= -1 eie, vir T1 G0 )=0

Eliminating @ between these equations, we obtain an equation giving
the values of 7.

Ex. 2. Prove that every focus of a curve is also a foous of its
evolute. [Tangents through one of the circular points eoincide with
the normal.]

179. Foct or INVERSE CURVES :

If a curve be inverted from any point, the inverse
points of the foci of the original curve are the foci of the
inverse curve.

A focus of a curve has been defined as an indefinitely
small circle which has double contact with the curve.

Now, if C is a circle which has double contact with

a curve at two points P and Q, and if the origin of inversion
be not on the circle, the inverse of the circle C will be
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another circle having double contact with the inverse carve -
at the inverse points P' and Q'. TIf further C be a point-

circle, its inverse will also be & point-circle. Hence, the

focus of a curve is inverted into an indefinitely small circle
having double contact with the inverse curve, or in other

words, the inverse of a focus is & focus of the inverse curve.

" The inverses of the lines joining J to the intersections
of the curve with CI are tangents at I to the inverse curve.
Hence, when C is a focus of the curve, two tangents a¢ I to
the inverse curve coincide, and we obtain the theorem :—

The inverse of a curve with respect to a foous has cusps at
the circular points. ' ‘

For instance, the inverse of a conic with respect to one
of its real foci is a limagon, which is a quartic curve having
cusps at the circular points and a node at the origin (fecus).

Eo. 1. The inverse of any curve with respect to a singnlar focus O
has also a singular focus at O.

Es. 2. A limacon is self-inverse with respect to the circle through
the node with its centre at the ordinary focus.

{The ordinary focus of the limagor r=o0 +b cos 6, with node at the

pole, s {(v* —a%)(25, 0}

The equation of the curve with the ordinary focus as pole is—

4b2r2 —4br(a® 0059+b’)+ia"—-b')' =0]

180. RECIPROCAL WITH RESPECT TO A FOCUS :

The reciprocal of a curve with respect to a focus
is a°'curve throngh the circular points, and the directrix
reciprocates into a singular focus.

If we reciprocate with respect to the focus O, 7.e., a circle
with O as centre, the lines OI and OJ reciprocate into the
points I and J; and consequently the points I, J are on the
reciprocal curve, #e., the reciprocal passes through the
circular points.
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The directrix is the chord of contact of the tangents
OI and OJ, whose points of coutact reciprocate into the
tangents at I and J. Hence, the reciprocal of the directrix
is the point of intersection of these tangents, which is a
singular focus.

It will be noticed that the reciprocals, with respect to any
point O, of the foci are the lines joining the intersections
of ﬁha reciprocal curve with OI and OJ.

Ee. The reciprocal of a conic with respect to a focus is a circle,
the directrix reciprocating into the centre of the circle.

181, Focr orF CircurAR CURVES :

The locus of the singular foous of a circular curve of order
n, passing through in(n+3)—3 other points, s a circle*

Since in(n+3)—1 points in all are given, an infinity of
curves can be drawn through them, any particular member
being determined by another single condition. If then we
are given a point consecutive to I, 7.e., if the tangent at I
is given, the curve is determined, and consequently its
tangent at J. Thus, if F is a singular focus, i.e., the
intersection of the tangents at I and J, when IF is given
JF is determined. Hence, the singular focus F is the
intersection of the corresponding rays of two homogra-
phic pencils, whose vertices are I and J. Consequently
the locus of F is a conic through I and J, and is therefore
a circle.

Cor: The locus of the centres of a coaxal system of
circles is a straight line. For, the circle which is the
locus of the singular foci breaks up irto two right lines
when to I J corresponds JI for the other pencil, and IJ
cannot be a tangent to the circle.

* Salmon—Higher Plane Ourves, § 145.
29
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Ew. 1. Prove that the locus of the foous of a curve of class m,
having given the line at infinity for an (sn—1)-ple tangent and 2m—1
other tangents, is a circle.

{To be given that IJ is an (m—1)-ple tangent is equivalent to
sm{m—1) tangents, and thus Im(m—1)+(2m—1)=3im(m+3)—1
tangents are given]. '

Ew, 2. Being given three tangents to a parabola, the locus of the
foous is a circle,

Ex. 3. The locus of the focus will be a circle for a curve of ‘the
third class, having the line at infinity for a bitangent and five other
tangents.

Eo. 4. 1f four foci of a curve are conoyclio, there are three other
gets of four concyoclic foci.

[The pencil of four tangente from I has the same cross-ratio as the
pencil of four tangents from J, and the ratio remains uuchanged by
two interchanges in the order].

Es. 5. Prove that the coaxal family of circles through two foci
of  curve have two other foci as limiting points.

[Given two real foci A, A’ of a curve, thc lines AT, AJ; A’l, A'J
meet in two imaginary points B, B’ which are also foci of the curve;
the relation between the two pairs of poiuts is that the lines AA’, BB’
bisect each other at right angles. Any circle through- AA’ cuts
any circle through BB’ at right angles. The points BB’ are called
antipoints].



CHAPTER IX
TracING oF CURVES.
Section I: Approwimate Forms of Curves :

182. ANALYTICAL TRIANGLE : *

In order to determine approximate shapes of curves,
defined by given equations containing a finite number of
terms, near particular points at a finite or at an infinite
distance, a geometrical method, which consists in represent-
ing the equation on the Analytical Twiangle, is often
very useful. This triangle is a modification of Newton’s
parallelogram, which was an arrangement of squares, like
those on & chess-board, each square being allotted to one
term of the general equation of any degree. The fact that
all the terms of a complete equation of any degree are
contained ' in squares which .eccupy half of Newton's
Parallelogram, led De Gua to replace the parallelogram
by a triangle containing one more square on each side
than the degree of the equation.

183. An equation is said to be placed upon the triangle
by making a definite mark () in the centre of each square,
which corresponds to a term of the equation. The use of the
triangle as an analyser lies in the fact that, if the different
marks representing the terms be joined, S0 as to form a
polygon, no mark lying outside it, then the locus of the
equation, formed by retainiug only the terms which corres-
pond to any side, is one or more simple parabolic curves or

* For a complet,e discussion the student is referred to Froat s Gurve
Tracing, Chap. IX, pp. 130.145. -
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right lines, each of which is a first approximation to the
form of the curve—

etther (1) at an infinite distance, if all the rejected marks
lie on the same side of the line as the right angle of the
triangle,

“or, (2) near the origin, if they lie on the opposite side, in
which case the equation contains no constant term.

The case when the sides of the polygon are parallel to, or
coineident with, the sides of the triangle is to be excepted.
Thus the equation—

ax® +bedy+cay® +drdj+exy+fod +gy+hety? =

is placed on the triangle, as shown in the figure. A, B, C,D,
E, F, G, H represent the different terms of the equation, so
that we have the polygon ABHCGF, no mark lying
outside it.

The equation corresponding to the side CG is—
cey®+9y=0 or cay+g=0,

which represents a hyperbola to which the curve approxi-
mates at infinity, since all the rejected marks lie on the
same side as the right angle; with this relation between
x and y (being very great) every other term will vanish
compared with the terms retained.
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The equation corresponding to the side GF is gy+ fz® =0,
and this represents a cubical parabola to which the curve
approximates at the origin, since the rejected marks lie on
the opposite side. With this relation between x and y,
every other term vanishes, compared with any one of the
terms retained, when z and y are very small.

Lastly, the side FA is parallel to Or, and therefore it is
excepted. '

184. PracricAL METHOD :

The following method of considering the triangle is
much more convenient in fixing more accurately the position
of the marks which correspond to fractional indices.

Take a right-angled isosceles triangle, whose sides are
in the directions of Ox and Oy. Divide the hypotenuse
iuto as many equal parts as the degree of the equation, and
through these points of section draw lines parallel to the
sides of the triangle. The triangle is then divided into a
number of smaller triangles, the vertices of which may
be appropyiated to the terms of the equation. If a frac-
tional index occurs in the equation, its appropriate position
is obtained by the intersection of the twolines parallel to
Oy, O.c drawn through the corresponding points on the sides
O.c and Oy respectively.

185. PROPERTIES OF THE ANALYTICAL TRIANGLE : *

When all the terms of the equation of a curve are re-
presented upon the triangle, the following properties hold: —

(1) If all the terms be rejected, except the terms which
liein a given line, the resulting equation gives one or more
constant values of the ratio y*: 2", the values of p and ¢
depending only on the direction of the line, and consequently
the same for all parallel lines.

* Bee Frost's Curve Tracing—§§. 150, 151, pp. 132-134,
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(2) When the line meets both sides of the triangle or
those sides produced beyond the hypotenuse, with the
relation y?/z* =constant, the terms of the original equation,
corresponding to the marks which lie on the same side of
the line as the right angle, will be less, and those corres-
ponding to the marks on the opposite side will be greater,
than any of the terms corresponding to the marks on the
line, when « and y are indefinitely great. When z and y
are indefinitely small, the reverse is the case, and there is
no maik at the right angle.

(3) When the line is parallel to one side of the triangle,
the equation obtained gives one or more right lines parallel
to the other.

(4) If all the other terms be rejected, except those
which lie on a side of the triangle, the resulting equation
determines the points of intersection of the curve with the
corresponding axis.

All these properties of the analytical triangle lead
at once to the properties of the analytical polygon we have
mentioned before. Thus it is seen that if any line gives
the first approximation to an asymptote, the terms to be
taken into account for the second approximation are obtained
by moving the line parallel to itself, until it passes through
another mark which corresponds to the additional term
that has to be taken into account.

Thus, in the figure of § 183, the side GF gives a first
approximation, while the second approximation is obtained
by moving the line GF parallel to itself until it passes
through another mark E, and the form is given by—

exy +fx® +gy=0, and so on.

E#=. 1. Consider the curve (y*—~#2)?%+ 2asy® —5aw®=0.
The homogeneous form of the equation ie—
(y*—#2%)* + 2009z —5aw3z=0,

Place the equation oun the Analytical Triangle, as shown in the
figure. The polygon is ABODE.



APPROXIMATE FORMS OF CURVES - 231

The side AED gives at an infinite distance. (y?—22)*=0, i.c.. the
points at infinity on the curve are in.the direction of the lines y+#=0
and these points are double points on the curve.

o

The next approximation to the curve at infinity will be obtained
by moving the line AED parallel to itself, until it passes through one
other term,. i.c., it is given by

(y*—22)2=baz*=0 or y?=2%4 ‘/5,1@"3‘,
ie., y= + o+ +/baa.

The side AB gives the shape at the origin (III), ie, y®+220=0
which is a parabola.

The side BC gives the shape at the origin of another branch of the
curve, which is given by a2(2y%~52%)=0,

ie., the origin is a triple point, the tangents at which are
2=0, ~’2yi V58=0,

The side CD gives for the points of intersection with the axis of

@ the equation @*—5a0t=0 or a’(¢—5a)=0,
which gives three coincident points at III and one point at & ==5a,

The next approximation, at the point @=G8a, is obtained by moving
the line CD parallel to_itself until it passes through another point E.
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Tho equation thus obtained is a?(®=5a) + 2awy? —2a2y? =0,

which gives y? =?g—u(w—5a) at the point @=5a.

E=, 2, Find the approximate shape at infinity of the curve—
2y +ays—y’ —a’=0,

Eo.3. Employ the analytical triangle to find the form of the
branches of the curve @* + y* — (@ + y)#2 =0, near the origin,

186. Usk oF 1ue ANALYTICAL TRIANGLE 1IN THREE
VARIABLES :

In the case of three variables ve proceed as follows :—

The sides of the triangle, supposed equilateral, are
divided each into as many (n) equal parts as the degree
of the equation, and through the points of section lines are
drawn parallel to the sides. 1In this way we obtain
Y(n+1)(n+2) vertices of small triangles in which the
fundamental triangle is divided, each of the vertices being
associated with one term of the equation.

When an equation of the nth degree is to be placed on
the triangle, the highest powers of the variables «, y,
are associated with the vertices of the original triangle.
The other terms are arranged successively in order. This, in
fact, is the same as given in the preceding article, since the
Cartesian is a special system of homogeneous co-ordinates,
when the third side is at infinity ; and the system is
rectangular when the angle at the third vertex IIT is a
right angle, 7., when we take a right-angled isosceles
triangle, as has been done.

The aggregate of terms on a side gives the intersections
of the curve with the corresponding side of the fundamental
triangle.

1f one vertex be free, the curve passes throngh that
vertex, which may be considered as one of the intersections
on the » axis or the y axis.



APPROXIMATE FORMS OF CURVES 283

If the next following terms on both the sides be present,

the aggregate of these terms gives the tangent at this vertex.
If only one be present, one of the axes is a tangent.

1f both the next following terms are absent, the vertex
is a double point on the curve, and the next three terms
lying on a line give the tangents at the double point.

The method will be best illustrated by the following
example :—

Ee. Oonsider the equation ®%y 4+ y22—22% —20ys=0.
Place the equation on the Analytical Triangle, as shown in the figure.

Since all the vertices are free, the curve passes through the vertices
of the fundamental triangle. The tangents at these points are
respectively y=0 (at I),
s=0 (at 1I), e=0 (at III)- I

In order to determine
approximate shapes of
curves at any of the R
vertices, we must first ~ G
put that co-ordinate \ ~d
equal to unity, whose \\ A A "’7
highest power stands at N N
the vertex. Now the first ‘ \ .
approximation to the \ -
curve at the vertex II is o
the tangént given by Pt
y®z and y*®, but since ¥%@
is absent the tangent is given by y22=0, i.e,, =0, putting y=1.

To determine the approximate shape of the curve, we must turn
the line about the point y%z till it passes through another term @%y,
and the next approximation to the curve is y*z+#*y=0, or #°+g=0,
obtained after putting y=1.

Thus the shape of the carve at II is that of the parabola ®* +2=0,

If we determine the three points in which this parabola interseots
the ourve by putting the equation in the form y(yz+ #*) —a2(2y +5)=0,
we see that two of these lie on the line 2y+2z=0, while the third
coincides with the vertex II.

In the same way, for the vertex III, we have for the next
approximation the equation y*z—we2®=0 or y*—#=0.

30
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This is & parabola to which the corve approximates near the vertex
III and the two finite points of intersection lie on @ =2z.

For the approximation at the vertex I, we obtain the parabola y=2°.

The two finite points of intersection of this parabola with the carve
lie on the line y=_24,

187. NEewton’s METHOD OF APPROXIMATION :

In order to determine the approximate forms of a curve
near the origin, we may conveniently make use of the
process given by Newton, *

When the curve passes through the origin, we have to
transform the curve so that one of the axes may be a
tangert, .., if the origin is an ordinary point on the curve,
we may assume the equation in the form

y=Az+Ba®+...
or, if it be a multiple point, the form to be assumed is
y:AJ:T +Bm'r+rl+cxm+7'l+rﬂ+”.

where 7, 7,, 7,...are positive.

In order to determine the nature of the origin and the
form of the curve in its neighbourhood, it is convenient to
determine the first terms of this expansion. The form of
the curve near the origin resembles the curve y=Ae".

In the equation of the curve, put y=Az", and determine
the positive quantity » by the condition that the indices of
two or more terms shall be equal and less than the index
of any other term. We may often do this by trial, by
equating the indices of each pair of terms, and observing
whether the resulting value of r is positive, and these equal
indices are not greater than the indices of some other

term.

# Newton—Methodus Fluxionum et Serierum infinitarum, etc., under
the title De reductione affectarnm equationum (opusc. ed., Castillon,
Vol. 1, p. 87) Newton gives the rule by means of a disgram of squares.
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Thus, having found 7, we may obtain the value of A by
equating to zero the quantity multiplying the terms with
equal indices. » and A being thus determined, the first
approximation is given by y=Az". The next approximation

is obtained from y=Aa*+Ba"*", by finding the values of
r, and B by a similar process.

Ee. Consider the curve #* —axy? +y* =0,

Evidently the origin is a triple point with the axes as tangents.
Writing y= A" in the equation, it becomes @¢—aA3@2"*! +A¢atr =0,

First, let 4=2r+1, which gives 4r=6. Hence the equal indices
are less than the index of the other term. The equation then becomes

24(1—ad®)+ A4*2°=0.
Now determine A so that the co-efficient of #* vanishes
ie,put A=1/va The equation then becomes y= :}: ot + higher
(3
terms, whose indices are greater than 3/2. We conclude therefore that

the form of one branch of the ocurve near the origin resembles thit
of the curve ay? =23 (semi-cubical parabola).

Next, make 4=4r, i., r=1, and the remaining index is 3, which is
less than the equal indices. We must,
therefore, reject this case.

Finally, let us assame 2r+1=4,
or r=4, the equation becomes

24— (ad’—A*)2*=0

The equal indices are less than the
remaining index, and putting A%a=4¢,

we have A?=a, or, A=+a
Thus the equation becomes y= +a®, i.e., ¥* =a®, which isa parabola.

Henoe another branch of the curve resembles a parabola at the
origin,

Since it is symmetrical about the axis of », the form of the curve
is shown as in the figure. (The vertical line representing the ®.axis.)
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188. "Arruication oF NewroN's METHOD 1IN THREE
VARIABLES : |

The above method is equally applicable to the study of
approximate forms of curves in the neighbourhood of
the vertices of the fundamental triangle, when the curve
is defined by its homogeneous equation. In this case we
have to put one of the variables equal to unity.

In fact, what we have said above is really equivalent to
finding the points of intersection of y=A=" with the given
curve and then determining those which lie very near the
origin. For this purpose, we have to consider those terms for
which the index is small as compared with those of the re-
maining terms. Thus, from the term 2?7y we obtain A¢x**¢r,

We have now to put p+gr=A\, where X is less than any
of the indices, since for small values of «, higher powers
must be neglected. The terms which have this equal index
A give the geometrical representation.

Since p+g¢r is constant for all these terms, they lie on a
right line, and X is proportional to the length of the perpen-
dicular drawn from the origin on to this line. Since X is
less than any other indeX, the line is nearest the origin, and
the terms which lie along this line give an approximate
form of the curve in the neighbourhood of the origin. Thus
appears the truth of the statement in §. 185.

189. INFINITE BRANCHES:

The method adopted by Newton can conveniently be
applied for determining the infinite branches of the curve as
well. In this case y is expanded in descending powers of ,

te,in theform y=Az"+Ba"" "' 4C" "7y

and the equal indices should be made greater than any of the
remaining indices. In fact, in this case p+¢r=A\, where A is
greater than any of the other indices, 7.e., we have to consider
the terims which lie on a line furthest from the origin,
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Ew#, Consider the curve @°+283%y—y®=0.
Place the equation on the Analytical Triangle as shown in the figure.

The sides of the triangle ABC determine the approximate forms
of the curve, The curve passes through the origin (III) and the

I

vertex (II), and not through (I). The ori=in is a triple point. The
shape at the origin is given by AB and BC. AB gives a point of
inflexion and the side BC gives a semi-cubical parabola.

The side AC gives #%—~y3=0, or, #*=y, which is the form of
the curve at infinity in the direction of the axis of y. The same result
is bbtained by applying Newton’s method of approximation, namely,
putting y=Aeo" and proceeding as before. The next approximation

re~r,

is obtained by‘ putting y=Ae" + Bs , and 8o on.

190. Brancues with HicHER SINGULARITIES :

Consider the system of curves .*4y*—4z3y+Ay*=0.

None of these curves have real points at infinity.

For =0, we obtain y*(y*+2)=0.
At the points y=+ +/—A\, they are symmetrical with iespect
to the horizontal tangent. Therefore, an essential distinction
must be made between the curves for A>D0 and A<O

between which A=0 lies. The adjoning diagram gives an
example of each.
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For y=0, we have x*=0. This point, however, cannot
be a point of undulstion,
because for =0, we have
also y*=0. As an approxi-
mation we obtain the
aggregate of three terms

Ay® —dSy 42t =0,
which breaks up into two
parabolas

Ay=az3(2+ V4 -)\)

These are no more intersected by the curves. Since the two
parabolas touch each other, the two branches of the curve
must also touch each other at the origin. Hence we have a fac-
node. From the two parabolas we can also see the distine-
tion between the curves for positive and negative values of A.

Since for A<0, we have v4—A\ >2, the parabolas have
external contact, one lying upward and the other downward.
(For instance A=—1).

If 4>A>0, the parabolas have internal contact, one
lying inside the other (for instance A= +1).

If A=4, the origin is the only real point of the curve,
which now breaks up into two imaginary conics with four-
pointic contact at the origin:

.

(#* +1y* —2y)(2® —iy* —2¢) =0

If A>4, the curve is wholly imaginary, when A=+ ex,
it reduces to the axis of z counted twice, whence for very
great mnegative values of A, the forms with external contact
follow again.

We have further to consider the case A=0. Here in
the analytical polygon, the term y*® is suppressed and
we have the dotted periphery. We obtain as above a
parabola 2*—4y=0 as an approximation for the branch,
which touches the w-axis, and the parabola y® —4a* =0
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for the other branch, which therefore is perpendicalar to
the first and has a cusp. In fact, each of the curves has.a
triple point at the origin with the tangents «y=0.
If, however, we consider the horizontal tangent, then
the curve is bounded by the two parabolas and the horizontal
tangent, and we are in a position to obtain their shapes for
each value of A.

If, again, Of/0x=42*~8ry=4zr (2*—2y)=0,

we have besides #=0, as already found, points which lie
on the parabola z* =2y.

Putting this in the equation, y=+/4—\ will be positive
for real contact, otherwise #=+2y becomes imaginary.
The line y=+4—\ is a bi-tangent of the curve; and

y=—4+/4—\ is a Dbi-tangent with imaginary points of
contact.

191. DETERMINATION OF THE ASYMPTOTES :

The aggregate of terms on a side of the Analytical
Triangle gives an equation which is obtained by putting the
corresponding variable to zero. This equation determines the
points of intersection of the corresponding side with the curve
and gives the equations of the lines joining the opposite
vertex with these points. When the third side is supposed
to lie at infinity, these give the directions of the
lines joining the origin to the points at.infinity on the
curve. It is then necessary to determine the tangents at
these points, which are called the asymptotes of the curve.

If, for such a point at infinity, we put y/z=m, this gives
also the direction of the asymptote, i.c., an asymptote is of the
form y=mux+c, where ¢ is to be determined by the condition
that it passes through another consecutive point at infinity.

For this purpose, we put y=ma<c in the equation of
the curve; the resulting equation must have two roots
infinite ; (or in the homogeneous frum y=ma+cz, one value
of 2=0 and two values of z=00).
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Be. 1. . Consider the cubic y*—w'y+2y%+4y2% +222=0 ... (1)
Putfing =0 in this equation, we obtain y3®—wm%y=0, which gives
the directions of the lines joining the origin with the points at
infinity on the curve. These are the lines y=0, y+#=0.

If we put y=0in the equation (1), we see that all the terms vanish,
except #2?, which contains z* as a factor Hence y=0 itself is an

asymptote.
Next put y=® +cz in (1). We have then —
(@ +cx)3—a3(o+ cz) +23(® +c2)? + 4(® + c2)2% + 233 =0,
or,’ (2c+2)030+ (3¢ +4c+5)Ra? + (c® + 22 +4¢)2=0 ... (2)
Thig equation must have one root infinite, i.c.., we must have
2+2=0 or c= -1,
and the asymptote is y=w-1.
Bimilarly, by putting y= —& +¢, we obtain c=—1.
.. The other asymptote is y + 2 +1=0.

E», 2. Find the asymptotes of the following curves :
(3) 3 +y*=a® (i) oty=a+ o+y

(i) (0+y)2(0+2y+2)=a+Qy—2.

Ee. 3. Find the asymptotes of the curve—

®%+a?
=®

2?=—qa?

192, SpeciaL METHODS :

In some cases the asymptotes of a curve can be deter-
mined by a simple inspection of its equation. For instance,
if the equation of the curve be written in the form

tydgidynnenit nd 23 9=0,

where t,, t5,.........are all linear functions of the variables,
and ¢ is of degree (n—2), then ¢,, ¢,, t,,...t, are then
asymptotes of the curve and the points where they meet the
curve again lie on the curve ¢.

Thus we have the theorem : The n(n—2) potnts where
the asymptotes of am n-ic meet the ourve lie ona curve of

order (n—2).
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The equation of a curve can always be put into the

forme- ‘
(Y=, 8)(Yy=my2)euevesee.(y=—myd) %y 8
F Ut i FUst =

or (y=—m,z4+c,2)(y—maz+6y4t) e (y=MmaB4c,2)=2¢.

The terms of the nth degree in z and y are the same
for both sides of the equation, and the » quantities c,, c,...
¢, are determined by comparing the coefficients of the terms
of order (n—1), which must be the same in both.

The following illustrations will explain the process :

E2. 1. Consider the curve :

(@ +2y)(82 +2y) (0 —y) +2 (202 —10y?* —Tay) + 2} (# 4+ 9) + 22 =0,
or, (#+2y+c,2)(82+ 2y +c,z)(W—y+c42) +22(A@ + By +Cz)=0
whence 3c, +c,+3c;=2, —c,+8c,==9, —2¢,—2c,+4c,=~10,

c,=1, cy=2, cy==—1 ’
Thus the asymptotes are—
z+2y+2=0, 32 + 2y + 22=0, B—Yy=3z,
Notice that the values of ¢, c., ¢,, satisfy the equation—

202~Tay—10y*  _ ¢, Cq +.05
(®+2y) (82 +2y)(2—y) 2+2y 30+2y w—y

and therefore, in general, the values of c,, c..c,....c, are determined

by putting '-’;:—'-l into partial fractions.*

Ew. 2. The n asymptotes of an n.ic pass through a point O. Bhow
that O is the mean centre of the points where any line through O
meets the curve.

Ewe, 3. Show that the four asymptotes of the curve
ay(@*—y*) +(e* +y*)=a®

cut the curve again in eight concyclic points.

* For & detailed account of the different methods for determining
the asymptotes of & curve, the reader is referred to Edward’s Diff, Calo,
Chapter VIII, and Salmon’s H. P. Curves, Ohap. II, § 52,

31
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Ew, 4. Fipd the equation of a ocubic through (a,d) having the
lines w==0, y=0, y==, as asymptotes which cnt it in points lying on
the line @ + y=a.

Eo, 5. Prove that the mn intersections of two curves of the mth
and nth orders and the mn interssctiops of their asymptotes lie on a
ourve of order (m +n—2). (Math. Tripos. 1876).

~193. Asymproric CURVES:

Suppose there are two curves which approach each other
continually, so that for the same value of the abscissa, (or
ordinate) the limit of the difference of the ordinates (or
abscissae) is zero, when the common abscissa (or the
ordinate) is infinite. These two curves are said to he
asymptotic to each other.

The two curves ax®+4bx®—ay+cz+d=0
and ax®+be4c—y=0
are asymptotic.

For, these equations can be written as—
y=ar?+br+tc+ d and y=ar*+be+c.
g

The difference of the ordinates at any point  is d/.,
whose limit is zero, when w=o0.

Es. 1. Show that the curve @?y==?+o2+z+1 has a hyperbolic
asymptote.

The equation can be written a8 y=2+1+ % +1

-
Hence, the equation of a curve asymptotic to this is the hyperbola

y=w+l+-£, or, 2?—ay+e+1=0,

whose rectilinear asymptotes are y=z+1 and =0,

Eo, 2. Show that the ourve y®—ay—1=0 has a parabolic
asymptote.

The equation can be writtenas 2=

- » The parabola ®=y* is asymptotic to the curve.

Be. 8, Shéwtlgat the curve asy=y*—a* has & paraholic asymptote,
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194. Parasoric BraNcHES : *

Suppose the equation of a curve is thrown into the’ forjn
(y=mz)2p4zy+ ... =0

i.e., the terms of the highest degree in 2 and y has a double
factor. It is evident from the equation that the line at
infinity touches the curve at a point in the direction of the
line y=m..

The equation may be written as—
(y—mw)’+ﬂ+... =0.
«P
1f we put a for Lt. 4_;, and b for Lt.%, when z and y
o

become infinite in the ratio 1:m, the curve ultimately
approximates to the parabolic form—

(y—me)* +arz4be® +...=0 (D).

This parabola is a first approximation to the shape of the
curve, but is not in general asymptotic to it, and serves
only to suggest the method of closely examining the
parabolic branches. In practice, it is found more convenient
to adopt a method of successive approximation to obtain
the ultimate form of the parabolic branch at an infinite dis-
tance. The method will be best illustrated by the following
examples :—

E=. 1. Examine thaforin at infinity of the curve @® + 203y =y3 =0,
" There are no asymptotes parallel to the axes. The onmly infinite

branch is, where y : @ is large, of the form #*=y, where ®’y varies as
©*, and may be neglected compared with the term #° retaired in the
first approximation..

* For a detailed discussion of curvilinear asymptotes, the reader is
referred to Frost's Qurve Tracing, Chapters VII and VIII,
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The parabola #*=y is not a proper asymptote, but serves to suggest
the direction of the infinite branches. The proper asymptotes may
be vbtained by approximation : Thus, from the equation we have—

1
y=o'(l+2_?)a
Di
- 2y_°
L IR RS - S L

By putting :y’= 1, the second approximation is y=n’( 1+ §~2' )

. PR e 2 2)\_ 4
The third approximation is y=ew {l+ 3@( 1 +3w) go3 }
=0?+32.
o The proper parabolic aéymptote is y+i=(a+i).

Ea. 2. Show that the curve y+@ +a=sz:

is asymptotic to the Folium of Descartes z? +y?=3aay.
Ewx. 3. Examine the parabolic brauch of the curve—

@3 +aby—avy=0.

195. CIRCULAR ASYMPTOTES :

When the equation of a curve is given in polar co-
ordinates, it may happen that 8 being increased indefinitely,
the value of r tends to a fixed limiting value, and the curve
approaches more and more nearly to the circular form at the
same time. The equation takes the form of one in r
representing one or more circles. Such a circle is called an
asymptotic circle of the curve.

Ee. 1. Consider the curve r=a8?/(62—1)
The equation may be written as r=a/(1—-1/8%)

Now, when 8 becomes very large, 1/0* is very small, and the ourve
approaches indefinitely near the limiting circle r=a. .

. K. 2. Pind the asymptotic circles of the curves :

R (] " a ab
=23 () et = +b T et
Oyr=agmy () r=gomg*d () r= ey

: 'ﬂm."-a. “Find the circular asymptote to the curve r= ‘:’: b '
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Section II : Tracing of Curves :
196. Curve TRACING IN CARTESIAN CO-ORDINATES :

If we give any value ‘e’, to z, the resulting equation
in y can be solved and will determine the points in which
the line ©=a intersects the curve. By giving a set of values
to z, we determine a corresponding set of values of y, and
thereby obtain a number of points on the curve, sufficient
to give a fairly good idea of the shape of the curve.

In particular, we may easily determine the points where
the curve cuts the axes of co-ordinates, by putting x=0,
and y=O0 respectively in the equation. Again, if y becomes
imaginary for any value of z, we guess the existence
of an oval, or that the curve is limited in any direction.

The value of Oy/O.¢ at any point gives the direction of the
‘tangent at that point, and where its value becomes zero or
infinite, the tangent, and consequently the direction of the
curve, is parallel or perpendicular to the axis of z. In some
cases the equation of the curve suggests simplifications and
taking advantage of these, we can more easily obtain a fairly
accurate shape of the curve.

For illustrations the student is referred to Frost’s Curve
Tracing and to Cramer’s Introduction to the Analysis of
Curves.

197. Curve Tracine IN HomocENEOUS CO-ORDINATES :

In tracing curves whose equations are given in homo-
geneous co-ordinates, we have to determine the points in
which it intersects the sides of the fundamental triangle.
One advantage in this system is at once evident. Instead of
two lines we have three sides and three vertices, any one
of which can lie on the curve. Hence the form of the
equation gives more information about the curve than in
the Cartesian system. On the other hand, there is one
disadvantage that homogeneous co-ordinates cannot be used
in the measurement of actual lengths. Consequently, this
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system can be used in studying the general nature of a
curve, but it gives us no information about its metrical
properties. The process of tracing curves in homogeneous
co-ordinates may be illustrated by a few examples:

Ee. 1. Trace the curve @4 4+ @3ys —y223=0,

Here #=0 gives y222=0. Therefore the curve passes through the
vertices B and C. The vertex B is a double point, since the co-efficients
of y* and y?® are absent. The tangents at this point are—

) 8%-2%=0, ie, ®+2=0.

Similarly, there is a double point at C, the tangent at this point
being y=0.

Since y=0 gives #*=0, all the four points on AC are ooincident at
C; also =0 makes #2(@?+y2)=0, and consequently two points on AB
are coincident at B and two other are imaginary on the lines @ + iy =0-

To determine the shape of the curve, we place the equation on
the analytical triangle.

Consider the vertex C (III). The equation after putting z=1

(§ 188) hecomes o*.+@%y?—y?=0, and the shape at C is given by
w¥my?=0 ie; by 021y=0.
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Hence at C there are two parabolic branches @®+y=0 forming
a tacnode,* and the tangent at O has a four-pointic contact.

Similarly, to determine the shape at B, we put y=1 and the
equation becomes @*+@®—22=0. The tangents at B are #+2=0 and
the shape is given by  2?=w?(1+2?) or =2+’ +..

s+ #z—® is an inflexional tangent. Similarly, z+# isalsoan
inflexional tangent. '

Hence' the point B is a biflecnode $ on the curve. Agsin, since the
equation may be written as 2*=y*(2 +2)(z—2), it follows that z+ =
and z—a must always have the same sign. Thnus the curve cannot lie
in the shaded parts of the plane, as shown in the adjoining diagram.

Ex. 2. Draw the curve 23 —2%z—~y?2=0,

. The curve evidently passes through the vertices B and C. The
tangent at B isz=0, ie, the side AB. The point C is a conjugate
point on the curve, the tangents being & +iy=0.

A

\\

i
\@x

|
i

\
\

\

—
—_—
/

—

The curve meets @ =0, where ¥%2=0 i.e, y*=0 and z=0.

When y=0, we have @*(a=—z)=0,

* A tacnode is formed by the union of two nodes,
T See § 58,
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2’ The side AC meets the curve at O and at the point y=0, z=2
When 2=0, #*=0, or the side AB is an inflexional tangent at B.

The firsv approximation to the shape at B is given by #%«y’z=0

i.e,, #*—g=0, which is a cubical parabola. The point B ix an inflexion.
Again, the equation can be written as @2=23(@% +y*)

z and # must always be of the game sign.

" Also @3(®—z)=y%2. . .®#—z and z must be of the same sign.
Hepoce the curve cannot lie in the shaded parts of the plane, and its
form is shown in the figure.

The line z—®=0 is a tangent at the
point 'y =0, z—@=0. The asymptote of the cubic is imaginary.
Ew. 3.

Trace the following curves :
(i) y(w—az)?=0(y—taz)®

(i) o5—al0iz3494%=0
(#17)  aze(y—w)?—y*=0.

Ewo. 4. Trace the curve #y?=4a*(2a—w), )

[This curve was discussed by Prof. Maria Gaetana of Bologna, 1748
and is called the Witch.]
Ea, 5.

Indicate how a curve can be traced by points in polar
co-ordinates, and trace the curve »=a + b cos 6 (Limagon of Pascal.)



CHAPTER X

RATIONAL TRANSFORMATIONS

198. In Chapter I, we have discussed particular methods
of transformations, such as Reciprocation, Inversion, Projec-
tion, etc. and thereby from known properties of one curve
deduced those of another derived from it by any of these
processes, In the present chapter, however, we shall study
the general principles of these methods, which consist chiefly
in instituting a relation between any two points P and P’
in the same plane, or in different planes lying in a common
space. The case of different planes properly belongs to
space-geometry, and consequently, without any reference to
space, we shall regard the planes as superimposed one upon
the other, so as forming a single plane. Thus we shall have
to consider two figures consisting of points, lines, etc., in the
same plane, instead of two figures in different planes.

199. RATIONAL AND BIRATIONAL TRANSFORMATIONS :

If (v, y, 2) and (@, ¢/, 2') be the homogeneous co-ordinates
of two points P and P’ in two planes (or same plane) a and 8
respectively, then the transformation, expressed by the
equations ‘

a y' . z’=f;(“3a Y, 2) :fl("’s Y, 2) :fs(zv Yy 2) .. (1)

L]
where f,, f,, fs are known functions of z, y, 2, each of order

n (say) without a common factor, indicates that to any
system of values of ®, y, z, there correspords a single system
of values of 2’3, ; but to a given system of values of «', y/, &'
there will not, in general, correspond a single system but a
finite number (D>1) of va.h}es of , y, 2.

Thus, when f,, f,, f, are rational, there is an algebraio
relation between (z, y, #) and (', ¥/, #') expressed by the
equations (1), which is called a Rational Transformation.

32
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If, however, D=1, 7.., if to a given system of values of
a', ¢/, 2’ there corresponds a single system of values of , v, ¢,
expressed by—

®ly: ‘”'=F1(z,! y'r z') : Fs(aj’s y', z') : Fa(”” 3/', z') e (2)

F,,¥,, F, mnst also be rational and of order », and when
such mutual expression is possible, the relation is called a
Birational Transformation, or Cremona Transformation, since
it was first studied by Cremona. *

200. Linear TRANSFORMATIONS :

DEFINITION :  Any transformation by which two figures
are so related that any point and line of one correspond to one,
and only one point and liue respectively of the other, and
conversely, is called a linear homographic transformation.

Since the correspondence must be (1, 1), the required
expressions cannot contain any radicals.

Thus, Wiy rd=f 1 fy i fs
where f,, f,, fs are algebraic functions and polynomials in
», ¥, 2, having no common factor.

Since, to any straight line l2'+my'+4n:'=0 corresponds
If s +mfy +nf, =0, |

which must be a right line for all values of I, m,=,
the functions f,, f,, fs must be linear in x, y, 2.

Thus o' : ¢ : o' =aw+by+cz: az+by+cz: a" x4+ b"y 4"z,
whence z, ¥, z can be expressed linearly in terms of «’, ¥/, 2’

Hence, assuming proper triangles of reference and the
ratios of the implicit constants, we may write, without loss
of generality,

. Oremona—Bologna Mem (2) Vol. 2, (1863) p. 621 and Vol. 5§
(1864),* p. 8, or, Giorn. di mat. Vol. 1 (1863), p. 305, Vol. 8 (1865),
pp. 268 and 368.
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v

" The above transformation contains eight independent
constants, and consequently, any four points-(or lines) of one

figure can be made to correspond to four points (or lines)

in the other. Therefore this transformation leaves the
cross-ratio of any four elements unaltered, so also the order

or class of a curve remains unchanged.

The method of projection explained in § 12 is a
particular case of linear homographic transformation, which
involves only five constants, the vertex and axis of projection
reducing the constants by three.

201. COLLINEATION :

The linear transformation admits of a double interpreta-
tion. It may be regarded as a transformation of co-ordinates,
or as a velation between the points of two different (or
superimposed) planes. Let us imagine that the planes are
infinitely near one another (or superimposed) and suppose
that the points are referred to the same triangle of reference.

If then P(xz,y,2z) and P'(a, %, ) represent points
in the two planes respectively, the linear equations—

o' =az+by+cz
y'=a’:c+b'y+c'z j . (l)
z'=a"w+b”y+c"z

establish between the points of the two planes an (1,1)
correspondence, which is called “linear affinity” or
collineation,* such that to each point P of one plane corres-
ponds a point P’ (point-image of P) in the other, This
relation, however, is not reciprocal, z.e., to the point P
dnes not, in general, correspond the same point P, but
the corresponding point in the first plane is obtained by

* This was first disoussed by M&bius—Barycentric calcnlus (1827)
p. 266—and afterwards by Magnus—Aufgaben and Lehrsitze aus der
snalytischen Geometrie, Berlin (1833).



252 . THBEORY -OF PLANE CURVES

solving the equations (1), provided the determinant A of
the co-efficients does not vanish.

Thus, Az=Az + By + C7
Ay:A'm’+B’y'+ o
Az=A”z’+B”y’+C”z'

N

where A, A’, A”, etc. denote the minors of a,d, a’, ete.
These formule are evidently the same as for the transfor-
mation of co-ordinates, where the variables are the
co-ordinates of the same point referred to two triangles of
reference, while in the present case, they are the co-ordinates
of two different points referred to the same triangle.

Thus it will be seen that if P describes a curve in one
plane, P’ describes the corresponding curve of the same
order in the other plane, and in particular, a straight line
corresponds to a straight line, a range of points or pencil
of lines corresponds to a projective range of points or pencil
of lines respectively.

202. COLLINEATION TREATED GEOMETRICALLY :

The geometric determination of collineation is contained
in the following theorem :

If to four points of one plane, no three of which are
collinear, there correspond in the other four points, no three
of which are collinear, the linear relation, 7.e., collineation
between the points of the two planes is completely
determined.

For, if we are given four pairs of corresponding points,
the equations (1) of the preceding article are uniquely
determined.

The following geometrical construction is useful and
interesting :

\ To the line joining any two points of one plane
3, ocorresponds, in each case, the line joining the two
corresponding points of the second plane 3,, and to the
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point of intersection of two lines in 2\, corresponds the point’
of intersection of the corresponding lines of X,. Now, the
four points of =, determine six lines, which again determine
three new points, namely, the diagonal points of the
complete quadrilateral. To these then correspond the three
points of the plane 3, obtained by a similar construction.
If now the lines joining the three points of 5, are produced
to meet the six sides of the complete quadrilateral, we
obtain new points of 3, whose correspondents in 3, are
constructed exactly in a similar manner. Thus, the entire
plane will be covered over by a net-work of lines, and by
the continuous crossing of the meshes of these nets, we shall
obtain a point indefinitely near to a point of 3,. If the
corresponding nets are constructed in =,, the respective
collineation of the individual points of the two planes is
established by the'nets, and consequently the collineation is
completely determined.*

203. THE DUALISTIC TRANSFORMATION : 1

We have thus far considered only linear transformations
in which a peint corresponds to a poirt and a line to g line ;
but there are transformations where a point corresponds to a
curve, for example, in Reciprocation a point corresponds to a
line and vicé versa. Such a transformation is called “Skew
Reciprocatz’on " or “Linear Dualistic Transformation.”
Reciprocation-as described before is a special case of this
more general linear dualistic transformation and differs from
it only by a linear transformation. '

Let (i, y,2) be a system of point co-ordinates and (¢, %, {)
a system of line co-ordinates in the same or in different planes.
Then, a point in the first system corresponds to a line in the
second, if the co-ordinates of the point are proportional to

# Mobius—Bar. Cal. p.273. For analytical treatment, the student
is referred to Scott—Modern Analytical Geometry § 223-226.

%+ For a detailed acocount of the theory, see Balmon’s H. P, curves
§§. 832—3842, or Boott—ibid—§ 258-266.
o
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the co-ordinates of the line, ze., z:y:z=§f:7%:{ and
consequently, to any line l:+my<+nz=0 corresponds the
point  If+4my+n{=0. ,

In the general dualistic transformation, however, the
co-ordinates of a line are functions of the co-ordinates of the
corresponding point, and the transformation is linear when
those functions are linear.

Thus, f=a,24+b,y+¢,2 )
N=a,x+b,y+c,2 Q)
{=ase+bytcsz J
where to a point (v, y, z) there corresponds the line (& 7. {)
in the same or different planes. 1f, however, we put—
a'ty 1 =a,04b,y+e,z: agutbyytcyz i agutbyytcys

i.e, if a point (4, y',7') is obtained corresponding to the
point (x,y,2) by a linear transformation, there is a
correspondence between the point (2/,%',2') and the line
(&7, &), and we have, as stated above, the following
relations :
a:yid=¢:9:¢

This shows that the systems (z', ¥, 2') and (& 9, {) are
reciprocal with respect to the auxiliary conic #? 4y?* +2*=0.

Thus, the linear dualistic transformation differs from
the <interchange of point and line co-ordinates only by a
collineatton.

204. If we solve the equations (1) of the preceding
article for «, ¥, 2, we obtain the following relations :

Av=A{+An+A ¢ h
Ay=B,{+B,n+B,{ w (2)
Ae=C,+Cn+C,¢{ J

where A, B,, ete., are the minors of a,,b,, etc., in the
determinant A of the co-efficients in (1).
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The system (2) is said to be “dual” of the system (1)
Now consider the point (z', %/, 7') in the first systeui'.
Its corresponding line in the second system is then :—
“"(415”"'61?/-‘*'012)+y,(anw+bly+c|é)
+¢'(ayetbyy+c,2)=0
or z(a,»'+a,y'+a,2)+y(b,a'+b,y +b,z')
+z(c,x’'+egy'+c52)=0 ... (3)
The equation (3) expresses the relation between any
point (2, 4/, 2') of the first system and any point (u, ¥, z) 02
a corresponding line of the dual system. If now (=z,y,2) is
considered fixed and (z'y'7z) variable, we have for the

line of the first system, corresponding to any point of the
second,

e(a,a'+b,y' +c¢,2") +y(a 2 +b,y'+c,2')
+z(aga'+byy'+c,2")=0 ... (4)

The lines (3) and (4) do not, in general, coincide ; hence,
in the general dualistic transformation, every point has a
different corresponding line, according as the peint is
regarded as belonging to the first or to the second system.

The conditions that the lines (3) and (4) should coincide
give three values of (2', ¥, 2'). Hence there are three points
in the plane associated with their corresponding lines in a
definite way, regardless of the system to which they belong.

One of these points, however, is given Hy—

a iy d=cy—by s ag—c, 1 b, ~a,
and the other two are real or imaginar;.

The two lies (3) and (4) will coincide for all points of
the plane, if for all values of ', ¥/, 2/, we have

6,8 +by e,z s aga by He,2 : aya’ +byy He,d
=a, 2 +a,y +a,z : by’ by byt t o ' Fe gy ey

which requires ¢, =b,, ¢,=a, and a,=b,.
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' Hence, the transformation formule reduce to the

forms—
é=az+hy+gz

n=ha4-by+fo
=ge+fy+oz

This shows that the point and the line are associated with
each other as pole and polar with regard to the general conic

ax® +by® +c2° + 2fyz 4 2gz0 + 2hry =0
Thus it is seen that in case of reciprocals with regard to
a conic, the same line corresponds to a point, whether that
point be considered as belonging to the first or the second
system.
205. Poie anxp Porar Coxics :

The case of a point lying on its corresponding line is
interesting and deserves consideration.

Since a point (a,y,z) lies on its corresponding line
&r+qy+L{:=0, the locus of such points iz obviously—

(a,z+by+e,2)e+ (ae+by+c,2)y
+ (asz+byy+cy2)2=0
Gey @ @byt oyst + (by 4oy )yz
'+(a,s +c¢,)zz+(ay,+b,)ay=0 1)

and this is the same conic, whether the point be considered
as belonging to the first or to the second system, and is
called the “Pole Conic.”

On the other hand, the envelope of lines which pass
through their correspondmg points is a conic called the
Polar Oonic.

The co-ordinates of the point are expressed in terms of
the co-ordidates of their corresponding lines by the



'RATIONAL TRANSFORMATIONS 257

P

equations’(2) of § 204, Therefore the required ‘envelope is
C(ALEF A+ A DEH (B E4B+B, )y
: | +(C,é+ €7+ 0, {){=0
i.e), A,$'+B,bﬂ’+03§’+(B3+:Q,)n{
+ (A +C)E+ (A, +B))&=0 ... (9

where A, B,, C,, etc., have the significance as in § 204.

Conversely, the same pole and polar conics will be
obtained, if the points of the second system correspond to
the lines of the first system.

The pole and polar conics have double contact, the
intersection of the common tangents being the point
(by—ey), (6,—ay), (a,—b,). The chord of contact is found
to be the line (B,—C,), (C,—A4A,), (A,—B,).

It will be seen that the pole and polar conics are
identical, if b,=a,, by=c, and c¢,=a,. *

206. QuaDRIC INVERSION :

The process of circular inversion has already been
described in § 15 ; but in this section will be described a
more general process in which a point corresponds to a
point, while a line, in general, corresponds to a conic. This
transformation ocan easily be effected by a geometrical
construction and was given by Dr. Hirst.t 1In this
process a fixed point is taken as origin and a fixed
fundamental - conic as “base.” Points collinear with
the origin and conjugate with respect to the base are said to
be tnverse. If the base is a circle and the origin its centre,
the points are ordinary inverse points with regard to the
circle. It is, in fact, the circular inversion generalised and
ig called Quadric Inversion.

* Soott—Ioc. cit., § 266,
+ Hirst—" On the Quadric Inversion of Plane Curves” Proe, of the
R. Boo. of London, Vol, 14 (1865), pp. 91-106,

33 -
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" Tiet G be the fixed origin and S the base-conic. Through

C draw a transversal
cutting the base in the
points Q, R. Then, if P,
P’ are points on the trans-
versal, such that (PP ,QR)
is harmonic, then P and P’
are inverse points.

Thus, tp determine the
inverse of a point P, we
have to find the point P/, -

where CP intersects the poiar line of P with regard to
S. It follows hence that to any position of P corresponds a
single definite position of P', and vice versa.

If P traces out a locus 3, P’ will trace out a locus 3, and
3/ is said to be derived from 3 by quadric inversion.

207. ANALYTICAL TREATMENT :

Let CA and CB be the tangents to the base, and choose
ABC as the triangle of reference. Then the equation of the
base-conic may be written as—

ry=z* w ()
Let (v, y, z) and (&, ¥/, 2') be the co-ordinates of P and
P’ respectively. Now, the polar line of P’ is—

2y’ +ya'—2z:'=0 v (2)
and the line CP' is
vy — @'y =0 v (3)
whence wryz=a' 1y aly')d
=a'2" ¢ 2y = -?71,— : %,— %.* e (4

* These formule are deduced on the supposition that the base isa
proper conic and the points A, B, C are distinct. Modifications are
necessdry when the base is & degenerate conic, and two or more of
A, B, C are coincident,
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If f (v, y, 2)=0 is the locus of P, the locus of P’ is éiven
by the equation— '

11 1
f(gf’ PO )-_O

Applying the linear transformation ' :y':z'=y :a': s
i.e., interchanging the vertices A and B of the triangle, we
may express the result (4) in a more symmetrical form,
and the locus of P' is now given by—

1 11
., .2 )=0
f( w! H yn Z, )

The formula of transformation can, however, be written
under the form of bilinear relations—

w'=1, yy'=1, /=1

208. Quapric INvERSION A8 RATIONAL TRANSFORMATION :

Let the formulwe of transformation in § 199 be put into

the form—

a Y d'=f i fa i fs
where f,, f,, fs are rational functions of the second degree
ine,y,

To the lines &'=0, y'=0, 2'=0 will then correspond the
three conics f, =0, f, =0, f;=0; and in general, to a curve
of order n corresponds one of order 21, obtained by putting
£y fas fa respectively for =, y, z in the equation of the n-ic.

The simplest case presents itself in the form—
avy s =at iyt et
To the line le+my+n:=0 corresponds the conic
L /24 m+y+n+2=0 inscribed in the triangle zyz. Similarly,
to & conic there corresponds a curve of the fourth order, and
80 on. o

1t is to be noticed, however, that this transformation is
not Dbirational in general. For, although 2,%',2' are
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exprefsed rationally in terms of (a, y, z), the latter are given
in terms of @/, ¥, 2/ by the equations—

which are not rational and represent conics having four
common points ; and consequently, corresponding to any
position of (2,3, 2') there are four positions of (z, y, z)

But if f,,f., fs» bave one common point, since it
is independent of the position of (', ¥, #), it may be
ignored, and to any position of (a/, ¥, 2') there will
correspond only three points (@, y, z). Similarly, if f,, f,, fs
have two points common, to any position of (2,y',2') will
correspond only fwo positions of (z,y, z). Finally, if f,, f;, fs
have three common points, the conics have, besides the three
common points, only one other common point, and to any
position of (&', ¥/, 2/) there corresponds only a single position
of (2, y,2), and vice versa, and the transformation is birational.

Since it is perfectly legitimate to take three conics
of the form If, +mf, +uf, instead of f,, f,, fs, the three
line~pairs joining each of the three common points to the
other two may be taken for f,, f,, f,, and the formule
become :

’ !

ziy:a=yd: 40 1 aly
and @y =y ¢ owe iy,
Hence, the quadric inversion is only a particular case of the
general birational transformation.
Other special cases may arise from the coincidence of

two or more of the common points.

Thus, when two points coincide, we may take the com-
mon tangent as the side y=0 and the point (z, ») as the
third common point. The equations of f,, f,, f, will be of

the form ax® +2fys + 2hay =0.
Taking #3, yz, vy as the three conics, the formulsee become
@ y': z'=.1:y ety

and wiyia=Ly Ayl



hM‘mNAL TRANSFORMATIONS 261

* Bimilarly, when the three points coincide, the equa.tlons
of f,, fs, f» Will be of the form—
by"+2hmy+2f(yz—m:e’)=0

Hence, taking y*, zy, y,—-mz' for f1» fer fs respectively, the
formulae become :
oy =y syt yr—ma®
and iy ta=ay 1y yd—ma'®
209. 1t has been stated in § 206 that the inverse of a
point P is a single definite point P'. But there are excep-

tional positions of P for which the inverse point P’ is not
in general determinate. The inverse P’ is indeterminate, if

(¢) P is at C, P’ is any point on AB,
(i) P is at B, P' is any point on BC,
(¢t2) Pisat A, P'is any point on CA,
(¢v) P is auy point on AB, P’ is at C,
(v) P is any point on BC, P’ is at B,
(vi) Pis any point on CA, P’ is at A.

Hence it appears that if P is at any vertex or on any side
of ABC, the ordinary laws of correspondence do not apply.

210. TBE INVERSE OF A STRAIGHT LINE :
The inverse of the straight line le4my+n:=0 .., (1)
is the locus defined by the equation (§ 207)
Vy+wmfa+n/z=0 o (2)
which evidently represents a conic circumsecribing the
triangle ABC.

The following special cases are to be noted :

(¢) If the line (1) passes through C, n=0 and it is its
own inverse.

(¢7) If the line passes through A, =0 and the inverse
is the line mz+nx=0, which passes through B. '
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(¢¢¢) 1f the line passes through B, its equation is
le+nz=0, and the inverse is the line l¢e+ny=0 through
A, .

Thus, it is seen that the inverse of a rightline is, in
general, a conic through A, B, C; but in special cases it is
a right line.

211. Pgrorer INVERSE :

Let O be the pole of a line meeting the base-conic in Q
and R. Then the inverse of the line is the conic ABCOQR.
But if the line passes through C.then the pole O lies on
AB, and the conic has three points on AB, i.e., the conic
congists of AB and the given line CQR. The line AB
presents here as a part of the inverse simply becaunse the
inverse of C is indeterminate, being any point on AB,

When the line passes through A or B and meets the base-
conic in another point K, the inverse is a degenerate conic
composed of CA, BK or CB, AK; for the pole O is now on
CA or CB.

Hence the points C, A, O on the conic are accounted for
by the line CA or CB and the remaining points B or A and
K give the other line.

Similarly, if a curve passes through A (or B), the line CA
(or CB) presents itself as part of the inverse. These factors,
however, occurring in the inverse are not regarded as forming
the proper inverse and are rejected. The vemaining factor
gives the proper inverse.

Ew, Consider the conic fyz +gzx+hay=0
The inverse of this, by the formulwe of § 208, is—
fo¥y's +ga’y'3y + ha'y'Z2=0
i.e., a'y'Z (fa' +gy +1d)=0

i.e., the gides AB, BC, CA and another line. Hsnce, rejecting the factor
«'y'#, the proper inverwe is the line fo+gy+ha=0,
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212. THE INVERSE OF THE LINE AT INFINITY :

The equation of the line at infinity being az+ by+4cz=0,
its inverse, by the formnle of § 207, is the conic—

aze+byz +cay=0 v (D

which is evidently a conic circumscribing the fundamental
triangle.

The pole O now hecomes the centre of the base-conic,
the points Q, R (§ 211) are the points at infinity on the
same. The polar of the point @ at infinity on AB passes
through C and the line CQ is parallel to AB. There-
fore the inverse of Q is consecutive to C on the line CQ, or
in other words, the tangent to the inverse (1) at C is
parallel to AB. Thus OC is the diameter conjugate to AB
and the tangent at C is parallel to AB. It may be noticed
further that if the line drawn through A parallel to CB
meets the base-conic in K, BK is the tangent at B.

Similarly, the tangent at A may be constructed. The inverse
to the line at infinity is represented in the figure by the
dotted line.

213. InversioN oF Specian Points oN A CURVE
Let 3 be the curve and 3 its inverse. The following
special points are to be noticed :

If 3 meets AB in P, 3’ touches CPat C. For, the inverse
of P is on CP by definition, and as the polar of P passes
through C, the inverse is indefinitely near to C on CP.
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Hence CP is the tangent at C. Similarly, if 3 cuts AB at
n points, other than A, B, the inverse has an n-ple point at
C. For instance, if the curve cuts AB at two points P, and
P,, there is a node at C with CP, and CP, as tangents.
When P, and P, become consecutive points on 3, <., AB
is a tangent to 3 at P, the two tangents CP,, CP, coincide.
and there is a cusp on 3 at C, with CP, as the cuspidal
tangent.

To the tangent to3 at P corresponds the conic oqculat-
ing 3’ ut C and passing through A, and B.

For, if Q is a point on 3" consecutive to P, the inverse
Q'is consecutive to C on 3’ und the limiting position of
CP'Q’ (i.e., CP) is the tangent to 3’ at C. .Now the inverse
of PQ is acomec through A, C, B, Q', touching ¥’ at C (Q’
being the point on 3’ inverse to Q). If then Q approaches
P, PQ becomes the tangent to = at P, and the conic ABCQ'
becomes the osculating conic of 3’ at C.

If, however, CP be the tangent to 3 at P, the inverse has
CP as an inflexional tangent.

Again, if P and P’ are inverse points, as CP gradually
turns about C and ultimately coincides with CA, P’
approaches and ultimately coincides with A. Hence AP
becomes the tangent to the
inverse of the locus of P.

But AP’ and BP intersect

at a point H on the curve. ,

Thus, if = meets CA at D,

the inverse 3’ touches § __—78
at A the line AH, <e,

the line through A corres-

ponding to BP. Similarly,

if 3 meets CB. Hence, to

every intersection of 2 with ¢

CA (or CB) there corresponda a branch of 3 through
A (or B), and conversely,
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Thus, if an #-ic 2 cuts CA (or CB) in n points, there is
an n-ple point on 3’ at A (or B). When 3 touches CA (or
OB), the two tangents to ' at A (or B) coincide, and
consequently, A (or B) is a cusp on 3.

214. Errecrs OF INVERSION ON SINGULARITIES :

From what has been said above, it follows that, in general,
an ordinary point inverts into an ordinary point. But if
three consecutive points at the given point and the three
fundamental points A, B, C lie on a conic, their inverses
are collinear on the inverse curve, and there is, therefore,
an inflexion on the inverse. Thus the inverse of an
ordinary point may be either an ordinary point or an
inflexion. Similarly, an inflexion is inverted into an ordinary
point, unless the inflexional tangent passes through any of
the fundamental points.

Again, a double point, in general, inverts into a double
point of the same nature ; and consecutive double points invert
into consecutive double points, but the appearance may be
slightly altered. Thus, a tacnode inverts into a tacnode, an
oscnode inverts into an oscnode, but if the three nodes
sre initially collinear, the oscnode on inversion loses this
property, unless the tangent passes through a funda-
mental pbint. Similarly, a curved oscnode may be straight
on inversion.

In the case of a bitangent, the inverse becomes a conic
having double contact with the inverse, unless the bitangent
passes throué;h a fundamental point, and then it inverts into
a bitangent. Conversely, a bitangent may be gained on
inversion.

*Thus it follows that as regards points and lines,
not - belonging to the fundamental triangle, the point
singularities of a curve and its inverse are the same, but
line singularities are changed. Hence inversion can
conveniently be used for analysing singularities on carves,

34
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215. .Errects oF INVERSION oN A CURvE :*

Let the curve = be an n-ic having a ¢-ple point at A, an
r-ple point at B and an s-ple point at C. Then, 3 meets AB,
BC, CA respectively at n—gq—7, n—r—s, and n—q—s other
poinis. The inverse 3’ has therefore an (n—gq—r)-ple,
(n—r—s)=ple and (n—g-—s)-ple point respectively at
C, A, B.

Again, the ¢ intersections of the tangents at A to 3 with
BC are points on 2. Similarly, ' meets CA and AB inr
and s points respectively other than A, B, C. '

Since 3' meets AB "in {(n—r—s)+ (n—gq—s)+s}
i.e., (2n—q—r—s) points, I’ is of order (Zn—gq—r—s).

Thus, the inverse of an n-ic 3 with a g-ple point at
A, an r-ple point at B and an s-ple point at Cis a curve ¥/,
of order (2n —g—r—s), with an (n—r—s)-ple point
at A, an (n—qg—s)-ple point at B and an (n—q—7)-ple
point at C. '

Putting W' =2m—q—r—s, ¢'=n—r—s
’ U
r=n—q—s, N=n—g—r,
we may establish a reciprocal relation between 3 and 3.
Thus, n=2n—gq' —r'—¢ g=n'—v'—¢
’I‘=n’—ql-—.5" S=1’L’—q’—’l"

We shall now show that, in general, the deficiencies of
the two curves 3 and 3 are the same.

Since a q-p'le point is equivalent to %q(g—1) nodes,
the deficiency p of the first curve 3 is given by—

p=3{(n—1)(n—2)—q(g—1)—r(r—1)—s(s—1)}

¢ Effects of inversion on higher singular points will be fully
discussed in Chap. X111,
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and p'=4{(n'—)(w'—2)—¢'g D)=+ (’—1)—¢(/—1)}
=H{(@n—g=r—s—=1)2n—q—r—s—2)
—(n—r—=s)(n—r—s=1)—(n—g—s)(n—q—s—1)

=(n—g—r)(n—g—r—1)}
=3{(n—1)(n—2)—g(q—1) —r(r—1)—s(s—1)}

=p.
i.e., the deficiency of a curve is unaltered by quadric
transformation.

216. AppLICATION OF QUADRIC INVERSION :

The process of quadric inversion affords a very convenient
method of investigating the properties of one curve from
known properties of another. The following examples will
illustrate the method.

Ez.1. Cousider a conic cutting the sides of the f{undamental
triangle in three pairs of points.

Let " a@? +by? +cz? + 2fyz + 2928 + 2hoy =0 e (1)
be the equation of the conic cutting the sides BC, CA and ABin the
pairs of points A,, A, ; B, B, and C,, C, respectively.

The inverse of (1) is the quartic curve—

alz® + byt +cfz? + 2ffyz + 2g/:% + 2hlay=0

The points A, B, C are evidently nodes (§ 213) on the curve with
the lines AA,, AA, ; BB, BB, and CC,, CC, as nodal tangents.

But these lines all touch one and the same oconic, and they are
inverted into themselves. Hence we have the theorem :—

The nodal tangents of a trinodal quartic touch one and the sawme
conic, .

Again, the pairs of tangents drawn from A, B, C to the conic are also
inverted into themselves, and their inverses are tangents to the trinodal
quartic. Hence, the sio tangents drawn from the three nodes to a trinodal
quartic touch one and the same conic.

Finally, the four bitangents of a trinodal quartic are obtained by the
same prooess from the fact that through three given points, there ocan
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be drawn four conics having doable contact with a given one, while
the inflexional tangents are obtained from the fact that through three
given points can be drawn six conics, having three-pointic contact with
a given conic.

Ews, 2 Show that the three cuspidal tangents of a tricuspidal
quartic are concurrent.

If in Ea. 1, the pairs of points A,, A,; B, B,; C,,C, are
coincident, then the lines joining the vertices to the points of contact
of the inscribed conic with the opposite sides are concurrent. The
inveise of the conic is evidently a tricuspidal quartic, having the cusps
at the vertices, and the joining lines are inverted into themselves,
which are again the cuspidal tangents, whence the truth of the theoram
follows.

Ewo. 3. Through any point can be drawn two lines touching a
trinodal quartic and passing through its nodes.

This follows immediately from the fact that from any point only
two tangents can be drawn to any couic. On inversion the conic
becomes the trinodal quartic and the two tangents invert into two
oonics through the nodes touchiug the quartic, and these evidently pass
through the inverse of the given point.

217. CircuLAR INVERSION : *

A particular case of quadric inversion is the trans-
formation by reciprocal radii the principles of which
have been explained in §15. If we take k=1, the relations
between the rectangular co-ordinates of P and P’ are—

' @ r i .
= i Y= 3550
z?+y x*+y
2! _ :’/’
and iy y= ATy
whence W +iy'= 1_ , W =iy = 1
r—12y £+ ty
Writing X:Y :Z=z—iy: x+iy : 1;
and XY 4 =41yt a'—iy': 1

* Moutard—Sur la trangformation par rayons vecteurs reciproques—
Nouv. Ann, ¢, 3(2) (1864), pp. 308-309.
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we obtain the relations X' :Y' :Z'=YZ : ZX : XY,
or in other words, the transformation is a quadric inversion.

The geometrical significance of these transformations
will be best understood from the figure of § 206, if we
consider that the points A and B are circular points at infinity,
so that the base-conic S now becomes a circle with centre C
and P, P’ are inverse points with respect to the circle. In
fact, we have taken the circular lines through;the origin and
the line at infinity as the sides of the triangle of reference.
Hence, circular inversion is a particalar case of quadric
transformation, and quardric  transformation is a
generalisation by projection of the process of inversion

We may deduce anumber of theorems from the results
established in the preceding articles. Thus, the inverse of a
circle is a circle, that of a straight line is a circle through
C, and so on.

The inverse of a conic, in general, is a trinodal quartic,
the nodes being the origin (C) and the circular points at
infinity. -If the origin be the focus of the conic, the inverse
is a limagon ; if the origin be on the conic, the inverse is a
nodal circular cubic, the origin being the node.

An osculating circle to a curve will invert into an
osculating circle of the inverse, but when the circle passes
through the origin, the inverse is an inflexional tangent.

218. SreciaL QUaDRLC TRANSFORMATIONS :

In §206 we have discussed the general case of quadric
transformation ; but special cases arising from special
positions of the points A, B, C or the nature of the
Base must be considered for a systematic treatment of the
subject.

Case 1: One special case presents itself when the points
A and B cnincide (§ 208.)
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In this case, any line through C, the line CA, and the
polar of C are taken as the
sides of the triangle of
reference. The base-conic
is now a pair of lines,
whose equation, by a
proper choice of co-
ordinates, can be put as
2*—22=0. The polar of
any point P'(a',y',2') is the
line zx'~—2:'=0 and CP' is wxy'—a'y=0, whence the inverse

point P is given by —

[«

RN
wiycz=a ty @i =ald 1y R

@y d=zw oYzt at=c oy @t
Hence, if f(e, y, z)=0 be the locus of P, that of P’ is

[, y, 2*/2)=0.

It is to be noticed that this transformation is equivalent
to the three transformations in succession, in which the pole
is the point C(0, 0, 1) and the hases are the three conics

@ —ay+22=0, 2*—y*+:°=0 and 2*+ay—22=0.

Case IT: When the three points A, B, C coincide at C,
any chord through C, the tangent at C and the tangent at
the other extremity of the chord are taken as the sides of
the triangle of reference.

The base-conic is now of the form 2y:—maz? =0, where
m is at our disposal. '

The polar of P'(s), ¢, 2') is y'z+ys'—mea’=0 and cP
is the line ay'—a'y=0, whence P(z, , z) is given by—

. o e pla, ! .
iy a=dy Lyt ma't—y

and w iy A=y oyt o mat—~yz (§ 208)
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219. NoETHER'S TRANSFORMATION °

We have so long used the same triangle of reference for
the curve and its transform ; but if we take CBA instead of
ABC as the triangle of reference for the transformed curve,
this amounts simply to the interchangeof z and z in the
transformed equation. Hence, the curve f(z,y,2)=0 is
transformed into fz, y, 2%/2)=0

Writing this equation in the form f(a/z, wy/z?,1)=0
we see that in the Cartesian system, the curve f («z, y)=0 is
transformed into f(x, ry)=0.

Hence, the formule of transformation become —
ey l=a' 1wy 1 1 de, a=2, y=2'y and y'=y/r, 2/ ==z.

This form of transformation was given by Noether * and
was used by Newton and Cramer for the analysis of higher
singularities. A series of successive transformations are at
times required for complete analysis.

Ez. 1. Examine the singularity at C on the curve y°z=a7%,

The inverse by the formulw is 2'%y’3=2'%, and consequently
the proper inverse is y'®=a'2,
which has at C’ (2/, 4') a cusp
with o’=0 for ta.ngent.

Consequently, the singularity
at C on the original curve is a
triple point (§213) whose
apparent form is that of an
inflexion, but the penultimate
form is shown as in the figure.

Ew. 2. Verify the following:

(¢) The inverse of a line through C or B is a line through C or B.
(ii) The inverse of a line is a conic through C touching AB at A.
Ez. 8. Examine the singularity at the origin on the curve y* =z*,

* Noether—Uber die singuliren Wertsysteme einer algebraischen

Function und die singuldren Punkte einer algebraischen Curve—Math
Ann. Bd 9 (1876), pp. 166-182.
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220. Cremona CONDITIONS :

As éxpla.ined in § 199, the general transformation
oy o=f, :f, ¢ fy is not birational, i, from this
system it is not, in general, possible to deduce another of
the form « : y : :=F, : ¥, : F', where F',, F',, F', are
rational functions (polynomials) in 2, y', 2.

Luigi Cremona * has investigated the conditions under

which such mutual expressious are possible.

If in the one system we are given o' : 4 :z'=a :b: ¢

then the corresponding points in the other are given as the
intersections of the curves—

.f\ —f‘l -—f& . (1)

Now, since f,, f,,fs are polynoniials of the nth degree
in (z, ¥, z), the number of intersections will be »n®. But
if f,, fs, f5 intersect in p common points, the curves (1)
will evidently pass through these common points, and the
remaining n®—p points will then correspond to the given
point (a, b, ¢).

When p=n®—1, the curves will intersect only in one
variable point, that is to say, all but one intersections of the
curves (1) being known, the co-ordinates of the only remain-
ing point will be determinate, and thus rational functions
of (a, b, ¢,), t.e. of &', ¥/, 2/, and we shall have—

iy :z=F ¥, F,

Hence we see that this will be a birational transforma-
tion, if the three curves f,, f,, f, have #n*—1 common points
of intersectior.

* Cremona has thoroughly investigated these conditions and the
theory is due to him—see his Memoir Sulle transformazione geometriche
delle figure piane—Mem. di Bologna, Vol. IT (1863), and Vol. V (1865).

For applications of Oremona transformations, see a paper by A. B,
Coble in the Bull. of the Am. Math. Soc., Vol. 28 (1922), pp. 329—364,
to which is appended a number of important references on the subject.
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This again is not a sufficient condition. For, if
fi»fas fs be cubic curves having eight common points,
they certainly have a ninth point common, and consequently
there is no variable intersection. But here again, if we
suppose that the cubics have one node common to all, they
intersect in four other ordinary points, and since to be
given a node is equivalent to three conditions, seven of their
intersections are known, and therefore, only two more con-
ditions are required to determine any curve af, +bf, +¢f; =0
Now, the common points are equivalent to eight intersections,
the node counting as four. Hence, one variable point is
obtained corresponding to the given point.

In fact, the system of curves af, +bf, +cfs =0 corres-
ponds to the system of lines as'+by'+c2'=0,* and should
therefore be perfectly general and must not be determinate
except when a : b : ¢ are given, which is equivalent to two

conditions.

Therefore, the number of conditions to be satisfied by
F1s fas fs must be at least two less than the number of con-
ditions determining a curve of order x.

221. From the above considerations it follows then that
n being greater than two, f,, f,,f, cannot have n*—1
common points, for then they have another common point
and no variable point of intersection. If, however, f,, f,, fs
have a, ordinary points, a, double points, a, triple points,
etc., common, such that these are equivalent to n?—1
intersections and the number of conditions thus implied be
less by 2 than the number necessary to determine a curve
of order n, we obtain on¢ remaining variable point of inter-
section corresponding to the given point and the transforma-
tion becomes rational.

Since, to be given an /-ple point on a curve is equivalent

to 3r (r+41) conditions and two n-ics intersect in r*® points

* See Montesano —Napoli Rendi, Vol. 11(3) (1905), p. 259,
35
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at an »-ple point on each, we may-state the above two
conditions as follow :

c'll+2’a.,+3‘a,+...+1~’a,=n‘——1 . (D
and o, +3a,+60,+...+3(r+Da, =in(n+3)—=2 ... (2)

Combining (1) and (2), we may state the second condition
in a simpler form :

a, +2a,+30,4...... +7a,=3(n-1) .. (29

Positive integral values of a,, a,, ... satisfying the
equations (1) and (2') will then determine the transfor-
mations, provided the  number of higher singularities
assumed to belong to the curves does not exceed the proper
limit. Cremona has tabulated all the admissible solutions,
for cases up to n=10, of the above equations, which are
often referred to as ““ Cremona conditions.”

For a detailed discussion of the theory, the student
is referred to Cremona’s Memoir and to Cayley’s paper
above referred to and also to his paper—* Note on the theory
of the rational transformation between two planes and of
special system of points, Coll. Works, Vol. VII, pp. 253-55.

222, THEOREM : KHwvery Cremona transformation may be
reduced to a number of successive quadric transformation ;* and
conversely, each birational transformation of a plane into another
is equivalent to a finite number of quadric transformations.

Consider the transformation :
a y, : 5,=‘f1 “fa i fe
where f,, fy, fs are curves (polynomials) of order =,
having a, ordinary points, a, double points, etc., in common.

® Vide Prof. Cayley's paper—“On the Rational Transformation
between two spaces,” Coll. Works, Vol, VII, pp. 189.240.

For other proofs see Néether, Ueber Flichen etc., Math. Ann. Bd.
3(1871), pp. 161-227, Segre, Un’osservazione relativa, etc,, Torino Atti,
Yol. 36 (1901), pp. 646-651 and Castelnuovo, “ Le transformazioni,
eto.,!’ bid, Vol. 36 (1901), pp. 861-874.
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Then, there are three of these points * (one g-ple, onb r-ple
and one s-ple, say) the sum of whose orders exceeds =, so.that

g+rks>n.

Now, take those three points as: principal points of a
quadric transformation. Then the degree of the transformed
curve is, by § 215, 2u—q—r—s, which is certainly less than
n, ¢.e., the degree of the given curve is reduced, and by a
second quadric transformation, the degree of this curve
may be further reduced. Proceeding in this way, we shall
ultimately obtain right lines corresponding to the =-ics.
Thus the Cremona transformation is reduced to a number
of successive quadric inversions.

But, it was proved that the deficiency remains unaltered
by quadric transformation. and consequently it remains
unaltered by any Cremona transformation.

223. DEFICIENCY UNALTERED BY CREMONA TRANSFORMATION :

Let- F=0 be a curve of order k' and let us apply the
transformation to this curve, 1f now f,, f,, f, have a point
A in common, the line corresponding to A will meet the
transform‘in k points all corresponding to A, which then
becomes a k-ple point. In general, any of the r-ple
points becomes a kr-ple point. Hence, if the given curve has
no multiple points, the transform will have none except at
the principal poiuts, i.c., at the common points of f,, f, and f;.

Thus, the degree of the transform is nk and the corres-
ponding maximum number of double points, as usual, is
31(nk—=1)(nk—2). Also the multiple points at the principal
points are equivalent to—

la k(k~1)4+3a, 2k 2k—=1)+ ... +3a, kr(vk—1)
or 1k (o, +2%, +3%,+ ... +7r%a,)
—3hla, +2a,+3a,+ ... +71a,)

* Vide Salmon, H. P. Curves, § 356. .
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which, by equations (1) and (2') of §i221, isjequal to
%k'(n’—1)—-§lr.3(n—1)=§k'(n°—1)—%k(n—1).
Hence, the deficiency of the transform becomes—
J(nk=1) (uk—2) — {5* (u* =1 ) —k(n—1)}
=4(k=1)(k—2),

the same as that of the original curve.

If, however, the original curve has other multiple
points, the transform will have corresponding multiple
poinis of the same order and the deficiency will remain
unaltered (§ 222). Further modification is necessary when
the original curve passes through any of the principal
points.

Again, when the curve F'=0 passes through the principal
points a,, o5, ... the degree of the transform will be—

N=nk—a,—20,—3a, ... —ra,.

9294. RieMANN TRANSFORMATION :

We have hitherto considered the Cremona transformations
which are birational with regard to points of the whole plane,
under certain conditions. But there are other transforma-
tions that are birational * only as regards the points of a
curve of the plane, but no such conditions are necessary in
this case.

Let F=0 be a given curve and apply the transformation

a" y z,=f1'-fn: fss

where f,, fu, fs are homogeneous functions of the nth degree
in «, ¥, 2, not necessarily satisfying Cremona’s conditions,
which have no common factor. The above equations are
not by themselves sufficient to express w,y, 2z rationally

* For the birational transformation of a curve into itself, see H. A.
Schwarz, Crelle, Bd. 87 (1876), p. 189, also F. Klein, Uber Riemann’s
Theorie der algebraischen Functionen (1882), p. 64,
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in terms of a', y', 2’ ; but when they are combined with the
equation F=0 of the curve, it is possible to express z, y, 2

rationally in terms of &', ¥, 2’ by the following equations :
z:yi=¢', 1 ¢, 1 ¢,
where ¢',, ¢y, ¢', are homogeneous functions in ', ¥, z

of the same degree »#, without a commnion factor.
In fact, when z, Y, z are eliminated between the equations
of transformation and F=0, we obtain an equation F'=0,
which is the condition for the co-existence of the system of
When this condition is satisfied, z, y, z can be
that

equations.
determined rationally in terms of a', y’, 2'.*
An  algebraic  transformation i8
birational as regards the points of two curves but not as

DEeFiNITION &
regards the points of the whole plane is called a Riemann

zlgyl___glfg

Transformation.
the two curves—

Ex. 1. Consider
z(y?+2?)=2® and
both of which have the deficiency zero. We can determine a trans-
formation which will transform the two curves one into the other.
Any point on the first can be expressed as—
oy z=(1+A2) 1 A(1+A2):1
AL

and any point on the second is given by—
Z=A"2

oty
If now we associate the points of the two curves which have the

same parameter, i.e,, A=2X’, then
’

2 2

Y  and =,

@+

y
2 "
whence ey =0 (W +) (0 +2) 2
&y =a(e—z)  yla—z) . z&.
1f, again, A and A’ are connected by a bilinear relation of the form

and also
AAN + BA+ OA + D=0, we may, in a similar manner, express o’

in terms of z, v, 2.
* Salmon’s Higher Algebra, Lesson X.

Y

7

4
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Bz, 2. Oonsider the two curves—
! iy a=t314: 14122
and @y = (t—1)  (22=1)2 1 8,
Associating the points which have the same parameter, we shall
show that @, y, z can be expressed rationally in terms of a', 3, ¢, and

vice versa.

. & tn
In the first curve Y =t and % =_"_ e (1
oy e P ®
I w! zl ml N
n the second curve, z7=tw- and = =t'-1 .. (2
/2 2 ’ '
=t=£;*, and _=~t_ =¢’+z ,
y ¥’z 5 1+t o' +2:
... YY L 2 +2
whence ‘b'y'z_l'iﬂ-"ﬂz’
=% (o' +7) Yy (@ +2) 2 (@' +2¢). ... (A)
®’ 2 t & 1 vy
Again =t = e .=t o =
g ] y; D’ tz_l = Yy wz/ya__l .L’—y=
r'y o)
and S =t =-l=atyr—1=(a? =y )u*

o ol e gl e L&ty gt y 2y« (p2 2)2 . 3
LAy =10 oy -w,'__yﬁmy(w —y2) : (a*—y®)?: ayd. (B)

Thus, by Riemann transformation the two given curves can be trans-
formed one into the other.

Ex. 3. Consider the curve z3+yd+22=0

Apply the transformation & . ¥ . 2'=a%: y?: 2%
Now a: y:z=2w*y%2%; 2o3y*2® : 20%y%2*
=t (20 +2y323 — ) Y (y° + 2540 —y")
D2t (2% + 200y —~20)
=o4{z0+2y%2° = (¥ +2°)%} ¢ yt{y" +22%0°% — (2® +2%)3}
Dt 4 2%y —(w® +y3)?}
=t {200 — (2% + Yo +2%)} : ¥*{29° — (2® +y° +29)
1 24{2:° — (2% +9° +2%)}
=0'2{20/3—k} : /{23 K} : {2/ =k}

where k=a'd+y/3 425,
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¥
Thus, z,y, s have been expressed rationally in terms of &/, o/, # with
the help of the equation of the given curve.

Now applying this transformation to the given curve, we have for
the equation of the transformed, after rejecting a factor,

D040 4 2/0 =Dy 3,3 =2 0’5 —25'3y/3=0

which gives the reciprocal polar curve of »% +y3+z3=0, and asis
known, there is (1,1) correspondence between the points and lines
of two reciprocal figures. :

225. REDUCTION OF THE ORDER OF THE TRANSFORMED
CURVE : ¥

From what has been said before, it follows that if we
apply the transformation of §221 to the n-ic F, the order
of the transformed curve will be N=nk—a, —2q, ... etc.,
where a,, a,, etc,, denote the number of single, double, stc.,
points common to the k-ics f,, f,, f, lying on F. W shall
now consider how this transformation can be applied so as
to reduce the order of the transformed curve as low as
possible, 7.e., to make N a minimum.

Now, the curves f,, far fs can be made to satisfy, as has
been seen in § 221, $k(%+3)—2 conditions.

Hence, N will be a minimum, if f,, f,, f; be assumed to
pass through as many as possible of the double points of the
given curve F.

If then the deficiency of F be denoted by p, the number
of its double points is—

$(n—=1)(n—2)—p, ie., In(n—3 —p+1
(?) Suppose k=n-—1.
Then, f,, fs, fs may be made to pass through
$h(k43)—2=}(n—1)(n+2)—2
=3n(n+1)—3 points only.

* (f Salmon, H, P, Curves, § 865.
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There,fore,- besides the double points, the curves f,, f,, fy
can be made to pass only through
{in(n+1)—3} = {In(n—3)—p+1}
Z.e., 2n+p—4 ordinary points on F, so that we may take
a,=2n+p—4 and a,=in(n—3)—p+1l
Therefore, the order of the transformed curve is
N=nk—a, —2a,
=n(n—1)—(2n+p—4)—2{in(n—3)—p+1}
=p+2.
(77) Put k=n—-2, (n>2).
As before, we may take o, =1n(n—3)—p+1,* so that
ay={3h(k+3) =2} — {3n(n =3) —p+1}
={3(n—2)(n+1)—2}—{2n(n—3;—p+1}
=n4p—4
N=n(n—2)—a, —2a,
=n(n—2) — (u+p—4) —2{n(n—3) —p+1}
—p+2.
(iii) Put  k=n-3.
We take a, =}n(n+3)—p+1,and consequently, a, =p—3
as before, so that p is to be taken always greater than 2.
Hence, N=p+l

Since the transform has the same deficiency as the given
curve, we may summarise the above results in the following
theorem :

A curve of order # with deficiency p may be transformed
into a curve of order p+2 with deficiency p or with ip(p—1)
double points. )

~ If p>2, the order of the transforin may be p+41 with
deficiency p, or with }p(p—3) double points.
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If, however, p=0, the curve may be transformed into
conic, which however can be further transformed into a
straight line.

If p=1, the transform is a cubi s0 on.

For a detailed discussion, the student is referred to
Brill-Noether’s paper—‘ Ueber die algebraichen Funcktionen
and ihre Anwendung in der Geometrie >—Math. Ann.
Bd. 7, pp. 297-398, and also to Cayley's paper— On the
transformation of plane curves,” Coll. Works, Vol. 6, pp. 1-9.

226. REpucTioN oF A CURVE wiTH MULTIPLE POINTS :

The following formal proof for the general case of a curve with
multiple points was given by Scott.>

Let F have multiple points of orders r,, r,, r,, etc., and at these
points let the curves f,, f,, f; have multiple points of orders

P1s Pay P .- ebe. (where any of the i’s or p’s may be zero or unity).

1t is required to determine & and p’s, so that the order of the trans-
formed carve N =nk—3r,p, may be a minimum, u.c, for a given valune
of k, Zr,p, 18 to be made a maximnum.

The curves f,, f,, fy can be made to satisfy 1k(k+3)—2 conditions
only, but if a-p-point of the ’s is placed at an ordinary point of F, the
number of conditions imposed is p(p+ 1), while the point counts as p
intersections.

ividently, p(p +1)>p, according as p>1. Hence, an ordinary point
on F will count as most intersections, if it be an ordinary point of
s, ie., if p=1.

Again, if a p-point is placed at an r-point, the number of conditions
is 1p(p + 1), while the number of intersections is 7p, and rp—1p(p+1) is
certninly a positive quantity, if r>1aud p=1, and generally, the
difference between the number of intersections and the namber of
conditions is to be made a maximum.

Since the multiple points are supposed independent, the existence
of other multiple points will not affect the number of conditions imposed
upon f,,fs, fy by supposing the p-point at the »-ple point of F. Hence

* Scott, ‘“ Note on Adjoint Curves,” Quarterly Journal of Math.,
Vol, XXVIII, pp. 877-381.

36
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at every r-ple point of F we have to make the difference & maximum
ie., to make rp—1ip(p+1) or, 3p(2r—p—1) a maximum.

Now the sum of the two factors being given, t he product will be a
maximum when the two factors are as nearly equal as possible,
i.e., when the factors are r and r—1. Thus we may take p=7 or p=7r—1,
and in either case the above expression=1r(r—1),

. Hence, at every r-ple point of F we may take p=1» or p=r—1, and
then take other o ordinary points on F sufficient to make up the
number of conditions necessary for the transformation-net.

But since an »-plc point on [’s, may be regarded as an (r—1)-ple
point with » of the ¢ other conditions, the case p=1r may be included in
the case p=r~1. Hence we may summarise the result as follows :—

The reduction of the order of « general curve as lowesl as possible
must be effected by means of a transformation in 1which the transformation-
curves shall have an (r—1)-ple point at cvery r-ple point on F, and
shall pass through other o ordinary poinls on P, sufficient to make up
the mumber of conditions required for the net, or, in other words, the
transformation must be effected by means of adjoint curves.

DEFINITION : An “adjoined” or “ adjoint” curve is one which has
an (r—1)-ple point at every r-ple point of an n-ie.

We shall next show that best results can Le obtained, in general, by
wsing adjoints of order k=n—3, iec., we shall find the value
of %k which will minimise N=nk—3r,p;—0, where p=r—1, and ¢
gives the number of ordinary points on F that may be chosen arbitrarily
for the determination of f,, f., f,.

But there is a limit to the value of . For the number of points
on an n-ic of deficiency p which can be chosen to determine a
curve of lower order k is mk—p. and the remaining points are thereby
determined, if k>n—2. But if k<n—3, there is no such limitation.
Hence, for the net of adjoints, if ¥>n—2, the number of intersections
used in imposing conditions falls short of the total number by p+2,
which shows that 3r(r—1) + o=nk—p—2

o N=nk—3r(r~1)—oc=p+2, when k>n—2.
It k<n—3, we have }3r(r—1)+o=}k(k+3)-2
ie. o=3k(k+3)—}(n~1)(n—2)+p—2

which implies that the expression must not be negative.
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Now, writing k=n—38+t, we have 20=t>—6n+2nt—3t=6+2p,
which shows that 2p<6—t(2n—3+1¢), i.e., the value of n depends
upon 7, which therefore is a special case and is not to be considered. .

.t must be zero for the general case, and hence k=n-—3,
o=p—3 and N=p + 1, subject to the condition p{3.

Thus, in general, the lowest possible order of the transformed curve
ig obtained by means of adjoints of erder n—8, passing through certain
ordinary points of the given curve.

The question of further rednctlon of the order, by a proper choice
of the ordinary points, should be discussed separately.

227. Apgoint Curves :

From what has been said above about transformation
curves, it is seen that the special class, called “adjoints”
which is so familiar to the student of function-theory, plays
no unimportant a part in the geometry of plane algebraic
curves. As we have seen, the adjoints of order lower by
three than the original curve are important from the fact
that they always transform into corresponding adjoints of
the transform curves. Adjoints to the adjoints of a curve
are called Second Adjoints, and so on, The use of success-
ive adjoints as a means of investigation is due to S. Kantor
and G. Castelnuovo.*

Now, the fact that a curve has (r—1)-ple point at a
given point is equivalent to r(r—1) conditions (§50).
Consequently, the co-efficients in the equation of the adjoint
'(n—3)-z'c must be connected by’ Zilr(r—1) relations
extending over all the multiple points of the n-ic, and
its equation therefore contains }n(n—3) —2}»(r—1) arbitrary
co-efficients.

But in(n—3)—33r(r—1)={}{n—1)(n—2)—3}r(r—1)} -1
=p—1 (§ 53).

Thus we may state that the deficiency of an n-ic is one

more than the number of arbitrary co-efficients in the

equation of the most general adjoint (n—3)-ic.

% Math. Ann, Bd. 44 (1894), pp. 127,
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It is to be noticed, however, that for n=1 or 2, p=0;
and for n=3, p=0 or 1 according as the n-ic (cubic) has
or has not a double point.

228. INTERSECTIONS OF A CURVE WITIL ITS ADJOINT:

Since at every »-ple point the adjoint has an (r—1)-ple
point, the point counts as r#(r—1) intersections, and the
fact that the adjoint has an (r—1)-ple point is equivalent
to 17(r—1) relations ketween its co-efficients.

Hence we obtain the theorem :

-The number of inlersections of an n-ic and an adjoint af
the multiple points of the n=ic is double the number of rela-
tions between the co-efficients of the adjoint curve.

If the adjoint be an (n—3)-ic, since there are p—1
arbitrary co-efficients, the number of relations between its
co-efficients is n(n=3)—p+l=3(n—=1)(n—2)—p.

Ewx. Show that the identity (1) of §38 holds, if C, s c,.»Cp CI’

m
are adjoints to C .

229, INTERSECTIONS WITH A PENCIL oF ADJOINTS :

Let k be the order of a curve adjoint to the n-ic, with
multiple points of orders r, #,, r5,.. Then the multiple
points count as 3s(r—1) intersections and the co-efficients
of the adjoint k-ic arve connected by }3,(r—1) relations.

Therefore the k-ic requires Ik(h+3)—13r(7—1) other
conditions to be uniquely determined, i.e., we may take
1k(k+3)—}3r(r—1) other ordinary points on the u-ic besides
the multiple points, so as to completely determine the adjoint.

Now, the two curves intersect in »k points. Hence the
number of remaining intersections

=nk—3r(r—1)—{3k(k43)—33r(r—1)}
=nk—33r(r—1)—3k(k+3)
=nk+p—3(n—1)(n—2)—1k(k+3)
=3(2nk—n®—k* +3n—3k) +p—1
=}(n—k)(k—n+3)+p—1
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This result shows that if we describe a pencil of k-ics

throngh the multiple points and through
{3k(k+3)—=1}—33r(r—1)

other ordinary points on the m-ic, then this pencil will

meet the n-ic'in $(n—k)(k—n+3)4p variable points.

Hence, we may state the theorem -

Any curve of a pencil of adjornt k-ies, through the multiple
puints and other ordinary fixed points on the n-ic, will meet the
n-ic tn §in—k)(k—=n-+3)+p variable pornts.

U k=n—1 or n—2, this numberis p+1; if k=n-—3,
it is equal to p.

Thus, any adjoint (n—3)-ic through the multiple points
and through n/n—3)—1—3{{n—-1Y(n—2)+p, ie, p—2
ordinary points on the u-ic will meet the n-ic in p other
variable points.

E=z. A pencil of adjoint k-ies has its base points on an n-ic. Show
that (n—k)(k—n+3) +4p—2 curves of the pencil touch the n-ic at
points other than a base-point.

230. TRANSFORMATION RY ADJOINTS :

Let there be a, double points, «, triple points, and a, (r+1)-ple
points on the given w-ic ¥=0, so that the adjoint Fk-ics have

common ay single points, o, double points, ... a, »-ple points on F.
If p’ denotes the deficiency of the adjoints, by § 53.
p=3(n=1)(n=2)= 13r(r+1)a, (1)
¥ =3(k=1)(k=2)=13(r~1)a, e
Now, p=3n—1)(n—-2)—13r(r—1Da, —(a, + 2a, + ... +7ra,)
=l(n—1)(n—=2)—i3r(r—1)a, —3(k-1). (§221).
P =p={3(k=1)(k=2)—13r(r—=1)a, }
= {i(n=1)(n=2) —=33r(r—1)a, =3(k—1)}
= 3(k=1)(k=2) = {(n—=1)(n—2) +3(k—1)
i.e. P =3Ek—=1)k—=2)— 3 n=1)(n—=2) +3(k—=1)+p.
Hence, if k=n—1, p'=2n+p—4=number of ordinary points. .

If k=n-—2, p'=n+p—4=number of ordinary points.
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. )
If k=n-3, p'=p—38=0c=number of ordinary intersections. Bince
it is a (I, 1) correspondence, there should be no ordinary intersection

on F,
S o=p=8=p'=0,’ ie., the adjoints must be unicursal.

That this is a sufficient condition can be shown as follows:
As before, 13r(r+1)a, = Hn=1)(n—-2)—p .. (3)
and 13r(r—=1)a, =(k-1)(k—=2)—p' o (4

and if ¢ be the number of free intersections besides the multiple and
other points on the given curve, then

q=k*—3r%a, -0 - (5)

€i) 1 k=n-3, o=p-—23, and (4) can be written as
13r(r—=1)a, =3} (n—4)(n=5)—p’ . (6)
From (1) and (6) we have 3Zr2a,=u*—06n+1l—p—p’

g=(n—38)>~(n*—6n+11—p—p)—(p—3)=9p'+1.

(i) I k>n—3, we have o=nk—p=2—3r(r+1)a,. Substituting
this value of ¢ and that of 2r%a, obtained by addition of (1) and (2)
in equation (5), we obtain—

g=k*=nk—i(n—1)(n=2)=1(k=1)(k—2) +p +2
=Hn—-k)(n—k—3)4p" +2
=i(n—k—=1)(n—k—=2)+p' +1.

. If k=n—1 or »—2, q=p'+1, tho samec as above.

Hence, by means of adjoints of order /n, but {»—3, and deficiency
¢/, the plane is subjected to a (¢, 1), i.c., (p' +1, 1) transformation.

- It will be a (1, 1) Cremona transformation, if p'=0, d.e., if the
adjoints are unicursal.

Thus the necessary and sufficient condition that the transformation
by adjoints is a (1, 1) transformation is that the adjoints be unicursal.

It is to be noticed, however, that the number of free intersections of
a net of curves (not necessarily adjoints) of deficiency p’, passing in
a specified manner through fixed points is " + 1, and this isa particular
case of a theorem due to Segre.*

* Segre, Rendiconti del Circolo Matematico di Palermo, Vol. 1
(1887), p. 217.



CHAPTER XI
Unwicorsarn CurvEes
231. PARAMETRIC REPRESENTATION :

It has already been said that a curve is rational or
unicursal wken its deficiency is zero, and conversely. In the
present Chapter, however, will be discussed certain properties
of all curves, the co-ordinates of whose points can be
expressed in terms of a single variable parameter. '

The real significance of the two co-ordinates of a point in
the Cartesian system lies in the fact that a point has two
degrees of freedom in the plane, and is practically contained
in the two statements :

(1) The point lies on a certain locus ;
(2) The point has a particular position on this locus.

Hence, the homogeneous co-ordinates must be expressible
in terms of two independent parameters in the form

sy z=fi 00 m) Ja(h ) 1 (A )
where f,, f,, fs represent rational, integral functions of
order » without a common factor.

When one of the parameters () is given, one degree
of freedom is lost, and the point is restricted to lie on the
locus u=const. and the co-ordinates * are defined by

@y :3=fi(A) 1 fa(A) 1 fy(A)
where A is a variable parameter. The elimination of A from
these equations leaves the position of the point on the curve
undetermined, but still the point lies on the curve, and we
obtain the equation of the curve.t

* Brill, Math. Ann. Bd. 5(1872), p. 401. See also the papers by
Luroth, ibid, Bd. 9, Pasch, Bd. 18, and Humbert, Bull. Soc. Math, de
France ¢. 13(1885), pp. 49 and 89.

+. Cf. J. E. Rowe —Bull. Am, Math, 8oc., Vol. 23(1917), pp. 304-308,
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232. CuresscH MEeTHOD :

If the n-ic is of zero deficiency, it has %(71—1)(.;1—"2)
double points. Through these double points and through
3k(k+3)—3(n—1)(n—2) other points on the curve (k&n),
a curve of order k can be drawn, which intersects the n-ic in
only kn points. Since each double point counts as two
intersegtions, we must have

1k(E+31+ 1 (n=1)(n—2)=kn
which requires that k=n—1 or k=n—2.

Therefore, if we construct a pencil of (n—1)-ics
u—Av=0 through the donble points and through 2r—3
other points on the given n-ic, then each curve of the pencil
will intersect the n-ic in one point whose co-ordinates can

be rationally expressed in terms of A.

In a similar manner, if a pencil of (n—2)-ics be drawn
through the double points and n—3 ordinary points on the
n-ic, each curve will intersect the latter in a point whose
co-ordinates can be similarly expressed.

Thus, by taking a pencil of (n-=1)-ics or (n—2)-ics we
can express the co-ordinates rationally in terms of a
parameter.

The above consideratious at once suggest that there
always exists a k-ic which intersects the unicursal n-ic in a
number of fixed points, or has assigned singularities at those
points, such that the points count as nk—1 intersections.

Oase I: The n-7c has no multiple points other than
ordinary nodes and cusps.

If k=n—1, the co-efficients in the equation of the k-7care
connected by (n—1)(n—2)+2n—3=1k(k+3)—1 linear
relations, and the intersections count as—

2x 3(n—1)(n—2)+ (2n—3)=nk—1 points,
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%04 II ‘The n-ic has o‘rdl;)a.;'y multiple points 'and the
ﬁ-io has an (r—1)-ple point at each r-ple point on the n-w,
and p&sses through (n—3) other fixed -points..

Wik =n~2, since p=-}(n—l) (n-2) Sr(r—1)=0,

‘ehe co-effioiénts in the equation of the k-ic are connected by
Hr(r—1)+ (n—8)=4(n—1)(n—2) + (n=3)
=}k(k+3)—1 (§50) *
linear relations, and the intersections count as—
Sr(r—=1)+(n—=3)=(n—1)(n—2)4(n-—3)
=nk—1 points.

In fact, the k-ic is an adjoint (n—2)-ic passing through
(n—38) ordinary points on the n-ic.

233. TeE ORDER OF THE UNICURSAL CURVE :

" Consider the curve—
yi=fi(0) £, () £ £, () e (1)
where f,, f,, fs are rational, integral, homogeneous functions
of order n in A. To each point of the curve there corresponds

a certain value of the parameter A, and conversely. The
functions f,, f, fs cannot have any common factor.
Any line lz+my-+ns=0 intersects the curve in n
- points given by—
If, +mf, +nfy, =0 .. ()
and consequently, its order is n.

That the equations (1) represent a genera,l ocurve of order
n, having }(n—1)(n—2) double points, follows from the
fact that the expressions (1) contain 3(n+1) arbitrary
constants. By a linear transformation of the form—

A_pk'-i-q
A 45
we may reduce the number to 3n—1.
But n—l=}n(n+3)—Hn-1)(n—2)

i.e., equal to the number required for determining & gemeral
8
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curve of order n with }(n—1)(n—2) double points, which
proves the proposition.

234. Tar Crass oF THE UNICURSAL CURVE : *
.

The equation of the curve in line co-ordinates is obtained
by forming the discriminant of the equation (2), i.e., by
eliminating A between the equations

la—f—l +m o +n o, =0 l

oA oA oA (3)

|
I (A)+mf (M) +nf,(A)=0)

The discriminant is, in general, of degree 2(n—1), and
consequently, the curve is of class 2(n—1),

of, .0 .0 ¢ ., .
If, however, oo h fe i fs e (4
the two equations become identical, and the common roots
of (4) reduce the class of the curve.

Hence, if the equations (4) have x common roots, the
class of the curve is m=2(n—1)—«x. We shall see later
on that the equations (4) give the parameters of cusps, and
henoe, if there are « cusps, the class is m=2(n—1)—x«,

235. PARAMETRIC REPRESENTATION 1N LINE CO-ORDINATES :

By eliminating I, m, n between the equations (3) and
le4+my+nz=0, we obtain the equation of the tangent at
any point in the form—

® y s =0 . (5)
o o O
oA oA oA
fo.  fho S

* Olebsch—Orelle, Bd. 64 (1865), p.43. See also Haase, Math,
Ana. Bd. 2 (1870), p. 515.
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Henoe, the co-ordinates of the tangent are given by—
=t - %
p=f g{' =/ %f,i |
w=f, & 5, %

i, the co-ordinates of the tangent are rational, integral,
algpbraic functions of a parameter. Hence we obtain the
theorem :

If a curve is unicursal qua locus, it ts unicursal qud
envelope.

It is to be noted here that the parameters in the co-or-
dinates of the tangent cannot occur in degree higher than
2(n~1), but may be less, It follows then that the class
of the curve cannot be greater than 2(n—1).

Bo. 1. Oonsider the parabola y%:=4as.

The co-ordinates of any point on this curve can be expressed in the
form s=at?, y=2at.

The equation of the tangent at any point (t) being ty—w—at*=0,
the co-ordinates of the tangent are (=-—1, 5=t, (=-—at?® which
shows that the parabola is unicursal qua envelope. The tangential
equation of the curve is easily obtained in the form an?=¢§(

Ee 2, Express the co-ordinates of any point on the curve

(@+y)2¥=a(y+2)°
rationally in terms of a parameter.

Ee. 8. Prove that the order of a unicursal curve of olass m is not
greater than 2(m—~1).

Ex. 4. The locus of the poles of any normal to a given conio ig, in
general,  unioursal quartic. Disouss the oase when the conic isa
parabola.

Bo. 5. If f,,fs, fs are polynomisals in ¢of degree =, in which the
oo-efficient of ¢*~! is wanting, the sum of the parameters of points

where any algebraic curve interseots the n-ic is zero.



207 THEGRY OF PLANE OURVES

236. SineuLar Pornts:

As glready shown, at a double point the co-ordinates have
the same values for two different values of the parameters
Aand N, e, when AN,

FiE M =F /M) =F W/ (Y) (1)

The case of a node has been discussed in § 56, but in the case
of a cusp, the equations of the tangents for the two branches
meeting at the double point must be the same, t.e, the
co-ordinates of the two tangents must be proportional.

(faafn/a)“'fnaf_a /&)=k'(f.af,/&’—f,afg/m')
(f10f s [OA—F,0f , [OM ) =FK'(f,f , /ON —£,8f , /ON)
(fsafl/&—fxafi/m)=k’(fnafx/a>‘,_flafn/ay)

where A, A' are the parameters of the coincident points
belonging to the two branches, whence we obtain the two
following determinant equations:

'of, ©of) [ — v Ofy -
i S FH(d) !—0, i) A fi(A) | =0 (2)
|
o o | .o
I 6%’ ak fﬂ(A’) ! fB(A' a_x' fl(A')
o o o s
a"X/ oA fa()‘) | fs(A) A fa()‘)

which show nothing but that A, ' must be the double roots
of the equation giving the nodes.

There are then two cases to be considered ;

(1) When X and X' are different; there is no cusp but
two nodes indefinitely near each other, such that their
tangents coincide, and there is no reduction in the class.

(2) When A and X' are equal and represent the pair of
equal roots, which then give a ousp, and the olass of the
eurye is reduced by one.
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Putting A=A+4¢, where ¢ is a vﬁry small. quantity
approaching zero, from ¢ 2) we obtain—

f, o, —
As SO j?,# .,_0 we (&)
% B
o
ofH o ¢
OA* ©OA s

the double roots of which give the parameters of the cusps.
Thus the cusps are given by the equations A=0 and

]

%el s, T T8 =0 v (&)

oo

oa oa®

f aj_: 0'f,

oA o

Sacond method :
The cusps may also be determined from the equations—

af‘/f"._af’ s = %}a . (B)

For, at a node we have equations (1) satisfied, and putting
each ratio equal to &, we have— -

L) =f(A) _ [N _ [ = (M)
N =N)f1(A) A=Mf,A)  N=Nf )

_ k=1
TN

But, by the mean value theorem, we have—
N
fl_("hf____{x M —p A+6N=A])

where 6 is a positive proper fraction.
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Keow, when the tangents at the node approach coincidence,
A’ approaches A, and we have in the limit—

% 1.0 = Pefrm=- % oo,

237. INPLEXIONS :

If A, X, )" be the parameters of three collinear points
on the curve, we have—

i (A) +mf, ()‘)"'"f? =0
i (X)) +mfy(N) +nf,(N) =0
i (X" +mfy(N) +0f, (") =0

where A, X', \” are all different. )
~. The condition of collinearity is obtained by eliminating
I; m, n from the above equations in the form—

fid) f(A) fy(A) (=0

1 [ ’ !
pesunes U U RGP ACORACY)
f; (A”) f’ (\A”) fa (A.”) ‘

1f now A, N, A” approach equality, but still distinct,
the above condition reduces to—

A —
=T
Hence, the inflexions are given by the equation—
A =0, ‘ ... (6)

Thus at a cusp, we have both A =0 and 3A /3A=0, while
at & point of inflexion only A =0.

From equation (6) it follows that the number of inflexions
is, in general, 3(n—2). But since a double root of (6) gives
@ cusp, the number of inflexions reduces to 3(n—2)—2«,
if it has x dowble roots, 1.e., if the curve has x cusps.

In fact, =3mn(n—2)—3(n—1)(n—2) =2«
=3(n—2)—2«

iy

A
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This number gives an upper limit to the number of
cusps which a curve can possess. For, since 3(n—2)—2«
can never be negative, the number of cuspson a curve can
never exceed $(n—2).*

238. Brrangents or UNicorsat Corves :

Bitangents and stationary tangents can be found axactly
inthe same manner, if the ourvé is regarded as unicursal
qua envelope.

As proved in § 235, the co-ordinates of a tangent can be
expressed in terms of a parameter in the form :

E:m:{=¢.(A): ¢ (M) : $,(A)

Therefore, the parameters of the bitangents are obtained

from w) = $5 (1) =¢LM , when AN

The number of bitangents of a unicursal curve is found
to be 2(n—2)(n—3), as can be verified from the formule
of § 146.

The parameters of inflexional tangents are given by—

o, |, 0%, / _3%,
5 /4,,_ Y ¢,_6T/¢,, and so on.

For a detailed discussion of the double tangents, etc., of
a unicursal curve, the student is referred to the paper of
Clebsch—Crelle, Bd. 64 (1865), pp. 53-54, and of Haase—
Math. Aon. Bd. 2 (1870) p. 515.

* There isa further limit to this. The inflexions on an n-ic are
1=3n(n—2)~65~8k,
s For each n-ic, in general, we must have 63 + 8x<3n(n—2).
Henoe, if §=0, the upper limis to the number of cusps is }n(n—2).
But, Hn=1)(n—2)~n(n~2) = }(n—2)(n=8) .
Henoe, if n>4, all the double points on an n-ic can never be cusps.
Bee M. W. Haskell, Bull. Am. Math. 8oc., Vol, 28 (1817), pp. 164-165.
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Bx. 1. Consider the curve : a=t*, y=1+1t%, y=t,
‘For double points, we must have—
Ve=ts, 1+¢9=1+12, t'=t, when tet's
Agin § 56, the nodes will be given by—
¢, =t/=1=0 and ¢,=tf/(¢S+t+1*)=0

Whenoe eliminating ¢ we obtain t¢+t*+1=0 which gives the
' parameters for the nodes.

But, (t+t2 +1)=(t* +t+1)(t* =t +1)=0
whence, t'+t+1=0 giving t=w, w?, the imaginary cube roots
of ubity, snd t2—ft+1=0 giving t=4(+1+iv3)
e, t.hg values of the parameters are imaginary.

The first gives the acnode’(1,—1, I) and the second gives the acnode
(=1.1,1). The ousps and inflexions are given by the determinant
equation (4) § 286, which reduces to t*(t*—2)=0, whose roots are

t=0,0, + V2

The two O values of t give, in fact, a point of undulation at
(0, 1,0). The cusps are given by the double roots, i.e., the common roots
of this and ¢(¢*~1)=0, Hence t=0 is a common root and should give a
ousp, but this is found to be a point of undulation. Therefore (0, 1, 0)
is not strictly speaking a cusp. If, however, we replace t by 1/¢' in
the original valnes of @, y and 7, we find a=1/t'*, y=(1+¢2)/¢'s, a=1/t'.

Proceeding as before, the cusps are given by the double roots of
v3(1—2t¢3)=0. Hence t'=0, i.c, t=oco gives s ousp (1, 0, 0).

Any line meeting the curve in points ¢t and ¢/ is—
(1=t )m + y(e3'2 + ¢3¢ + 38) ~ 2 (3% + 3> + 13 4+ {30 + 42 4+ ¢'8) =0,

whenoe, by putting ¢t=¢ the equation of the tangent at any point (¢)
is obtained in the form—

(1-t’)o+se‘§4—2t'(t' +2)s=0 we (1)
The tangent at any other point (') is—
(1=t'*)m +8t¢y—2¢3(¢'* +2)s=0 e (8)

We have a bitangent when (4) and (6) represent the same line, i.e., if

188 _ t4 _ $3(2+2)
i:?f 7 D@ +2) when tskt’

whenos we get (64¢) (1*+¥3=13¢1)=0 and /=2
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~.  The bitangents are given by—

t+t'=0 th+¢/3=t3¢'3=0
an
=2 t=2.
The first group gives t=—t={w/g z.;, t2+2=t2+2=0.
.. The bitangent is @+ 4y=0,

The other group gives equal values of ¢ and #, and hence there is
no bitangent.

Bitangents may be obtained otherwise as follows

The co-ordinates of the point of intersection of (1) and (2) are
given by—

s = Y = . *
Bv3(v~2) 2ut +(4+202 =61 )(u?—2v) +4v?  3{u’—2uv—3viu}

where t+t'=u and tt'=v

If the tangents coincide in a bitangent, their point of intersection
is indeterminate. Hence the denominators in the above expressions
must vanish, we get v—2=0 and u=0, also u=1v=0; but v=1=0
gives ¢*=0, which gives an undulation, as has already been seen.

Thus u=t+t'=0, and v=tt'=2, whenoce ¢*+2=0, and we get
the bitangent & 44y +0,

Exz. 2. Fiud the singular points on the following cuives:
(1) e=t+t"?, y=1+t2 () e=t(2=t), y=t*(€—1)°
(1) o=1+t+1t2, y=t3+18+t+1.
Ex, 3. Find the singular points and singular lines on the curves :
(1) w=1+t¢2, y=t*, =3 —t
(1f) = cos 39, y= sin 39, z=cos¢.
Eai. 4. Find the Pliickerian characteristics of the curve ytz*=u"
[n=m=8, p=0, ¥=71=8, k=1=3])

Ew. 5. Show that the envelope of lines joining corresponding points
on & unioursal quartic and a conic is a class-gextic.

38
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239, SpeciaL Crass oF RaTioNAL CURVES :

Among the rational curves there are those with an
(n—1)-ple point, or with three ordinary points where the
tangent has n-pointic contact. To this class belong the curves
called Triangular Symmetric Curves, represented by the
equation az"+by"+c2"=0, where n is rational, positive or
"negative.

For a detailed study, see Darboux—Comp. Rend.,
Vol. 94 (1890), p. 930 and 1108, Brusotti—ZLomb. Ist. Rend.,
Vol. 37 (2) (1904), p. 888, Loria—Spezielle alg. und
transzend. ebene Kurven, Vol. I (1910), p. 341 and
Wieleitner—Spezielle ebene Kurven (1908).

240. Tue Circurr oF A Unicursay CURVE :

The co-ordinates of a point P on the curve being con-
tinuous functions of the variable parameter A, the point
P moves continuously as A varies, provided, of course, P is
finite. If the co-efficients in the equation of the curve are
all real, real values of A will give only real points P. Con-
sequently the real values of A from O to O through infinity
give a series of real points, ending where it began, i.e.,
the points are arranged in a single circuit, which may
pass through infinity, but the locus is still continuous, there-
fore, a unicursal curve consists of a single circuit, with its
real points arranged in one continuous series, .., it is
unipartite.

If, however, A is imaginary of the form a+:8, it is also
of the form a—if, i.e., the point P is a double point. Since
a consecutive value of A does not give a real point of the
curve, there is no real point of the curve consecutive to P,
t.e., P is an acnode. Hence it follows that there may be a
finite number of real intersections of imaginary branches,
which are isolated points (acnodes), but these cannot be
included in the continuous description of the curve by a
_real tracing point. Thus the unicursal curve consists of a
'l'u‘}gle circuit, .e., it is unipartite.
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241. UxiPARTITE CURVES NOT NECESSARILY UNICURSAL ;

Although unicursal curves are unipartite, the converse
theorem is not always true, 7., all unipartite curves are
not unicursal.

For e%ample, consider the curve a°+4z=y*, which
consists of a single circuit, 7.c., is unipartite ; but it is not
unicursal. If itis to be unicursal, the co-ordinates of its
points must be expressible in terms of a single parameter,
and the elimination of the parameter should give the
equation of the curve. Since the co-efficients in the
expressions may be either real or imaginary, by a proper
substitution of the form z=.', y=+4y, #=¢.’ the equation

obtained is 28 —a' 4 4y12'=0

which is unicursal, but this is certainly bipartite, as can be
easily verified, the branches lying between 2'—1, 2z’ and
+'+1 and infinity. Hence the curve 2®+.=y?, although
unipartite, is not unicursal. *

242. Curves witHh UxiT DEFICIENCY :

It has been shown in § 225 that a curve with unit
deficiency can be transformed into a cubic having the same
deficiency, and as will be shown later on, the anhar-
monic ratio of the four tangents drawn from any point on
a cubic is constant for all positions of the point. These
facts enable us to express the co-ordinates of any point on
a curve with unit deficiency as rational functions of a
parameter 6, and of +/@, where @ is a quartic function of 6.
From what has been said above, it will be sufficient, if
this can be established for a cubic curve.

* It is to be observed that the term unicursal makes no distinction
between real and imaginary points, and if a unicursal corve has any
real part, it consists of a single circuit ; Whereas the term wunipartite
refers to the appearance of the curve and takes cognizauce of vhe real part
only. 1n faot, just as an equation having a real root is not necessarily a
simple equation, & unipartite curve ig not necessarily unicursal.
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For, in this case ., y, z can be expressed as rational
functions of 2/, 4/, 2. If the cubic is taken to pass through
the point xy, we may write y=6¢ in its equation, when
@ : y : z are obtained in the above form. The values of 6
given by ®=0 correspond to the four tangents which can

be drawn from the point xy to the curve.

Thus the co-ordinates of a point on the curve with unit
deficiency can be expressed as rational functions of 6 and
+~/®. Now by a linear transformation of 6, +/® can be
brought to the form +/(1—6%) (1—k*¢*), and putting
6=snu, +/(1—67") (1—k*6*) becomes cn « dnu and the
co-ordinates are expressible in terms of the elliptic functions
sn u,en % and dnu of a parameter u.

243. Co-orpinaTEs IN TERMS oF ErLieric FUNCTIONS :

By using a method similar to that used in § 54, we shall
now directly establish the theorem:

The co-ordinates of any pownt on a curve of unit deficiency
can be eipressed rationally in terms of elliptic functions.

Let f=0 be the equation of an n-/c with multiple points
of orders k,, k,, A,,...such that the deficiency

=1 (n—=1)(n—2)—3tk(k—-1)=1
s3I k(k=1)=}(n—1)(n—2)—1=}n(n—3).

Hence, a unique curve of order (n—3) can be drawn through
the multiple points.

Now take a system of (n—2)-ics adjoint* to the given
n-ic, i.e., & gystem of (n—2)-ics having a (k—1)-ple point

* We may lake a pencil of N.ics subject to the condition that the
intersections at the fixed points must be equal to nN—2, which is
satiefied when the N.ic is an adjoint (n—2).ic, passing through
n—2 other fixed points, since Zk(k—~1) +(n—2)=n(n—2)—2=nN-2,
A second condition is that the co-efficients must be connected by
IN(N+38)-1 rel?.tions, which is again satisfied by the adjoint (n—2)-ic,
gince,  }Zk(k—1)+(n—2)=}(n—2)(n+1)~1=N(N~38)—-1,
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at each k-ple point of f, and passing through (n—2)
other fixed points on f.

But the number of arbitrary co-efficients in the equation
of such an (n—2)-t¢ is }(n—2)(n+1), and the number
of conditions assigned is—

B3k(k—~1)+ (n—2), ie., i(n—2)n+1)—1
Bence the equation of the system will contain one arbitrary
parameter and can therefore be written as

u+4Av=0 RN ¢ )]

where » and v are any two particular members of the
system.

Now, the curves (1) intersect f, in general, in n(n—2)
points, of which 3k(k—1) + (n—2), i.e., n(n—2)—2 are fixed.

There are then two variable points P and Q which
depend on A.

1f we eliminate one of the variables y (say) between
f=0and u+Av=0, we obtain an equation of order n(n—2)
in @, n(n—2)—2 of whose roots are the abscissee of the
fixed points and the remaining two are the abscisse of the
two variable intersections P and Q. Removing the
known factors, we have an equation of the second degree in
# with the co-efficients rational in A, whose roots give the
absciss® of P and Q in the form—

2=A + Bo?
where A and B are rational in A, and @ is a polynomial in A.
If we substitute either of these values in the equations of

the n-ic and (n—2)-ic, we obtain two equations in y whose
common root gives the ordinate of one of the points P (say)

and is of the form A'+B'®%, where A’ and B' are both
rational in A,

Since the values of A given by ®=0 correspond to the
points of contact * of the variable (n—2)-ics which touch

* These include cusps other than at the fixed points,
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=0 at a point other than any of the fixed points, and there
are four such curves, ® must be a polynomial of order four
in A

Thus the co-ordinates of any point on a curve of unit
deficiency may be expressed rationally in terms of a
parameter A and an expression of the form *

N

©F = {a\* +4D\* +-BoA? +4dh e}

By a suitable transformation, both A and ® can be simulta-
neously expressed as rational functions of the elliptic
functions of u—sn u, cn«, dnu, which proves the proposition.

244, SIMPLIFICATION BY WEIERSTRASs'S NOTATION :

Weierstrass’s elliptic function @,(u) T is defined as—

o (weu)=1

and is connected with its derived functions by the relation
Qut=4¢%u—g,6u—g,
where g, and g, are invariants.

The function €u is doubly perivdic. 1f w and o' arve
the periods, we obtain the same value of Qu, when u is
replaced by «+mw+m'e’, where m and m' are integers.

Now, we have seen that the co-ordinates of a point can be

taken as A+B®%, where A and B are rational in A, while
® is of the form (aA*+4bA% +6cA* +4dA+e)

L
In order to transform ©%, we make the substitution—

)t:—-b_ +%M
a Cu—Qv

* Olebach—Crelle, Bd. 64 (1865) p. 217.
t Goursat—Mathematical Analysis, Vol. II, Part I, § 69, p. 156.
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where €v and €'v are defined by the relations—
a*@u=—(ac—b%), a®@v=a’d—3abc+2b®
and the invariants g,, g, are given by a*g,=ac—4bd+ 3¢t
and : a®g,=ace+2bed—ad?® —eb* —c?.
Then 7 is transformed to a%[ﬁ(u)—@(u +v)),

while A and B are transformed into rational functions of €u
and €'u.

Hence the co-ordinates A + B@® are ex pressible rationally
in verms of doubly periodic elliptic functions in the form—

xty[Qu—8(u+v)]

where x and ¢ are rational in €« and €'u.

Er. 1. Consider the cubic

yr=aw? +3be2+3cx+d v (1)
Putting y=4y'la and @=-—bla+4a'la,
the cubic is transformed into y'?=42'3—g,2’—g, W (2
where 169, =12(b*—ac) and 16g,=3abc—2b*—a’d.

But since g, —27g,? 0, the equation (2) represents a non-singular
cubic and is satisfied by @ =@u, y'=@"u, where g,, g, are the invariants,

b 4 4 ,
whence p=—- +—Qu, y=—"9n.
a a a

Ew. 2. Express rationally in terms of elliptic;functions the co-
ordinates of any point on the curve wz? =y(a—y)(k2z—y).

The curve evidently passes through the point #=y=0, which is a
point of inflexion with #=0as the inflexional tangent.

The three lines y=0, ®—y=0 and y—~k*z=0 pass through this point
and meet the ourve elsewhere, where 22> =0, i.e., they are the tangents
drawn from the point of inflexion to the curve, and their points of
contact are situated on the line »=0. This equation is identically

1—

satisfled, if we put po=t?®, py=t, pz=V1—t* V1-k%*.
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Putting t=snu, ~+ 1—t*=cnu, and ~1—k*t*=dn u.
Taking the radical with a determinate sign, we have—

sn®u+on’u=1, k®sm?u+dnu=1
Thus py=#nsu, py=snu, pz=cnu dnu,

We may consider the intersection of the curve with the line #=y,
which gives ©:y:z=sn% :8nu:coudou,

Ew. 3. Show that the co-ordinates of any point on the quartic
yr=ap* +6c0% +4do+e
can be expressed in terms of Weierstrass’s function @Qu in the form—

e=1EIT8T = va [Ru—(Ru+))

where Qu=—"—, @Qv=-.

E.» 4 Show that the invariants g,, g; in E®. 3 are given by
alg,=ac+38ct, a’g,=ace—~c’®—ad?.
Ee, 5. Show that the sum of the arguments ,of the three points

where any straight line meets a non-singular cubic is equal to the
period.

Es, 6. Express rationally in terms of elliptic functions the co-
ordinates of any point on the curves:

() 22(er+y?)=2sy® () y*=(a—a)'(2-0)*

245. THE CONVERSE THEOREM :*

If the co-ordinates of any point on a curve can be expressed
rationally in terms of elliptic functions @u and @ u, the curve
28, vn general, of unit deficiency.

Let the expressions for co-ordinates be—

cryia=f(w) 1 fo ()¢ fy(u)
where fy, fa) fs 8re each of the form A4+ Bg'(v), A and B

* fSee H. Hilton—Plane Algebraic Curves, Ohap. X, § 8.
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being’ polynomials in €. Since, by successive differentia-
tion of the relation

[eu]* =4[8u]*—g,8u—g,
we may express the products of powers of @u and ®'u
occurring in A +B®@'% linearly in terms of—
Qu, Qu, Q"u,

f1» fao fs may each of them be taken as a linear function of
these in the form a4 b® (%) +c@'(v) +de"(u)+ ...+ p@*~*(u).
Any straight line l:4-my+nz=0 will meet this curve

where I, (u) +mfy (u) +nfy(u)=0

The left-hand side of the equation has n poles, and there-
fore, n zeros. Consequently, the curve is of order »n.*

The equation of the tangent at any point of parameter u
may be written as in § 55, and the co-ordinates of the
tangent are—

fsf's—faf’n faf'x"'fl.f’sa f:f’a_f.f'r

Now, in each cf these expressions, the terms of the type

& (e (W)

cancel, and consequently, each, when reduced to linear form,
can be written as—

S+a,8(n)+a,8'(u)+ ... +ay.-,8" " (u).
~ The class of the curve cannot be greater than 2n,

Hence, as in § 55, the reduction in the class of the curve
cannot be less than n(n—1)—2n, or n(n—3), and conse-
quently, the number of double points (excluding cusps)

* Goursat—Math, Analysis, Vol, II, Part I, § 68,
89
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cannot be less than }n(n—3) or 3 (n—1)(n—2)~1, i.e., the
deficiency cannot be greater than 1.*

For a detailed discussion of the curves of unit deficiency,
the reader is referred to the well-known paper of Clebsch—
““ Ueber diejenigen Curven, deren co-ordinaten sich als
elliptischen Functionen eines Parameters darstellen lassen ”—

.in Crelle’s Journal, Bd 64. (1865), pp. 210-270, Also—

Harnack—Math, Ann. Bd. 9 (1876), p. 1, and Porter—
Trans. Am. Math. Soc., Vol. 2 (1901), p. 36.

* The deficiency is zero or unity. But since the functions f,, f,. f,
will not usually be rational functions of a single parameter, we say
that, in general, the deficiency is unity.



CHAPTER XII
THEORY OF CORRESPONDENCE.

246. CORRESPONDENCE OF PoiNts oN A CURVE:

In Chapter X, we have discussed the general principles
of correspondence of points of two different planes, or of
the same plane, as a whole. In this Chapter, we shall
discuss the correspondence of points on the same curve,
or on different curves,

The simplest of such correspondences is illustrated by
the homographic systems of lines and conics, the essentials
of which are to be found in all treatises on conic sections.*
In fact, there is a (1, 1) correspondence between the elements
of two bases defined by the bilinear relation

AM'4+BA+CN+D=0

where A and A’ are the parameters of the corresponding
elements.

When the two bases are superimposed, we obtain a
correspondence between points of the same base, special
cases of which are studied under the name Intolution
ranges or pencils.

Chasles extended and discussed the theory as applied
to unicursal curves; but the theory is applicable to
all curves generally, and we shall presently consider the
general principles of correspondence of points on the same
curve.

Let P and P’ be two points on the same ourve, such that
to any position of P there correspond ' positions of P', and
to a given position of P/, r positions of P. Then the points
of the curve are said to have an (r, 7) correspondence.
If r=+=1, the correspondence is (1, 1), and rational.’

* Soott—Modern An. Geo., §§ 192-106.
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The correspondence * between points of & curve may be
instituted in various ways, as the following illustrations
will show:

(1) The points of a conic may be put into a (1, 1) corres-
pondence, if the poinﬁs collinear with a given point in its
plane is made to correspond, the points forming an involu-
‘tion range on the conic.

(2) Any radius vector through a fixed origin O
meets a curve of order # in » points P, P,, P,, P,,...P,_,. If
P’ denotes any one of the points P,, P,,...P,_,, we may say
that to a given position of P there correspond (n--1) posi-
tions of P,’and conversely, to any position of P’ there are
(n—1) positions of P. Hence there is an (n—1, »—1)
correspondence.

This will be a rational correspondence, if n=2 (Case 1),
a particular case of which is afforded by the circular
inversion §§ 15 & 217.

® The principles of correspondence for points in a line was
established by Chasles in his paperin the Comptes rendus, June-July
1864. But prior to him De Jonquidres considered the principle in
1860—* L'zuvre mathematique d'Ernest de Jonguiéres.” It has been
extended to unicursal curves by Chasles in a paper of his—8ur les courbes
planes ou & double courbure dont les points peuvent se déterminer indivi-
duallement—Application du principle de correspondence dans la theorie
de ces courbes "—Comptes rendus, Vol. 62 (1866), p, 534. Oayley referred
to the principle—Comptes rendus, Vol. 62 (1866), but gave a discussion
in his memoir—On the correspondence of two points on a curve (Coll. Works,
-Vol. 6, p. 9), where he discussed only & particular case. Finally he gave
a number of applications in his paper—Second Memoir on the Curves
which satisfy given conditions—Coll. Works, Vol. 6, pp. 263-271. But an
algebraic demonstration of a more general formula has been given by
‘Byill-* Ueber Entsprechen von Punktsystemen auf einer Curve”—Math.,
Ann., Bd. 6 (1878), p. 33, end & geometrical treatment in his paper—
% eber' die Correspondenzformel "—Math, Ann., Bd. 7 (1874), p. 607.
Lindemann has given a demonstration of the principle with the help
cof Abelian integrals—Crelle, Bd. 84 (1878), p. 801. Bee also & paper
by G. Loria—Bibl. Math. (8) 8 (1802), p. 285.
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When the origin O lies on the curve, there will be an
(n—2, n—2) correspondence; and in’ general, if O isan
r-ple point on the curve, there is an (n—r—1, n—r—1)
corresp ondence, t.e., corresponding to any position of P there
are (n—r—1) positions of P', and vicé versa.

It is to be noted that a (1, 1) correspondence is possible

for a cubic or a quartic with a node, but it is not always
possible.

247. In the preceding illustrations, the correspondence
is symmetrical, 7.e., from either given point the other is
obtained by the same construction. But there are corres-
pondences which are not so symmetrical. The following
illustrations will clearly explain what we mean :

(1) There may be instituted a (1, 2) correspondence
between the points of a conic as follows :—

Let O be a point on the conic S and p a line in the same
plane. A radius vector through O will meet the conic in
a point P and the line in a point Q. The polar line of Q
will meet S in two points P, and P;. Thus there is an
(1, 2) correspondence between P and P,, P, (P').

(2) The tangent at any point P of an n-ic meets the
curve in (n—2) other points, so that to any position
of P there correspond n—2 positions of P’. But if P’ is
given, P may be any one of the points of contact of the
(m—2) tangents which can be drawn from P’ to the curve,
m being the class. Thus to any given position of P’ there
are m—2 positions of P, and there is consequently an
(m—2, n—2) correspondence.

948. ANALYTICAL DIscussION:

The preceding examples show that a geometrical construc-
tion can be given for determining a correspondence on a given
ocurve f=0.

An algebraio correspondence (I, k) between the points
P, P' of two curves, or of the same ourve, is defined by a
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system of algebraic equations between the co-ordinates of
P and P, such that when P is given, there are ¥ points P/,
and when P’ is given, there are !l points P. In fact the
corresponding points are obtained as the intersections of
a oertain curve ® with f=0. In the above illustrations
this curve ® was taken to be a right line. It may again
‘happen that some of the intersections P’ coincide with the
given point P, and these points must then be excluded.

Let the equation of the curve ® be given in the form
O [(ey, D (9, z")*]=0

which contains (., ¥, z) in degree I and (+', %', ') in degree k.

If P (x,vy,2) be given, this equation represents a
curve ®, of order k in (&', ¥’ 2') ; and if P'(+/, ¢/, 2') be given,
a curve ®, of order I in (r,y,z). The two curves ®,
and ®, intersect the given curve f=0 in Iz and kn points
respectively, and therefore we obtain a (In, kn) correspondence.
1, however, the curve ®, for a given point (', ¢/, z') passes
through the same, that point is to be excluded, so that if «
intersections of ®, with f coincide at P'(<’, ¥/, 2'), the number
of remaining intersections P is In—a. Similarly, if the
curve ®, for any given point (2,y, z) meets f=0 in S
points coinciding with (=, y, z), there are kn—f remaining
intersections P'. Thus we obtain a (In—a, kn—p) corres-
pondence, and we denote it by (In—a, kn—B).

Ez. In Ea. 2 § 246, we have l=k=1, aleoa=B=1, and the
correspondence is (n—1, n—1).

In Bx. 2 § 247 ln=m, k=1, a=p=2, and the correspondence is
(m-2, n—2).

249. Uwrrep Points:

As in the case of general correspondence, we have
elements coinciding with its correspondents, so in this
particular case, a point may correspond to itself, and is
then called a united point. For example, in the case of
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involution range of points on a conic (Fx. 1 § 246),the points
of contact of the tangents drawn from the fixed point O

to the conic are united points. In general, if the corres-

ponding points are collinear with a fixed point, the united

points are the points of contact of the tangents drawn from

the fixed point to the curve. Hence the number of such

points is equal to the class of the curve,

Prof. Cayley * explained by means of a number of
illustrations the general formula for finding the united
points without any formal proof. But later on Brillt gave
a formal accurate proof of the formula.

In the equation of § 248, if we put z=u, y=y,2=7/,
we obtain an equation ®,,,=0 of order I+#%, which now
represents & curve of order I+ % passing through all those
points for which @, passes through (z, ¥, 2), and ®, passes
through (@, 3/, 2’). Thus the curve ®,,,=0 intersects the
curve f=0 at the wnited points. Therefore, the correspon-
dence (In, kn)=(a,d) has (I+k)n=In+kin=a+b united
points as given by Chasles.

If, however, ®, meets fin one or more points (a) coin-
cident at (z, ¥, z), and ®; meets f in one or more points (f3)
coincident at (&', ¥/, 2'), which, of course, happens, when
they are singular points on f, these o and 8 points are
not to be included in the number of united points, and the
order of multiplicity in « and B diminishes the number of
such points.

In the preceding examples, a=F=1, and the formula
holds for rational curves. In fact, when a=p, the investi-
gation becomes much simplified and the correspondence

* Oayley—* Note sur la correspondence, etc.” Comp. Rend. Ac. 8e,,
Paris (1866), Vol. 62, pp. 586-590, also “ Correspondence of two points
on a ocurve "—Qoll. Works, Vol. 6, pp. 9-13.

4 Brill—Ueber Entsprechen von Punktsystemen auf einer Curve—
Math. Ann. Bd. 8 (1878), pp. 388.65, aud “ Ueber die correspondenz-
formel "~—Math, Ann, Bd. 7 (1874), pp. 607-622.
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depends upon the value of «, and is then denoted by the
symbol (In—a, kn—a),.

In the example (1) of § 247, there are three united
points, namely, the points M,, M,, where p cuts the conio
and the point O. .

Again, P, may coincide with O, while P, is distinct, or
both P,, P, may coincide with M,, M,; but this does not
stipulate any higher species of united points, as has been
shown by Cayley in the general case.*

250. CpasLEs’ CORRESPONDENCE THEOREM:

Let Cn and Cx be two curves of orders n and =’
respectively, such that there is a (1, 1) correspondence
between them, ¢.e., to each point P of C, there corresponds
one and only one point P’ of Cn’, and vice versa. Let us
first determine the class of the envelope of PP/, or in other
words, let us see how many of the lines, such as PP, pass
through any point (0, 0, 1) for example.

Consider a line p through the vertex O (0, 0, 1) which
intersects C, in n points, corresponding to which there are
n points on Cn’. The = lines joining O to these 7 points
on Cn’ are given by an equation of the form—

¢-Ea0 ’4’"+a13"-1y+-~- +a’:y.=

Any other line ¢ through O will similarly correspond to n
lines determined by the equation— )

¢ i=d 1" +d 2"y + L+ d Yt =0.

The pencil of lines p+Ag=0, which, for simplicity, may
be taken identical with z4Ay=0, then determines an
involution pencil of order =,

b +A¢ =0 w (D)

# Cayley—8econd memoir on curves which satisfy given condi-
tions-—the principles of correspondence-—Coll, Works, Vol, 6(1868), p. 285,
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a L

Simila,;'ly, considering the intersections of the lines p
and ¢ with Cn/, we obtain an involution penecil of order #/,

‘¢‘,u-'q-x¢'nf =0 ' e (2)-
‘where yn’ and ¢’/ are bmary aa pressions of order #', similar
to ¢, and ¢',.

The two involutions (1) and (2) are then projective and
have the same vertex. The double or self-corresponding
elements are obtained by eliminating A between (1) and (2)
in the form

¢I¢’n’ =¢ n'«Pn' ves (3)
The equation (3) is of order n+%/, and therefore gives n4#’
self-corresponding rays of the two pencils, whence the
class of the envelope of PP’ is determined.

The above considerations hold for two ranges of points
as well, and we obtain Chasles’ Correspondence Theorem :

If there are two superimposed systems of elements, such
that to each element of the first system correspond n ele-
ments of the second, and to each element of the second, »’
elements of the first, then there are n+n' self-corresponding
elements ; or in other words :

In an (n,n') correspondence on the same base, there are
n+n' double elements, as we have otherwise determined
in the preceding article.

251. * CORRESPONDENCE INDEX OrR CHARACTERISTIC :

Let A and A' be any two points in the plane of the
n-tc f=0, and draw a line p joining A to any point P
(z,9,z) on f=0. Determine the points P’ (., ¥, 2)
on f which correspond to P, and to all otherpoints where the
line p meets the n-ic, and join these points to A’ hy means
of lines p’. Then the locus of intersection of the corres-
ponding lines p and p’ is a curve ®, which can as well be
obtained if we start with a point P’ (&', ¥/, s'). This curve @
then meets the curve f=0 at the wnited points. If a united
points coincide at each point P(z, y, z), ® must pass

40
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through these points, and must contain f as part a times.
Therefore, to each line p’ the line p corresponds a times,
and these a-ple line p passes through P’ («, ¢/, '), Hence
we have a=pf (§ 248).

But since A and A’ may be any points in the plane, we
require only to determine how many of the points (./, ¥/, 2'),
common to ¢, and f, coincide at (r+, y, z). The number o
of these points is called the *‘ #nder” of the correspondence
which is denoted by—

(ln—a, kn—a),, or, (a—a, b—a),.

252. ComMoN ELkMENTS oF T'wo CORRESPONDENCES :
Let us consider on the curve f=0 the two correspondences
¢=(a,b), and ¢'=(a,b),

in both of which the correspondence index or characteristic
is zero. Weshall now determine the pairs of points (v, y, z),
(#, 9, 2') on f, which simultaneously satisfy the two corres-
pondences, .., we shall find the number of points of the
two correspondences which correspond to the same point
(15 Y1, 2,) on f. This number is determined by the intersec-
tions of f with a certain curve y.

To determine the order of the curve , we count the
number of points in which any line L will intersect it.
In virtue of the second correspondence ¢, to any point
(2, y, z) of this line there correspond ¥’ puints (2., ¥,, z,)
on f, which are obtained by its intersection with a curve ®,".
To each of these b’ points correspond, in virtue of the first
correspondence ¢, b'l points (., 3, :') on L given by the curve
®,. To each of these points again correspond in the same way
o'k points (wr, y,2) on L. Consequently, on the line L we have
a (b'l, a'k) correspondence of points (z, y, z) and (., ¢/, 2').
The order of the curve Y, which may be considered as
generated by two pencils of lines, is consequently (b'14a'k).

Hence, y intersects f=0 in n(¥l+a'k)=ab'+a'b
common points (#, ¥, z) and (2, ¥y, 2'), or, ab'+a'b pairs of
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points (¢, y, 2), (&, ¥,2'), which satisfy both the
correspondences. The same result may be obtained in a
different manner as follows :

To each point (4,7, z') of the plane correspond the
IV points of intersection (r, y, s) of the curves ¢, =0 and
¢','=0 belonging to the two eorrespondences. Similarly, to
each point (., y, z) there arve ki points («/, 3, 2'). If (&/, ¥/, 2)
moves along a line, the II' correspondents (., ¥, z) move along
a curve of order (X'14+kl'). Consequertly, if (2',4/,2') des-
cribes the curve f, (r, y, z) describes a curve of order
n(k'I+ k).

Each point of intersection (., y, z) of this curve with f
together with a point («/, 3/, .') on f will give the required
pair of points. The number of such pairs satisfying both
the correspondences (a, U), (', ¥') on f is, therefore, equal to

n: (Kl k)= (nknl' +0l’. nl)=a'b+ab'.

1f, however, the points («,y,:) and (<, 4¢,:) are
symmetrical with regard to both the correspondences, i.e.,
if a=0, a'="V', we shall, as before, obtain the same curve of
order n(Al'+1'l). Baclk point of intersection with f will
be taken twice to give a couple. The number of pairs
therefore will be equal to half the number, 7.e., l=aa'=bb".

Ez. Let P=0 and Q=0 be the equations of two points. Then
P+AQ=0 and P+u(=0

represent two points on the line joining P and Q. 1f thereis a (1, 1)
correspondence between the points, it is expressed by

O(A, p)=uAru+bA+cu+d=0 (1)

We may have & second (1, 1) correspondence on the same line given by
O'(A, W)=a A + WA+ +d =0 )

These two correspondences ® and ® must have then, by the theorem,
1.1+1.1=2 common puirs. The same value of A will make p=y’, it

ar+c¢ bA+d =0

ar+c’ ba+d |



316 THEORY OF PLANK CURVES

This is a quadratic in A and therefore gives two values A, and A, of A
for which u=x’. If A is eliminated between © and @', we obtain a
bilinear relation between u and u’, of the form :

ap+b cu+a |=Q

a:,ﬂ' +b CI#I +a

Hence, u, u’ determine a (1, 1) correspondence. If we put u=p’, we
obtain a quadratic equation giving the united points of this corres-
pondence. It easily follows then that the common pairs are given by

A)f#xy)‘n/ﬂz

253. If one or both the correspondences have a point
where one or more corresponding points coincide, then to
determine the common points (&, 1y, z), (#,9,:) of the
correspondences, the number al’ +a'b must be reduced.

Consider the correspondences—
¢=(a, b), and ¢'=(a'—y, b'—¥')y’

In this case the formula of the preceding article holds,
if only distinct pairs of points are taken into account.
Hence the number must be reduced by the number of coinci-
dent corresponding points, but such coincidence takes place
y-times only at the united points of ¢, at each of which ¢’
has always a y'-point, and consequently it is equivalent to
Y(a+b).

The number of distinct pairs of points which satisfy
simultaneously the two correspondences is then equal to

ab/+a'b—y(a+b)=a(t —y) +b(a'—y)

254. We shall now consider the two correspondences
of indices y and y' respectively, 7.e.,

p=(a—y, b—y)«, ¢'=(a'—y,0—y).

Let us deform the correspondence ¢’ a little into a new
correspondence ¢, =(d, V'),, so that the present case is
reducéd to the preceding one. The correspondence ¢, has no
y-point at (z)=(+) but gives, on the other hand, on f
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a seriea of y' points contiguous to all points 2' or 2. The

number of pairs of points common to the two correspondences

¢, and ¢ is, by the preceding article, equal to -
ab' +a'b—y(a'+b')

Among these pairs, there are those consisting of two still

more contiguous points «, a', which will coincide, and indi-

cate a further reduction, when ¢, is again deformed to ¢'.

Let the point (+') move on f, then the y' points (&) of
¢, become contignous to it. But if (=) moves up to coinei-
dence with a similar united point (v,) of ¢, then also the
series of points on ¢, moves up to coincidence with (r,), and
finally coincides with it, and then moves away, as (&)
proceeds further.

Hence we conclude that the common pairs of points
of ¢ and ¢’ will be obtained by deforming ¢, back to
¢', each of the N united points of ¢ will occur 7' times.

Therefore the number IV of all the distinct common pairs
of ¢ nd ¢'is given by—

N=ab'+a'b—y(a'+¥V)—yN
Siinilarly, by deforming ¢ to ¢,, we obtain—-
N=ab+ab'—y(a+b)—yN'
where N’ denotes the number of united points of the corres-
pondence ¢'.

By identifying these two expressions, we obtain

N=(a=y)=lb=y) _ N'=(d=y)=(0'~y) _ y
Y Y

which is independent of the intermediate correspondence.

Therefore M depends on f, and in fact, on its deficiency and

is to be determined by considering a special case, ‘

(say)

255. CaviLey-Briur’s CorrEspONDENCE ForRMULA @

Let us take the correspondence between the point of
contact (') of a tangent to the curve f=0 and the (n—2)
other points (&) where the tangent meets f. In this case
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the number of united points is evidently equal to the number
of points of inflexion of f, ¢.e., 3n(n—2)

and a=n, b=n(n-1), y=2
1\1:3"(”"2)"("“2;‘{"‘("‘1)72,} = (1) —2)=2p

where p is the deficiency.

Hence we obtain the correspondence fornula for united
points of ¢: N=(a—y)+(b—y)+2yp.*
~ Thus, for the correspondence ¢=(a, £), the number of
united points on a curve f of deficiency p (assuming there
are only double points, etc.) is given by —

N=a +B + 27[1 1

This is known as Cayley-Brill’s Correspondence Formula,
and it is easily seen that Chasles’ Formula holds when either
y or p or both are zero.

1f we substitute this value of N in one of the formulae
for N, we obtain for the common united pairs N of
the two correspondences—

p=(a—yb-y), ¢=(@"—y,V—=y),
N=ab' +ab—y(ad'+¥)—y'N
=ab'+a'b—y(a'+") —y'{{la—y) + (b—y) +2yp}
=(a—y)(V'—y)+(b—y)(a'=y)=2pyy'
=af} +d/B—2y/p.

* For a complete discussion of the united points, etc., the student.
is referred to Clebsch—Legons sur la Geometrie, Vol. II, Chip. I,
pp. 146-188.

+ This formula was first given by Cayley—Comp. Rend., Vol. 62
(18686), p. 586, and Proc. Lond. Math. SBoc., Vol. 1 (1866), p. 1, aud was
later on proved by Brill—Math. Ann. Bd. 6(1878), p. 33, Bd. 7(1874),
P 607. Several other proofs, etc.,, were given by Bobek, Segre,
Lindemann, Zeuthen, etc. See also Severi—Torino Mem., Vol. 60 (2)
(1901), p- 8.2, Vol. 54(2) (1908), p. 1, and Torino Atti, Vol. 88 (1908),
p. 168,
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where a=a—y, B=b—y, o/=da'—y, B'=b—y.

Hence the common united pairs of the two ‘corresp(?n-
dences ¢=(a, B) y and ¢'=(/, B’),r, is af'+d/B—2yy'p.

The case of auy number of algebraic correspondences on
an algebraic curve was discussed by Hurwitz in Math. Ann,
Bd. 8 (1887), p. 561. The same was discussed and results
geometrically interpreted by C. Rosati—Sulle corresponden:e
algebriche fra i punti di wna curva algebrica—Rendiconti
della R. Accademia dei Lincei, Vol. 22 (1913), and Annali
di matematica, Vol. 25(3) (1916), pp. 1-32.

256. APPLICATIONS OF THE FORMTULA:

(1) The Class of a Curve :

Let the corresponding points be collinear with a fixed
point O. Then the uvnited points are the points of contact
of the tangents through O, Z.e., the number of united points
is equal to the class of the curve. There is an (n—1, n—1)
correspondence, and y=1. Here the cusps also occur as
united points. For, it seems that the line joining O to a
node or a cusp, meets the curve at two points there, but
in the case of a node the two points belong to different
branches and are not consecutive, while ot a cusp they are
consecutive. Hence the line drawn through a node is nof
a tangent, while that through a cusp is a tangent only in a
restricted sense. Thus, the cusps, in a restricted sense and
not the nodes, are united points. If there are « cusps
and m denotes the class, the united points are m+«in
number, and by the present theorem, we have

N=m+«=2(n—1)+2p
. m=2(n—1)—2p—«
=n(n—1)—28—3«. (§ 121)
In the case of a unicursal curve, we have—
N=m+«=2(n—1).

som=2(n—1)—«.
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(2) Inflexions. .

Let Pcorrespox;d to its tangential point P’ (see Ex. 2,
§247). Here the proper united points are the inflexions,
and cusps are such in a special sense. There is an
(m—2, n—2) correspondence, so that

a=m—2, B=n—2 and y=2,

since the lire ® meets f in two points at P.

If there are . inflexions and « cusps,
t+k=(m—2)+(n—2)+2.2.p
=(m+n—4)+4p.
Putting Zp=m—2n+2+«, we get 1=3(m—n)+x. (§149).

In the case of a unicursal curve, we have the number of
united points equal to N=t4x=m+n—4

t=m4n—d—«

Ex. A conmic may have a five-pointic contact at any point P of a
cubic. This conic therefore meets the cubic in another point P’.
Between P and P’ there is then a (1, «), correspondence, where w is
the number of conics drawn through P’ having five.pointic contact
elsewhere.

The united points of this correspondence will be those where
a conic has a six-pointic contact. These are called * septactic” points.

Now, in the case of a non-singular cubic curve, the number of
sextactic points, as we shall show later on, ix 27. Thus with the help
of the correspondence formnla we may find the value of w. Here p=1.

L 2M=1+w+2-5.1 or w=186.

We thus obtain the theorem :

Through any point of a non-singular cubic simteen conics can be drawn
which will have five-pointic contact with the cubic elsewhere,



CHAPTER XIII
Hicaer SineuLarITIES ON COURVES.

257. The theory of singularities on plane curves was first
studied by Pliicker in his great work the Theorie der
Algebraischen Ourven (1839), in which he considered some of
the higher singularities. But the importance of the analysis
of higher singularities has been recognised from the time
of Cramer.* The subject has been studied by Cayley,t
Halphen,f H. J. Smith,§ Brill and Noether.|| Finally,
Scott,q in her well-known paper, gave a number of highly
interesting geometrical methods of dissolving higher singular
points on curves by means of a number of simple
illustrations. Other workers on the subject are Bertini,
Zeuthen, Segre, Cremona, etc. .

In Chapter VII we have discussed the six equations of
Pliicker with regard to the nodes, cusps, etc., which are
termed “ ordinary singularities ” of curves. But there are
other kinds of singular points of a complex nature which
are called * higher singularities,” as distingnished from
the ordinary singularities.

* Oramer—Introduction & ’analyse des lignes Courbes, Geendve (1705).

+ Oayley—On the Higher Singularities of & Plane Curve—Quarterly
Journal of Mathematios, Vol. V1I (1866), pp. 212-22.

1 Halphen—Com ptes Rendus, Vol. 78 (1874), p. 1105, and Vol. 80
(1875), p. 638.

§ H. J. 8mith—On the Higher Singularities of Plane Curves.—Proo.
of the London Math, 8oc., Vol. VI (1878.74), p. 158.

|| Brill & Noether—A number of papers published in the Maihe.
matischen Annalen, Bd. IX (1876), XVI (1880), XXII (1884).

€ Scott—On the Higher Singularities oﬁlwe Ourves—American
Journal of Mathematics, Vol, XIV (1892), pp. 801.325.

41
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In this Chapter we shall discuss the nature of different
species of singularities and their effects on Pliicker’s
numbers, .

258, Sprcies or Cosps:

We have seen in § 48 that the cuspidal tangent touches
at the cusp hoth the branches which, however, may lie on
the same side or opposite sides of the tangent. Cusps are
accordingly divided into two species, as shown in the accom-
p?,nying figures.

Caae I; The two branches AP, AQ of the curve toush
the tangent AT at A and lie on opposite
sides of it. A is then called a ocnsp of
the first species, or, a keratoid ocusp (i.e;
cusp like a horn).

Case II: The two branches touch the tangent AT on the
same side. This is called a cusp

_...IA———,— of the second species, or a Ramphoid

cusp (i.e., cusp like a beak).

Bw. Consider the nature of the origin on the curve (y—o%)=o?

Any positive values of # give real values of y. Writing the equation
in the form y=0%+e%, it is seen that the values of y will be
positive for small values of #, whether the upper or lower sign is taken,
gince the second term is less than the preceding when @ is small,

The w-axis is a tangent and the two branohqa lie on the upper side.
The origin is therefore a ramphoid cusp.

The analytical triangle gives the approximate form near the ongin
as that of the curves (y—=%)%=0, which represent two coin¢ident
parabolas for the two branches. For a second approximation another
term is taken into account and the branches are given by—

y=0+ o%
The axis of # tonohes both the branches and, in fact, has four-pointio

coptact with the omrve. " Itis regerded as equivalent to four tapgents
- that can be drawn from the origin to the curve, _
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259, DovusLe Cusps:

It may also happen that the two branches of the curve,
instead of extending towards one extremity of the tangent,
extend towards both extremities, as shown in the adjoining
disgrams. In these cases; there is & double cusp, which is

e

P L LI

formed by the two branches of a curve touching at the point.
Prof. Cayley calls it a tacnode. This point is indeed a
distinet singularity, different in nature from ordinary
singularities ; because the tangent at such a point hasin

fact four points along the curve, ¢
namely, two points on each branch A B
These may arise when a curve F : : :v

consists of two curves ¢ and y of lower orders, touching each
other at a number of points A, B, etc.

It may further happen that a double-cusp is of the first
species towards one extremity and of the second species on
the opposite extremity of the tangent. When the cusp is of
different species towards opposite extremities of the tangent,
Cramer calls the point a point of oscul-inflezion.

In this case, the point is a point of inflexion on one
branch of the curve. It is evident
then that all these properly belong to
the class of higher singularities
which we proceed to consider pre-
sently.



324 THEORY OF PLANE CURVES

Ee. Oonsider the curve  3* +20%y+@’=0
The ocurve is not symmetrical about either axis. It passes through

the origin, but does not cut the axis again.

Evidently, there isa cusp at the origin with y=0 as the cuspidal
tangent; and in fact, there is a double-cusp at the origin, which is
of the first species on the negative side of the y-axis and of the second
species on the positive side. The point is an oscul-inflexion, and its
shape is shown in the diagram.

260, CurassiFicATION OF TRIPLE POINTS:

Triple points are classified into two main divisions
according as the three tangents are—(a) all real, (b) one real

(D (2)

3

~and two imaginary. The class of three real tangents may
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again be subdivided into three species, according as the
tangents are (1) all three distinct, (2) two coincident,
(3) all three coincident. Thus there are in all four species of
triple points. But a triple point may be regarded as arising
from the union of three double points. The accompanying
figures show the penultimate forms of these points and how
these double points are about *o unite to form the triple
point in the different cases. It is formed by the union of
three crunodes in the first case, two crunodes and a cusp in
the second, and a crunode and two cusps in the third case.
In this last case, however, the point does not visibly differ
from an ordinary point on the curve.

In the case (b), the triple point is formed by the union
of an acnode with an ordinary point of a curve, 7.e., a real
branch of the curve passes through an acnode, and the
singular point does not appear to differ from any ordinary
point on the curve.

261. EQUIVALENT SINGULARITIES :

Prof. Cayley has shown that any higher singularity
whatever may be regarded as equivalent, in a perfectly
definite manner, to a certain number of the simple singulari-
ties—the node, the ordinary cusp, the double tangent, and
the inflexion. It must be noted, however, as Halphen has
shown, that this equivalence is possible under certain
conditions and within certain limits. We therefore
require to determine how for any given singularity the
values of these numbers are to be ascertained, so as to
produce the same deficiency and the same effect on the
class of the curve as the singularity in question. When
this is done, we shall have to see how Pliicker’s equations
are to be applicable to any singularities whatever of a plane
curve. There are, in general, two principal methods of
studying the subject—(1) by successive quadric transfor-
mations,—(2) by expansions. We shall in this Chapter
explain the essentials of both these processes, one after
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the other; but it is convenient at the outset to exhibit
he effect of such singularities by means of a simple
llustration.

Ew», Consider the curve #*+y*—4ay+y*=0

The curve belongs to the class represented in § 190 and possesses
a tacnode at the origin, The class of the curve can be determined by
counting the number of tangents passing through any point, the point
at infinity on the axis of o, for example. If the tangent at the origin
is regarded as & tangent to the two branches, and eagh proper bitangent
is oounted as two, the class is found to be 8. But the class of a ocurve
of order 4 is, in general, 12.

" This diminution of 4 tangents is due to the presemce of a higher
singularity at the origir;, and the effect is the same as due to the
presence of two nodes, which unite to give rise to the tacnode, assuming,
of course, there is no other singular point.

Two proper bitangents coincide with the tangent at the origin, and
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there are six other bitangents. Hence the origin is not an ordinary
singularity, nor the z.axis an ordinary singular tangent. In fact, the
origin is a singular point both in point and line singularities.

That the class is reduced by 4 can algo be seen from the fact that the
first polar of any point meets both the branches in two points coin-
ciding with the origin. .

262. ANaLysis oF HIGHER SINGULARITIES :

The principles of the theory of analysis of higher
singularities of a plane curve are contained in the following
theorem :

Every irreducible algebraic curve can “be transformed by a
birational transformation into one having no singularities exocepé
double points with distinct tangents.
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Several-proofs * of this fandamental theorsm have been
given by different mathematicians since the time of
Kronecker who was the first to state the theorem, although
in & slightly different form. G. A. Bliss of Chicago in a
paper comments on the different proofs, and holds that the
proofs given by HenseleLandsberg and Walker are to be
regarded as the best, although both of them are complicated
and lengthy, Bliss in another paper,t however, gives a
proof which he claims to be simpler than any of its pre-
decessors and is an extension of the method of Kronecker.

Prior to all this, Ntther § gave the following theorem :

Each irreducible algebraic plane curve can be transformed
into another which possesses only ordinary singularities,
i.e., multiple points with distinct tangents, by a series of
quadric transformations of the plane, ¢.e., by Cremona
transformations.

That the number of these transformations is finite has
been shown by Hamburger,§ while Bertini || gave a geometri-
cal proof.

* Kronecker—Crelle, Bd. 91 (1881), p. 301. Hensel-Landsberg—
Theerie der algebraisochen Functionen, § 2, p. 402. Also Hensel—
Encyolopidie der mathematischen Wissenschaften 1I. c. 5, § 25.
Halphen—Comptes Rendus, Vol. 80 (1875), p. 638, and also J. de
Math, Bd. 2 (8) (1876), p. 87. Bertini—Rivista di Matematica, Vol. I
(1801), p. 22, or Math. Ann, Bd. 44 (1894), p. 158. Walker—On the
regolation of higher singularities of algebraic curves into ordinary
nodes—Disgertation, Ohicago (1906). G.A. Bliess—The reduoticn of
singularities of plane curves by birational transformation—Bull, of the
Am, Math, Soc., Vol. 29 (1923), pp. 161.183. )

t G. A, Blies-—* Birational transformation simplifying singularities
of algebraio curves ”—Trans. of the Am. Math. 8oo., Vol. 24 (1922).

1 Nother—Gottingen Nachrichten (1871), p. 267, also -Math. Ann,
Bd. 9 (1876), p. 166, and Bd. 23 (1884), p. 811.

§ Hamburger—Zeitschrift fir Mathematik und Physik—Bd. 16
(1871), p. 461 '

|| Bertini—Reale Istituto Lombardo di Boienze e Lettere—~Rendioonti
{Millano), Vol. 21 (2) (1888), pp. 326, 413.
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263. SvuccessivE TRANSFORMATIONS :

In order to resolve a k-ple point A on the curve f=0
we take A and any two other points B and C as the vertices
of the fundamental triangle of a quadric transformation.
Then the transform f' has at the fundamental points A', B',
C’ of the transformed plane ordinary multiple points, while
the singularities of f, other than A, are transformed
into multiple points of f' of the same order and form as
the original (§ 214). If some of the k-tangents at A coincide
in the lines ¢,, f,, fg,..., then there is on the line B'C' an
equal number of points A’,, A',,... (other than B'or C’)
which are multiple points on f' of orders (say) k,, kgy kgyeur,
such that #,+%, -f-ka +...<k.  These points, however,
can all of them unite to form a single k-ple point A’
Again, we apply on f’ another quadric transformation with
one fundamental point at A, and so on. By a finite number
of such operations, we may obtain from A multiple points
of lower orders; and finally a curve ¢ will be obtained on
which the points corresponding to A are all ordinary points.
The ordinary multiple points of orders %,, k,,k,,...indefinite-
ly adjacent to the k-ple point A on the tangents ¢,, ¢, t4,...
are said to form the * neighbourhood " of the first order on f.
In a similar manner, the neighbourhood of the second order
is formed by the points of orders k,,, k,,, ky,, kgg,...Which
are indefinitely adjacent to A’,, A’,, A’,... onf, and so on.

The numbers k, k;, k; ,,...obtained by the coincidence of
maultiple points depend on the succeeding but not on the
preceding transformations.

264. Cramer used the form y=v:* in particular cases,
and showed that certain singularities with coincident
tangents occur as final forms of singularities with distinct

+ % Newton calls the curve obtained by the transformation y=wy a
hyperbolism of the original curve—Enumeratio linearam tertii Ordinis
(1708). Oramer uses the same transformation—Analyse des Lignes
QOourbes (1750).
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tangents ipvolving a number of ultimately vanishing loops.
Thus the cusp appears as a node with a vanishing loop.
Noether * also uses the same form in developing the analyti-
cal theory without any reference to geometry, which
consequently fails te show clearly the existence of the
various elements of the compound singularities. This defect
is, however, removed by usmg the geometrical method of
Quadric Inversion.

Ee. Consider the singularity at the origin on the curve
0% =aa* +bedy +cady? + doy® +ey* . (@)
Oramer (p. 636) uses the trs:nsformation (y=u®) in the form
=0,, Yy=o,%,

This gives a new curve w,=a+by, +cy,*+dy, 2 +ey,* ... (2)

Referring both the curves to the same axes, corresponding points can
be easily constructed. The curve (2) meets the axis of y where @, =0,
and consequently from oquation (1) we obtain y*=0, which gives the
four correspondents of the points where @, =0 meets (2), i.¢., an arc of
(2) cut off by @,=0 corresponds to & loop of (1) closed at the origin.
If, however, the four values of y, obtained from (2) are equal, the
ourve (2) has a “ serpentement” of the appearance of ordinary contact,
and (1) has the appearance of a simple cusp at the origin, which
oontains three Vanislﬁng loops and is really & quadruple point.

265. PRACTICAL APPLICATIONS :

We shall now show by means of a few illustrative
examples how, by the use of succeasive quadric transforma-
tions, & compound singularity may be resolved into ordinary
singular points with distinct tangents. For further
information and details, the student is referred to the
original papers on the subject quoted before.

Ewo. 1. Discuss the nature of the singularity at the point O(a, y)
on the curve yiz=0*

Apply the transformation @ :y :z=87 :¢/7 : o/* (§218)

* Noether—Math. Ann. Bd. 9 (1876), pp. 166-182,
42
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The transformed curve becomes @'*y’?2’* =a’¢s’¢, and consequently
the proper iuverse is y’?=w'*s’, and the singular point O is now
transformed to 0'(y/, #').

The nature of the point C’, by writing ®’ =1 in the equation of the
transform is obtained from the equation 3'3=2

Thas there is an inflexion at C’ on the transformed curve, with the
line #(AB) as the tangent. Therefore the singularity at C on the
original curve is a triple point (§218).

Bw. 2. Consider the curve y2=2"

Applying Nother's transformation #=9,, y=,y,, the transformed
curve is Y, =a,?

The transformation @, =®,, ¥y, =2,y, gives for the second transform
y*,=a,, which is a parabola and is unicursal. Oonsequently the
original curve is also unicnrsal. In fact, the first transform (»,3=y,?)
has a cusp at (#,, y,) with y, =0 for the tangent. Hence the singula-
rity at (@, y) is a complex singularity with two inflexions and a cusp at
the origiu, and there is an inflexion at infinity.

Ew®. 3. The curve y®=w" has a triple point at the origin having an
apparent appearance of a point of inflexion. This can be shown by
applying two transformations sucocessively. Thus eo=w,, y=w,y,
gives y,*=o,?, which again by the transformation y,=y,, @ =@,y
is reduced to z,*=y, which is a parabola with the tangént Y, =0
(see the figure, Ee. 1 § 219).

“Bo. 4. Take the curve #*=y’.
This curve has a compound singularity at the point C(#, y). The
first transform (@=9,y,, y=y,)is ©, ‘y,*=y,", e, @, ¢=y, 3



HIGHER SINGULARITIES ON CURVES 831

Here y,=0 15 the tangent at the triple point (s,,v,). Henmce
weput ®,=w,, y,=y,0,, and the second transform is y,3>=a,, e, '
the point (@,, y,) is & point of inflexion, and consequently (,, ¥,)
is o triple point with two evanescent loops, and (@, s) is therefore a
quadruple point with a neighbouring triple point.

266. LINEAR AND SUPERLINEAR BRANCHES :

If, as explained wbove, we apply successive quadric
transformations so that ultimately a k-ple point A on fis
resolved into ordinary points P, Q,...on a curve ¢, then to the
points in the neighbourhood of one of these points P,Q,...on
¢ correspond on f the points of a certain domain about A,
which are then said to form a “branch™* with A as origin.

By means of a birational transformation of f, any branch
is transformed into another. The principles are expressed
in the following theorem :

The co-ordinates (r, y) of the points of a branch can be
expressed in series of positive integral powers of a
parameter f, which is again a rational function of those
co-ordinates. All points of the branch will be obtained by
using Gauss-plane (Argand’s Diagram), if ¢ is allowed to
move within the circle of convergence of the power series.

The principal properties of the branches are obtained by
considering the intersections of a branch with an algebraic
curve passing through its origin A. For simplicity, we take
the origin of co-ordinates at A, which therefore corresponds
to the value O of the parameter ¢.

Let F(«,y)=0 be an algebraic curve through A. If in
this equation we now put for z and y two power series with
the argument f, then the exponent (>0) of the least power

of ¢ denotes the number of intersections of the branch with
the curve F.

In general, the number a of intersections of a straight
line through A with any branch is called the order of the

* Halphen calls it a Cycle.
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branch. A branch is said to be Linear or superlinear accord-
ing a8 e=1 or >1. If, however, any line ! through A
meets the branch in a<d'(a/>0) points, it is called the
singular tangent to the branch at A.

Taking this line for the axjs of =z, the branch can be
represented in the form :

e=at® +.., y=at**" + .. .. (1)

where @, @,...are constants different from 0. The number
a’ is called the class of the branch.

~ The tangent at a point of the branch is reciprocal to the
puint, and the numbers a and o’ correspond reciprocally.
o' is the number of tangents coinciding with I, which pass
through any point of I (other than A), «+a' is the
number of tangents coinciding with ! which pass through A.*

Halphen t states these facts in the following theorem :

If a variable line is indefinitely near the origin of a
cycle, among the points of intersection with the curve,
there are points indefinitely near this origin belonging to
the cycle. The number of such points isthe order of the
cycle, when the line makes a finite angle with the tangent.
On the other hand, if the line does not differ from the
tangent, this number is equal to the sum of the order and
the class.

From (1) y can be expressed in a series of positive

1 1
integral powers of z* , where in each term +* is to be
replaced by its a values, .e., in the form: (0®=1)

y=a( wa:l“ ) ‘+b( mm% )B.+c(.m:r:%l )ﬁa+...

* Cayley gave this theorem in Quarterly Journal Vol. 7 (1866),
p-- 212, but the proof was supplied by Halphen—Comp. Rendus
¢. 78 (1874), p. 1105, and by Stolz—Math, Ann. Bd. 8 (1875), p. 415.
Segre gave & geometrical proof—Introduzions, etc., n-48.

+ Halphen—E’tude sur les pointa singuliers, § 7.
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The branch is said to be quadric, etc., according as

a=2, 3,.... The expression for y has precisely o values
1 “

obtained by putting for 2% each of its a values. The
branches corresponding to tlese o values are termed by
Cayley * Partial Branches:” *

If the branch is real. the .co-efficients in (1) are real,
and real values of ¢ correspond to real points on the branch.
Hence it follows that there are the four following types of
branches, according to the mnature of the point A on the
branch.t

(1) a odd, o’ 0dd, A is an ordinary point,
(2) a 0dd, o' even, A is an inflexion,
(3) a even, o’ odd, A is a cusp of the first species,

(4)" a even, o' even, A is a cusp of the second species.

Therefore, from general considerations of nodes and
cusps, we obtain the following :

A node is of the k-th species, if it has two simple points
in its neighbourhood of the k-th order, and consequently
it can be analysed into simple points by k quadric trans-
formations. A cusp, on the other hand, is of the k-th species,
if it has one simple point in its neighbourhood of the %-th
order, and consequently it can be transformed into an
ordinary point by k quadric transformations. Each node
is the origin of two branches of the first order, and a cusp
that of one branch of the second order.

Halphen has studied the properties of cycles and their
expansions in E'tude sur les points singuliers, Part I,
pp. 540-557.

* Ome method of finding these expansions was given by Newton—
Analysis per equationes numero terminorum infinitas (1669). Also
Puiseux—Liouville, ¢. 15 (1) (1860), p. 865, and ¢. 16 (1851), p. 228.

+ Stolz—Math. Ann. Bd, 8 (1875), p. 433.
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267. APPLICATION OF THE METHOD OF EXPANSIONS :

If, ingtead of the «-axis, the line y=mz is a tangent,
the expansion for a branch of order agk is obtained in the
form :

y=mg+A1( mz:—‘ )BI+A,( wx%‘ )ﬁ. +...=A (say)

where the origin is a k-ple point on the curve, and m==0.

Then, B’'s are all positive integers in ascending order
of magnitude and a is the least common multiple of all the
denominators (8;>e¢) and v is any one of the a roots of
«*=1. Negative exponents can, however, occur in this
expansion, if the axis of y meets the curve at infinity, but
we exclude that case from our discussion.

The entire portion of the curve near the origin obtained
by putting for w every a-th root of unity in turn is then called
a superlinear branch of order a, having y=ma for the
tangent. I'he different superlinear branches of a curve at a
k-ple point give in all Sa=k expansions, but the individual
branches can have different or any number of common
tangents at the point, i.e., in the expansions of the branches,
the co-efficients A,, A,,...may, some or all of them, be
identical, or any two or more expansions can be identical
up to a certain finite number of terms. In this case we
must take the expansion until the two branches separate.

It follows then that if a point is an ordinary point on
the curve, only one linear branch (the curve itself) passes
through it. If it be an ordinary k-ple point with distinct
tangents, there pass k¥ linear branches through the _point.
If, however, two or more tangents coincide, we have
superlinear branches.

The following illustration will clearly explain how expan-

sions are useful in studying the nature of higher singu-
larities:
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Ew». Oousider s Ramphoid cuep, i.e., & cusp of the second species
at the origin on a curve.

There is a superlinear branch of order a=2, whose expansion may
be written as :

y=ma+A1m‘nf+ Atw“w'g+A,w°a’°+ e (1)

where y=m® is the tangent, e=2 and w=+1.

Hence the expansion (1) becomes
y=me® + A, i—A,ﬁ +A 0t iA.w% +

If the origin is a cusp of the first species, the expansion of the
branch (of order a=2) is—

y=mwiA,m%+A,a’iA,n% . (2

which evidently differs from (1) only by the term ot

268. Practicar METHOD ;

The above expansions and other connected formula are
proved in works on the Theory of Functions to which
branch they properly belong. Without going further into
the details of the theory, we shall now exhibit how these
expansions are obtained in actual practice for determining
the intersections of curves at higher singular points.

Ez. 1. Find an expansion for the branch near the origin of the
curve 'y—mi_.!y+2y!= X

Assume y=ad+bz?+ca® +det+ ...
Substituting this expansion for y in the given equation, we obtain
ar+be®+cad+ .. —0l=-2(aw+bot +cad+...)
+2(ax + b0 +c2® + ...)3=0.
i.e., av+(b=1)a®+(c—a+2a%)a+(d—b+2ah)e* +...=0
Equating the co-efficients of @, @*, #°, ®¢, to zero, we find
a=0, b=l  c¢=a=2a*>=0, d=b-22'b=1, and so on.
;. The required expansion for the branch is—

y=0v+a¢t+ .,
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He. 2. Expand (y+')'=4y’(a*+y?) near the brigin.
Newton’s diagram gives for the first approximation -’,+ ﬁ' =}0.'
The next approximation is given by y+o’a2y«/m
oo Asguming y=—a®+ae® +bot+... , we obtain—
(a@® +bot +...) =4(—0 +ao® +bo* + ...)* {0 + (—o* +aw® +...)%}
whence " a%=4, 2ab=—8a, b*+2ac=4+4a°.
a=+2, b=-—4, c=19, eto.
S Yy==—02+20°—40t + 905 + ...

E». 3. Find expansions for the branches of the following ocurves
near the origin : ’

(:’P) y=oy+20® + 303y (i) y=od+oy?
(4id) (y—w3)2=w2ys.

269. ExpANSION OF A FUNCTION:

Let the implicit function F(«, y) be of order =, and
suppose that the origin is a k-ple point and that neither
axis is a tangent to the curve,

Let y=¢1(z)7 y=o¢5(c), ... y=¢k(')

be the expansions corresponding to the k lirear branches
at the k-ple point. These are, in fact, the expansions for
k of the n values of y obtained by putting ¢=0 in the
equation F(z, y)=0. Besides the singular point, the carve
intersects the y-axis in n—Fk other finite and distinct points,
for each of which there is a similar expansion, having a
constant added to it. This constant evidently represents
the distance of the point from the origin.
Thus, we obtain (n—%k) expansions of the form—

y=B,+B,z+B,z*+ ... =y,

which is an ordinary power series, representing the implicit
function F(z, y).
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. Wifibsp series are all convergent within a certain region,
8ad indsed are absolutely convergent when each term is
replaced by its absolute value.* The product of two such
series 18 also absolutely convergent,t and consequently, we
may represent the equation &f the curve as the product of
snch series :

O(y—¢).I(y—y)=F(z, y).

270. DiscRIMINANTAL INDEX:

We have seen in § 82 that the first polar of any point
passes through the points of contact of tangents drawn from
that point to the curve and the class of a curve is deter-
mined by the number of intersections of the ocusve with
its first polar, which, however, is reduced by the existence
of nodes and cusps (§ 121). Thus, for determining the
effect of higher singularities on the class of a curve, we
require to find the number of intersections of the curve with
its first polar at such a singular point.

Let F=0 be the equation of an n-ic of class m, and
consider 1ts intersections with the first polar of any point,
(0, 1, 0) for example. If, therefore, we eliminate y (say)
between F=0 and the equation @ F/@y=0 of the first
polar, we obtain the resultant in the form of an equatiown
@(2)=0, where ®(x) is, in general, of order n(n—1) in .

Since the class of the curve is m, the equation ®@)=0
will have m simple roots #' corresponding to the points of
contact of the m tangents which can be drawn from the
pomt to the curve. Dividing the equation by these m
factors II(s=—2'), the remaining factor ®(z)/I(x—a') is
of degree n(n—1)—m, and when equated to zero gives
n(n=1)—m roots, which correspond to the intersections
at the singular points. Thus the singular points count

* Townsend—Fanctions of & complex variable. § 47,
+ OCauchy—Analyse Algebrigue, Chap. VI

43
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a8 n(n—1)—m intersections of the curve with its first
polar, and when there are only nodes and cusps on ‘the
ourve and their numbers are & and « respectively, they
count as 284 3« intersections (§ 121).

The number J=n(n—1)—m=28+43« is called the total
¢ Discriminantal Index ” of the singularity.

The roots of the equation ®(x)=0 give the so-called
branch povnts of the function. The root with the least
modulus gives the limit of convergence of the above series,
which, therefore, converges absolutely up to the nearest
branch-point. But the discriminant of F is the product
T(y;=y.)* of the squared differences of the roots of
F=0 regarded as an equation in y. Therefore, within
this convergence limit," we can consider the discriminant
®(r) equal to the product of the squared differences of
the series,c,b and ¢ taken two at a time.

271. From what has been stated above, the reduction
in the class of a curve due to the existence of higher
singularities can now be easily determined.

The discriminant ®@/z)=II(¢—y)* can be divided into
two parts—one part, called the  variable” factor corres-
ponding to the m proper tangents, and the other the
“fixed ” factor of order n(rn—1)—m corresponding to the
singular point. This fixed factor therefore is the product
T'¢p;,—¢,)® of the Jk(k—1) differences corresponding to
the k partial branches through the point taken two ata
time. The number of roots of the equation (¢, —¢,)*=0
is therefore equal to twice the number of intersections of
all the partial branches with one another, each root being
counted twice, .., equal to twice the number of inter-
sections of the curve with itself at the singular point.

But twice the number of intersections is equal to
the discriminantal index J=28+3«. For the discriminant
@®(x) is the result of eliminating y between F=0 and
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OF/0y=0. Therefore the number J is equal:to twice the
number of intersections of the curve with its first polar at
the singular point.

Combining the results obtained, we may state the
following theorem*: K

The number J =28+ 3x, which represents the reduction in the
class of a curve due to the emistence of higher singularities is
equal to twice the number of intersections of the curve with
itself at the singular point.

Ex. Consider the curve ®° +yS —4ady+y®=0,
The origin is a triple point consisting of a cusp and two nodes and
there is a third node. S 6=3, k=1,

There are two expansions :—
3
y=+20%+... and =1z +...

Hence J=twice the number of intersections=2-3-3=9=25+ 3«.

272. INTERSECTIONS OF Two CURVES AT A SiNeurAr PoInt:

From what has been said above with regard to the
intersections of a curve wibh its first polar at a singular
point, we can easily determine them for the general case of
auy two curves, ¢.e., how many of their intersections coincide
at the singular point.

Let F,(, y)=0 and F»’ (2, y)=0 be the equations of any
two curves of orders » and #', having at the origin multiple
points of orders & and %' respectively.

Assuming as before, the curve F,=0 admits of n—k
expansions of the type ¢ and k expansions of the type ¢,
so that

Fn =II(y—¢) x H(y~y)=0 e (1)

* Halphen—Bulletin de la Soc. Math de France, Vol.I, p. 133.
Algo Zeuthen—* Sur les singularities des courbes planes,” Math. Ann,
Bd. 10(1878), p. 213.
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Sixm'hrly, Fu' =0 admits of »'—% and &' expansions of
the types ¢' and ¢’ respectively, so that .

Fw =1(y—¢') x I(y—y')=0 v (2)

If we eliminate y between (1) and (2) we obta.iﬁ the
resultant ®(z), of order s’ in x, which may be written in
the form of the difference~product

@(z)=I(¢—9') X M(¢—y) x (Y —¢') x I(y—¢') =0
The zero roots of this equation will give the intersections
ab the origin.

The factors II{¢p—¢') of the k%’ differences all contain .-
in & certain power A as a factor; and if we proceed with all
the differences, we obtain

L. =oH(:2: ¢) =constant.

Accordingly we obtain the number of intersections of two
curves at a singular point by adding togetber the different
values of A corresponding to the k%' partial branches each
defined by the eguation

— ]
L::o ym’y =constant,

t.6, it is equal to the sum of the numbers of intersections
of one curve with the branches of the other.*

We may state the above facts in the following theorem :—

If y=¢, and y=y; be the expansions of y vn terms of r
Sor branches of two curves passing through the singular point
at the origin, the number of intersections of the two curves
which coincide at the origin is equal to the indes of the product
of the lowest powers of @ in all possible eipressions of the
Jorm i —y;.

* Halphen—Bull. de la Soc. Math, de France ¢ 4 (1875), p. 59.
Jowmal de Math,~Bd. 2(8) (1878), pp. 257, 871.

Soe. also Brill—Bitsungsberiohte der math—phys. Klasse, eto., sa
Mtnchen, Vol. 18 (1888), p. 81. :
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Ee. 1. Consider a ourve with a cusp at the origin, and another
passing through the cusp and touching the first curve there.

Here the expansions for,the two ourves are respectively :

v-aﬂ"-&-br? +.. =@, }

-~ 1
v=-ae§+bm'-... =¢, m
Y=oz 0 4. =y, o (2)
Then, ¢;—\h=n"(a-a~")+... and ¢,-¢,-o*(u*—a)+...'

Hence §, meets each of ¢, and ¢, in § points, and the total
intersections=§ x 2=3,

Ev. 2, Consider the intersections of a curve with xt: Hessian at
a double point,

Let F=(y—me)(y—pa)+u,+... =0 be the equation of a given
curve, having a node at the origin,

It has at that point the two expansions :—
i=ma+m,et+... =¢,
Ya=pR+p,R%+... =0,

The Hessian has at this point a double point with the same tangents.
Therefore, for the Hessian we have—

v =mata,0*+.. =y,
Yo' =pR+b,0%+ ... =y,

whence it is easily seen that the differences ¢, -y, and ¢;—V, each
gives one intersection, while the differences ¢, ~y, and ¢,—y, gives
each two intersections, since the branches touch.

Thus, we get altogether 1+1+2+2=06 intersections, as was
otherwise found in § 103.

At 8 cusp, however, the curve has the expansions—
Vx"m'**‘--- =9, Vs“'_""“*"‘-“" L )
The expansions for the Hessian are—
V:""m.*"'"- =% !J-'“"W*%--E'h

¥y =an+ba% +... =¥, (for the ordinary Branch )
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The third branch ¢, intersects the two partial branches ¢, and ¢,
in two points (each partial branch once), while the four partial
branches ¢,, ¢,, ¥,, ¥, meet each other in } points. Tkus we obtain
the total number of intersections =§ x 4+ 2=8.

Ez. 8. Consider a curve with a simple cusp at the origin and
another with a cusp of the second species, having the same tangent.

: The expansion for the curve is y=m’§+
which is a superlinear branch of order 3, consisting of the partial
branbhes—

y=o¥+.. =¢, ]
y=m3%+... =¢, i,v where w3=1 ... (1)
y=w’.‘n’§+... =¢, J

-
For the ramphoid cusp, we have y=a®+0%+ .,
4
i.e., y=a'+07+.. =y,

=

(@
y=a'— -§+ e =Yy
Each of the branches ¢, and ¢, meets the partial branches ¢,, ¢,, ¢,
in $ points,
since ¢‘—|p,=o%(a-1)+,.. a=1, v, w*,
Hence the total intersections =4 x3 +4 x3=8.

Ex. 4. Consider two ourves having respectively k and k' linear
branches throngh the origin, with all distinct tangents.

In this case the prodamot I(¢p,—¥,) contains kk’ factors of the
type az+ba? +ca® + ...

Hence the curves meet in kk’ points at the origin. If, however
the curves have the same tangents, the product I(¢.—y;) eontains
k(k—1) factors of the type am+ba®+cz?... and k factors of the type

bet+cnl..,
Hence the curves meet k(k~1) +2k=k(k + 1) times at the origin,

It follows, in particular, that the tangent to the superlinear branch
of § 267 meets it in B, points.
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273. ExpANsIONS IN LiNg CO-ORDINATES: .

Just as a curve regarded asa locus of points has point
singularities, regarded as an envelope of lines, it has
line singularities. In orde}' to examine this closely, we
require to obtain an expansion in line 'co-ordinates of the
branch of a curve near the singular point.

We shall suppose that the axis of x, and not the _:/-axis,
is a tangent at the origin, which is supposed to be a singular
point. Therefore no proper fraction will appear in the
expansion of the branch in point co-ordinates, which may be
written in the form :

By 8, :
y=a, 2% +a,z® +... (Bi>a) RN EY)

where B, denotes the number of points which the tangent
has common with the branch at the origin. We may write
the equation of the tangent at any point of the curve in the
form £o4y+{=0, which expresses the fact that the point
(r,y,1) lies on the line (¢, 1, ¢). The co-ordinates of the
tangent are given by—

=% =y
f=—22 Z,‘—:caz y v (2

If the axis of x, 7.e., the line y=0 is the tangent, we have
£¢=0, 9=1, ¢=0.
We shall now find an expansion of { in terms of ¢ in the
form—
B 8
{=A¢7 +AEY + v (3)
The least common multiple o’ of the denominators in the
exponents of this series is called the order of the branch
regarded as an envelope of tangents, i.., its class, and
denotes the number of tangents drawn to the curve from a
point on the singular tangent and coinciding with it (exclu-
ding the tangent to the other branch, if any). B,’is the
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number of tangents passing through the singular point
and coineiding with the -singular tangent.

From (1) we obtain

B,—a
=g By e =
£ 5= a,. a‘.w w @)
B, & A
and {=(a, ;-‘ ot )—(a,za +..)
B,
=—a,.€‘:a.z @ .. v (5)

Eliminating = between (4) and (5), we may obtain the
required relation between {and £. - Now, from the series (4)

1

o

1

. . . -a
we can deduce a series expressing v« in powers of ¢ o

and put this in (5). Thus we obtain—

8,
{=A, £B.~a 4., . (6)
This series must be the same as the series (3).

Since we have taken only the first term from the
series (4), we cannot at once say that o'=f,—a, or, that
to a given value of ¢ B,—a values of { correspond. For,
it may happen that in (6) all terms having the least
common denominator are absent. But in every case it is
certain that

/3_:" = B , @’<B,—a, and therefore, B,'<ZB,.
o B,—a -

On the other hand, however, we may consider the series 1)
-deduced from (6) exactly as the series (6) was deduced
from (1), and in that case we must have 8,38,
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It follows then that B,'=f,, a=g,'—d, od'=B,—a,
Combining all these results we may state the following
theorem * :—

The number B, of the coincident intersections of the tangent
of a superlinear branch ¢s eéual to the number B,' of the
tangents at the singglar pornt which coincide with the
singular tangent. If ~ and o/ are the order and class respec-
tively of the branch, then always

ata'=8,=8,"

If there are more than one branch passing through the
singular point, having the same tangent, the result can be
obtained by addition of the results just established for a
single branch.

Ez. 1. Consider the cusp on the curve y=a%.

1
9y _ 403 and (= 5 R JU B

We have £=——a;——§ 3 3

Efiminating z, we obtain {=2_: &
o'=8,—a=4=3=1
i.e.,, there is only a single tangent, and the ousp of the first species is

only a point-singularity.

Ee. 2. Consider the cusp of the second species.

The expansion for the branch is of the form :

y=sttofeats.. (5 266)
Now, taking the branch y=w‘+z%+w3+... . .« )
we obtain £=—g—: =—2w—§z%+... v (2)
(=(2o*+§m’g+... )—(¢’+:o%+m’+... )=n'+§m‘!+... o (3)

# Zeuthen—*Note sur les singularities des courbes planes "— Math.
Ann, Bd. 10 (1876), pp..210-220,

44
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Now, we shall have to eliminate » between (2) and (8), and in doing
this we have to express # in terms of ¢ by the proocess known as
reversion of séries,

Let S IO FEN TN

where a,, b,, ¢,,... are to be determined from the series (2).

Substitating in (2) we obtain—

é--2(a.$*+bx€+ )"'g (“1€;+b1€+--* P+

==2a,%t—(4a,b, +{a, ‘)6‘,*‘ e
Equating the oo-efficients on both sides, we get—

alzg,_\

3 and  40,b, +3%a,2=0

whence @, =

b
“/—? and blﬂ'—la .

P LA LA o (9
V2 16 "

Bubstituting this value in (8), we obtain -

= L ']2. i. 4 3 __i- i 5
¢ (&E *e ) +2(d5 g’f+_w_e+... P+

where, it is seen, only negative values of ¢ gives real values of ¢,

Hence, putting —¢ for é. We get the reciprocal expansion in the form

"-;’ +€‘l’+ -
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274. PoLaR RECIPROCAL OF A SUPERLINEAR BRANCH;*

If, in the expansion (3) of § 273, we put z and y for
¢ and { respectively, we obtain the equation of the polar
reciprocal of the branch with respect to the conic 2?4 2y=0
(§ 114). Thus the polar reeiprocal of the branch is—

& B‘_L’ &;
y=A a¥ +A, 2% 4 ..
which i again a superlinea.r branch of order o/, and is met
by the tangent in 8, points coinciding with the origin.

Hence, we may state the theorem ;

If the polar reciprocal of a superlinear branch of order a at
any point O whose tangent meets it in B, points coinciding
with O is a superlinear branch of order o/ at any other point
O' whose tangent meets it in B,' points coinciding with O',
then ata'=8,"=8,.

Again, by the properties of reciprocal singularities, the
number of tangents drawn to a superlinear branch at O,
coinciding with the singular tangent at O, is equal to the
number of intersections of the reciprocal branch with its
tangent coinciding with the singularity O’. The number of
tangents from a point on the tangent at O coinciding with
this tangent is equal to the number of intersections of a line
through O' with the reciprocal branch coinciding with O’

Hence, from the above relations, 7.e., a4ao'=8, =87, we
at once dedunce the following theorem : :

If a superlinear bramch of order a at O meets its tangent
in B, potnts cotnciding with O, then B, tangents from O to the
branch cotncide with the tangemt at O, and B, —a tangents to
the branch from any point on the tangent at O cotncide with
the tangent at O.

Since the origin is a k-ple point, the tangent y=0 meete
the ourve in k41 points at the origin. But again there

e 0f. Hilton—Plane Alg. Curves, Chap. VI, § 5.
See also—A. B. Basset—Quart. J. of Math. Vol. 45 (1914) pp. §2-85.
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is a superlinear branch of order e, and c~onsequent1y the line
y=0 meets the gther branches in k—a points at the origin.
Hence it meets the superlinear branch in a+1 points.
s Bi=a+l and o'=1, B'=a+l
or, in other words,
The polar reciprocal of a superlinear branch of order a is,
in general, a linear branch having (a+1)-povntic contact with

its tangent.

Ex. Consider the cusp of the first species at the origin with y=0
_ & the tangent.

8 5
The expansions are ~  y= +aw? +ba®+co+ ...

The expression in line co-ordinates, obtained by the method of § 273

becomes—

e b 160
(= 27a’€ 8la* &

whence the polar reciprocal w.r.t. »?+2y=0 of the branch is—
=— 4 g 160

VST % © T Blar 7

which shows that it is a linear branch with an inflexion at the origin.

Thus we have a proof of the fact that to a ocusp corresponds an
inflexional tangent on the reciprocal curve.

zt +

275. CuspipAL INDEX :

Existence of higher singular points as well reduces the
deficiency of a curve. To find the effect, we have to
determine an equivalent number 8+«, which has the same
effect on the deficiency as the singularities. We shall now
find the value of «:

Consider a curve S with a superlinear branch of order a
at any point O. Let 8’ be another curve of the same order
and class with & nodes and « cusps, and having a one-to-one
relation with 8. If now A and A’ are two fixed points in
the same plane, and P, P’ two corresponding points on S and
8’ respectively, the order and class of the locus C of the
intersection of AP and A'P’' can be determined by the
method of § 152. The order of C is 2n, with an n-ple point
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at each of A and A’. To determine the class, we count the
number of tangents which can be drawn from A or A’
There are 2n tangents at A or A’, and m tangents which
are tangents to S or 8'. Now, consider the line AO. Since
the point O on S corresponds to a consecutive points on
§', AO has a-pointic contact with C at any point H. We
have now to consider two cases: (1) the a consecutive
points lie on a simple branch of §', so that all cusps of &
correspond to only ordinary points on 8. In this case C
has a singular point at H, where AH meets it in a points,
but A’H in only one point. Hence, by the formula of § 274,
the number of tangents coinciding with AH is a—1, and
consequently the class of C is 2n+4m<+4a—1. On the other
hand, to each line thi‘ough A’ and a cusp of 8’ corresponds
a tangent to O through A', so that the class of C is

2n 4+ m+«,

Hence, k=a—1

(2) The a consecutive points on 8’ may coincide with
a cusp on 8'. Then the singularity H on C is met by AR
in a points, but by A'H in two points only, and conse-
quently, a—2 tangents coincide with AH. Hence the
class of Cis 2n+m+a—2. Again, since a line through a
cusp is not a tangent, counting the number of tangents
from A’, the class of C becomes 2n+m+«k—1,

whence k=a—1,

The number « is called the * cuspidal index” ¥ of the
singularity at O, and we have—

The cuspidal inder « of a singularity vs one less than the
order a.1

Similarly, in the line system ¢ =a'—1.

* Smith—Proc. Lond. Math Soc., Vol, VI (1873.76) ; Nother calls it
“ Verzweigung "—Math. Ann. Bd. 9 (1876), p. 166.

+ For a geometrical demonstration see Bertini—Lomb. Ist. Rend,,
Vol. 21 (2) (1888), pp. 326-418, and Vol. 23 (1890), p. 807.
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© 276. ExTENSION OF PL{icKER’S FORMULAE:

The first polar of any point is an adjoint curve (§ 227)
which has at each k-ple point on the curve a (k—1)-ple point.
But each k-ple point A counts as Zk(k—1) intersections of
a curve with any adjoint, where the sum extends over all of
Nother’s component points. Therefore, for a first polar
(adjoint) this number is to be increased by 3(a—1), where
3 extends over the orders a of the superlinear branches
passing through A, and 3(a—1) is called the “Cuspidal
Index,” as explained above, of the singular point.

Hence, the class of an n-ic is given by (§ 146)

m=n(n—1)—3k(k—1)—Z3(a—1) RN ¢))
and reciprocally, )
n=m(m—1)—3k(k'—1)—3(a'—1) o (2)

where %' and o represent respectively the order of the
multiple tangent and the class of the superlinear branch.

Since a curve and its reciprocal have the same deficiency,
we may write

n(n—38)=3k(k—1)=m(m—3)=3K(¥—=1) ... (3)
2(p—1)=n(n—38)—3k(k—1)=3(a—1)+m—2n
=m(m—3)—3k'(k'—1)=3(a'~1)+n—2m.

whence 3(a—a')=3(n—m)
3(2a4d'—3)=3(n+2p—2) §
S(a+2d'—3)=3{m+2p-2).

where, in the last equation, the sum extends to all the
branches for which aa’>1. '

All these invesligations properly belong to the theory
of functions, and without going further into the details,
we shall conclude the topic by mentioning the important
fact that Pliicker’s Formulae are applicable to curves with
higher singularities, if we regard the singular point or
.singular tangent as equivalent to a number of nodes and
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cusps or bitangents and inflexional tangents respectively. -
The four equivalent numbers 3,, «¢,, 8,’, ¢,",—which Zeuthen
calls * Principal Equivalence,” and Smith terms 8, and ¢,
“Nodal and cuspidal index”—are connected by three
independent equations, to which the expression for deficiency
is added, so that the four can be determined.

Thus, for a superlinear branch (a, a’), which diminishes
the class by J, the discriminantal index, and the order by
J’, these numbers are determined by the equations

e, =a—1, ¢'=d=1, J=28 +3¢,, J'=23,"43¢,’
The four numbers are connected by the relation :
8, =38,'=3(e; —€, ) (e, +¢,'—1)

Brill * has shown that each higher singularity can be
shown as limiting cases of ordinary singularities by means
of a series of deformation processes, which can, however,
be effected by means of quadratic transformations as Scott t
has shown. Prof. Basset in a number of papers,{ has
determined the point and line constituents of certain
singularities, and specially considered the resolution of
multiple points with tacnodal branches, etc.

For a real curve of order » and class »/, with o
real inflexions, ' real bitangents with imaginary points
of contact, ' real cusps and d” real double points with

imaginary tangents (acnode), F, Klein § established the
relation—
nt o 420 =n'+'+2d"

For a curve with higher singular points, see Juel—Math.
Ann. Bd. 61(1905) p. 77.

* Brill—Math. Ann, Bd. 16 (1880), p. 348..

+ Boott—Am. J. of Math, Vol. 14 (1892), p. 801, & Vol. 16 (1898),
p. 221,

1 A. B. Basset—Quart. J. Math., Vol, 37 (1906), p. 813, and Vol. 43
(1012), p. 151.

§ F. Klein—Math, Ann, Bd. 10 (1876), p. 199,
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277. Courves or Crosest Contact: OsCULATING CURVES:

The process of expansions described in this Chapter
- affords a very convenient method of studying intersections
of curves at multiple points, whether of point-singularities
or line-singularities, and in particular, of studying contact
of curves at any given point. At the outset, however, we
may state the following theorem :

When two curves have linear branches through the origin,
and the erpansions of y in terms of » for the brauches are
- tdentical as far as the term with a7, the curves have (r+1)
pointic contact at the origin.

For in this case the difference y,—y,=¢,—y, (§ 272)
contains @"*! as a factor, which shows that the curves
intersect (r+1) times at the origi.n, t.¢., they have (r+1)
pointic contact at the origin.

The same process applies to the general case of any
point on a curve, the point being taken as the origin of
co-ordinates.

We may use this theorem for finding curves having
closest contact with a given curve possible for a curve of
that order.

Let the given curve be an n-i¢, and we regnire to find
an m-ic having at the origin the closest possible contact
with the given curve.

Now, since the m-vc is determined by im(m+3) points,
only 3m(m+3) points can be assumed on the n-ic and the
m-i¢c is completely determined. Hence, the m-ic of closest
possible contact can have at the most jm(m+3)-pointic
contact with the given curve. If, however, the m-ic is
subjected to satisfy other conditions, the order of contact
will be reduced.

Thus, a circle can have only three-pointic contact, a
parabola can have four-pointic contact, and a general conic
ean have five-pointic contact, and so on.
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*

DEriniTION : Curves having closest possible contact with
a given curve at a given point on the latter is called the
osculating curve at that point. Thus, the cirele of curvature.
at any point is the osculating circle, etc.

Eo, 1. Find the osculating conic at the origin of the curve
y=2+8-—203
Let y=mc:+Aw’ +2Hmy + By? be the required conic, and
assume y=ar+bad +ced + ..,
S, am+hbal4cet+ v, =mg-{-Ac’+2Hc(a-+bw“+A.. )
+B(az+ba*+ .. )?

Equating the co-efficients of », 2, @3, etc., and comparing the values
" of ¢, b, ¢, ... with the equation of the curve, we obtain—

a=m=1, b=A+2aH+Ba*=A+2H+B=1
c=2b(H+aB)=2(H+B)=-2 and H+B=-1
d=2cH + Bb® +20cB=~4H + B—~4B=0, e, 3B+4H=0
oo A=-=1, B=—4 and H=3

whence the equation of the.osculating conic f8—
y=0—22 + 6y —4y*
If, however, the conic is to be a parsbo‘la, AB=H?*, whence
A=4, H=-2 and B=1.

and the equation of the osculating parabola is—

y=o+40?—doy+y2=2+(2x—y)*.

Fo. 2. Find the conics of closest contact at the origin of the curve
23 +y® =3amy,

Here, the two branches of the curve have the axes of co-ordigates
as tangents, and there will be two osculating conics for the two
branches.

Consider the branch with’ y=0 as tangent, and let its expansion be
y=do*+b'e®+...
Substituting in the equation of the curve, we have—

@+ (@@ +Vm3+ .. )? = Baz(a'a+b'@*+... )

whenoe, squating the co-efficients, we have 8aa’=1, ¥ =0, etc.

C 45
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s The branch is y=9%/3a+ ... Writing the equation of the
osculating conic in the form y=Awx*+2Hay+ By®, and proceeding as
in Ew. 1, the expansion for the conic becomes—

y=A2*+2HAe® + (2H*A+A2B)at + ...
Hence, comparing the terms with those of the branch of the curve
we have A=1/3a, H=B=0
i.e., the osculating conic is y=o%/8a or 3ay=g=1.

8imilarly, for the other branch, the osculating conic is Saw=y?*,
Eo. 8. Find the conic of closest contaoct at the origin of the curve
a@ + By +y3=0

Eo. 4. The equation of an neic with a tangent of n.pointic
contact and a superlinear branch may be put in the form

gy " lemg®

278. Cownics witE Four-PoINTIC CONTACT :

The locus of centres of all conics having a four-point
contact with a curve at a given point is a straight line
throngh the point.

Taking the given point as origin, the equation of the
curve may be written as—

y=a/+bdtord +dut4 ...
The equation of a conic through the origin having the
same tangent may be written as—
y=ac+ Az?+2Hr»y+ By?
The expansion for this is found to be—
y=at+(A+2aH+ Ba*)z?
+2 H+aB)(A+2aH+Ba*)z* +...

Since the conic has four-pointic contact, the co-efficients
of ., 2% «* must be identical in the equations of the curve
‘and the conic.

s A42aH4Ba*=b and 2(H+aB)(A+2e¢H+ Ba*)=¢,
whence, H+aB=c/2b, A+aH=b—ac/2b.
But the centre of the conic is given by—
2Az+42Hy+a=0, 2Hs+2By—1=0
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whence 2(A+aH)+y(H+aB)=0, ie., (2b*—ac)z+cy=0,

which is the locus of the centres, and is called the * axis
of aberrancy.” ’

279. Tganson’s THEORY OF ABERRANCY :*

From what has been said in Chap. IX with regard to
the approximate forms of a curve in the neighbourhood of a
point, it is clear that the form is, in gereral, defined by the
circle of closest contact, ¢.e., the circle of curvature. But
the form may be further defined by means of the osculating
conic.

Let the normal at a given point O on the curve meet
at P the infinitesimal chord AB drawn parallel to the
tangent at O. Then the arcs OA, OB, as also the lines PA,
PB, regarded as small magnitudes of the first order, differ
by magnitudes of the second order and may, therefore,
be regarded as equal, .., if N is the middle point of AB,
then NP is a small quantity of the second order.
Similarly, OP is also of the second order. The angle

NOP=tan"? gl; is consequently a finite angle, 7.c., the line

ON is inclined to the normal OP at a finite angle. In the
case of a circle, ON and OP coincide, and therefore the
deviation from the circular form is measured by this angle,
which is called aberrancy,t and the line ON is called the
“ axis of aberrancy.”

‘We are then led to the following definition :

The measure of deviation of a curve at a given point of
it from the circular form is a finite angle, and is called
“ aberrancy,” and the line which forms this angle with the
normal is the axis of aberrancy.

* Transon—Recherches sur la courbure des lignes et des surfaces,
Liouville, t. VI (1841), pp. 1€1.207

+ Transon uses the term  deviation,” but the term * aberrancy ”
is generally preferred.
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When this is a conic, in particalar, the axis of aberrancy
is the diameter through the point and the aberrancy is the
inclination of this diameter to the normal.

If at a given point of a curve a conic is drawn having
four-pointic contact with it, it is clearly seen that the curve
and the conic have the same axis of aberrancy, and conse-
quently, the centres of all such conics lie on the axis of
aberrancy, as has been directly shown in the preceding article.

The point where the axis of aberrancy at a given point

cof a curve meets the axis of aberrancy at a consecutive

point is called the * centre of aberramcy;” consequently, the

centre of aberrancy of a curve at a given point is the centre

C of the conic having five-pointic contact with the curve

at the given point O, 7.e., the centre of the osculating conic.”
The length OC is called the radius of aberrancy.

280. ANGLE OF ABERRANCY :

We shall conclude the discussion by referring to only
one other important fact in this connection, namely, that the
angle of aberrancy 8 at any point of a curve is given by
the formula t

—p_(A+p)r
tan S—P— *39%-—
where p, ¢, are the first, second and third differential
co-efficients of y in regard to ..

* The investigations of these properties properly belong to the
differential geometry, and there is no sufficient scope for them in the
present work. But in view of the interesting nature of such investiga-
tions, it has been considered desirable to refer to some most important
points. For further details, the student is required to consult Transon’s
paper—Liouville Journal V1. (1841), pp. 191-207, and the several papers
of A. Mukhopadhyay, Journal of the Asiatic Society of Bengal,
Vol, 57, Part 11 (1888), and Vol. 59, Part IT (1890).

t+ For & second proof of the formula, see the paper by A, Mukho-

padbyay, Differential Equation of a “ parabola”, J. A. 8. of Bengal,
Vol. 57, Part 11, p. 319.
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Ta,kiﬂg the origin at the given point on the curve, the
equation of a conic passing through the origin may be
written as—

y=me+ar® +2hay +by® )

If y be expanded in powers of z, by Maclaurin’s Theorem,
we have—

s '3 .
y=pr+q g-!+ 7*;—!+.
where p, ¢, 7 ... are respectively the values at the origin of

ay 8.,1/ 8’3/

oc Br*’ Bzt

Since the conic has a contact of the third order, the
values of p, g, r are the samg for the conic and for the curve.

Substituting in the equation of the conic, we have

3
p.z:+qz'+ 3|+ =mm+az’+2hw(px+q%—!+ )

w!
+b(pz+qm+ )

Equating the co-efficients, we obtain—

m=p,  at+ptip*=L.  hg+bpg=g

whence, h+bp=€% and (a+kp)+p(h+bp)=%

. —q_Pr a+hp 3q )
i.e. a+hp__2. 6q and ¥ty —\ 7 —-p

)
Now, the centre of the conic (1) is given by—

2z +2hy +m=0

2hz+2by—1=0
s The line joining the origin to the centre is—

z(a4mh) +y(h+bm)=0 .. 3
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If 8 be the angle which it makes with the normal
my+w=0, i.e., if 8 be'the aberrancy, we have

a+mh _ 1
htbm m
a+mh
1+m(h+bm)

tan 8=

_p (Pt

. 281. ABERRANCY CURVE: .

Derinition: The locus of the centres of osculating
conics at points of a given curve is called the aberrancy
curve.

Taking the tangent and normal at any point of a given
curve as axes of co-ordinates, the co-ordinates of the centre
of aberrancy may be expressed as—

X=Rsind, Y=RcosSd.
where R is the radius of aberrancy, and 8 is the angle of
aberrancy.

But, from the relation tan 8§ = p —(1—"’3;;:-)-? , We obtain

3pg* —r(1+p*)
vIEp {rt 4 (rp=3g")*}
3q°
VIFp® {4+ (p=3g") 1

gin § =

cosd =

X = 35{377’1'-7(1"‘?’)}
VT4 p* (3gs—5r%)

- 9°
V14p*(3gs—57%)

Y

where s is the fourth differential co-efficient of y with
mmd to z. ‘
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If, however, instead of taking the tangént and normal .
as axes of co-ordinates, we take the axes such that the
axis of # makes an angle 6 with the tangent, we have

tan 6 =—%=—P

— 1

‘gin 6 = -:—_2;— s cos § =
 VM1l4pt V1+p*

and the new co-ordinates (a, 8) of the centre of aberrancy

are given by the two expressions—

_ . o —3gr
e=X cos 6+Y sin 0_3m.

B X 8in 64+Y cos 34s—59
Therefore, when the origin is teken anywhere, the
co-ordinates of the centre of aberraney at any given point
(»,y) of the curve are given in the most general form by
the formulae »

o e
8gs—5r1

—y— 3q(pr—3¢*)
B=y—- 3gs—or?

* A. Mukhopadhyay calculated these formulas—J. A. 8. B., Vol, 67
(1888), Part I1I p. 824, and deduced from them a number of very
interesting results, which led to the remarkable geometrical interpreta-
tion of Monge’s differential equation to all conice, namely,

9q*t—45qrs+40r*=0
which he denoted by T=0. It will be interesting to recall in this
connection the remarks of Dr. Boole with regard to the geometrical
interprétation of Monge's equation (Differential Equations, p.-20)—
“ But here our powers of geometrical interpretation fail, and results
such as this can scarcely be otherwise useful’than as a registry of
integrable formse.” Since then two attempts had been made—one by
Lt.-Ool. Cunningham, R.E., and the other by Prof. Sylvester—to supply
a true geometric interpretation to the Mongian, but Mukhopadhyay
pointed out the futility of both these imterpretations, and gave
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KEe. 1. Find the aberranoy curve for the cubic
y=a®3? +3ba? +3cw +d

‘[The aberrancy curve is y=Awe3 +3Ba® +30xz +D.

where A=—ks, B=-—Fkb, c=-kc+(1+k)“°u‘"'
__ asd—b? 1%
- D==kd+(1+F) = k__EZ

i.e., the aberrancy curve is then a cubic of the same class.

At the common points of the curves, we have (u®+b)3=0, which
shows that the two curves have only one common point of intersection
which is a point of inflexion on both.—A. Mukhopadhyay, Journal of
the Asiatio Bociety of Bengal, Vol. 69, Part 11 (1890), pp. 61-63.]

Ee. 2. If pand p’ are the radii of curvature of a conic and its
evolute, show that the aberrancy in the conic is given by tan ¢=1¢/p
(¢f. Mukhopadhyay, J. A. 8. B, Vol. 57, Part II (1888), pp. 317-319).

Es. 3. The envelope of the axes of all conics having a four-pointic
contact with a curve at a given point is a parabola having the axis of
aberrancy for directrix.

Ee. 4. Find the co-ordinates of the centre and the radius of
aberrancy for the cubic y=we® at the point (1, 1).

[The centre of aberrancy is the point (§, —8), and the radins is 81.%,
i.e., the length joining the centre of aberrancy to the point (1, 1).]

Ew. 5. Prove that the aberrancy ocurve for the curve y*=#2 is
82y =5e® (Math. Tripos, 1891), :
Ex. 6. Bhow that the centre of aberrancy of the curve y=g" at

: . n+1l n+1
the point (&, y) is— (25‘:1‘:, ﬁn_:z y),

the following true geometrical interpretation of the Mongian—
“ The . radius of .curvature of the Aberrancy Ourve vanishes at every
point of every conic.”’— J, A. 8. B., Vol. 58 (1889), Part I.



CHAPTER X1V
Systems ny Curves.

282. A PENcIL OF n-ics:

Let ¢ and ¢ be two curves of order ». The equation
.$+Apy=0 represents a singly infinite system of curves of
- order n for different values of \. Through any point there
passes one and only one curve of the system. If one con-
dition is imposed upon the system, it will represent only
a finite nimber of such curves. Thus, the curves of the
system having a double point satisfy the equations—

¢ +M, =0, ¢,+M,=0, ¢,+M,=0 1)

where the suffixes indicate differentiation with regard te
2, y and 2 respectively. .

If 2, y, » be eliminated from the equations (1), the
eliminant is of order 3(n—1)* in A, and gives as many
values, corresponding to which there are 3(n—1)* curves
in the pencil possessing double points. This number will
be reduced, if ¢ and ¢ touch.* .

 But 3(n—1)*=n*+44p—~1. Hence, in a peneil of n-ics
passing through »* base-points, the number of curves with
double points is #* +-4p—1, where p is the deficiency, and
in general, for any pencil w1th v base—pomts the number
is ot 4p—1%

If however, A be eliminated between the same equations,
we obtain the locus of double points on the system, and
these double points are found to have the same polar
lines w.r.t. all curves of the pencil. Thus we obtain the
following theorem :—

® Oremona—DRBinleitung in die Theorie ebener Kurven.
4 Oremona—Ann. di mat., Vol. 6(1) (1864), p. 158, and Gnocia—
Rend. Oir, M&t}l., Vol. 8(1) (1894). .
46
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In a pencil of n=ics, there are 3(n—1)* curves with double
points, and these double points have the same polar lines with
respect to all curves of the systbm.

Ee. 1. In a pencil of doiiics thére ire three line-pairs, and the pairs
intersect in the vertices of a common gelf-polar triangle.

Ez. 2. In a pencil of ocunbics through nine points, there are
Hisblbd étiivek With doubls points. Thé donble points have thé same
Polikt 11d¥s «b.r.t. &l curves of the peéncil, and aré called the cHHE tekthds
of the system of cubice.

Ew, 8. The locus of inflexions of a pencil of n-ics in & 8(A:=1):5.
. [Pt thib élimidant bf ¢ + Ay and its Heéssian is of order 6(4=1)].
" Eb. 4 "i‘he'k-iﬁ polar curves of any point w.r.t. a pencil of #-ics
form a pencil 6t (H—E).7cs.

- Ba. 5. The locus of the poles of a given line w.r.t. all curves of a
pencil of m-ics is a 2(n—1)-ic, passing through the points of contact
of thoss curves of the pencil which toach the line.

- 283. Consider the two curves ¢ and y of orders m and n
respectively.

The pblar line of any point (z';y’,2’) with respeet to
the two curves hite respectivély

z¢, +yd, +2¢,'=0 }
w¢;'+w.’+2¢:'=0
1€ tHek Paprikant the sathé line, We must havb=
Vidd =Yy gy
te. #1999, /=0
ba'Vs'— by 'Yy =0 ee (2)
S "=,/ =0
The common roots of these equations will give the points
which have thé ¥hm® polar lines* with respect to thé curves
o and ¢, The first tWo equations have (m+n=~2)* woihon
-roots, but they do not all Hhtisty thé thi¥d Wynatith.

w (1)
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Again, the (m—1)(n=1) common roots of ¢,'=Q smd"

¥,'=0 satisfy the first two equations bunt not the- third
*Hence these roots are to be rejected and the remginiag -

(m#n—2)*—(m—1)(n—1) roots satisfy all the thyee

equations, 4.¢., the three eguations (2) have—

(n+4—2)*—(nn—1) (a—1),
or, (m—1)*4-(m-=1) (n-—l)+(n—--l)'
common roots.*
Hence, we obtain the theorem :

There are (m—1)* 4 (m—1)(n=1)+(3—1)! panis §p a
plane which have the same polar line with respect to two curves
of orders m and n respectively.

Eo. 1. The envelope of the asymptotes of the pencil of n-ics
83k8'=0 isof class 2n—1.

Eo. 2. If two curves 8 and & have an r-ple point, that poini ig also
an r-ple point on the curve ¢S+y8'=0, where ¢ aud ¥ axe any tFe

curves.
284, CURVES WHICH TOUCH A GivVEX CURVE :

‘We shall now investigate the number of curves of the
pencil ¢+Ay=0 of n-ics which touch a given m-ic.

If (2, 4,2) be a point of contact, the tangent to the
curve must be the same as the tangent to the curve of the
pencil. Hence, we must have—

£ = A b M b M
whence o/ M +uf'=0 (=1, 2, 3) v (@)
where p. is any indeterminate multiplier.

Eliminating A, #, we obtain the loous of (¢, §/, z’) in the
form of a determinant equation J=0, of order 2n4m—3,

Hence, the points of contact (', ¥', ') are the interasctions
of the curve J=0 with f=0, and consequently, their nagrbar

# Galmon—Higher Algpbry, §P57.
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is m(2n4+m—38). Thus, in a pencil of n-ios there are
m(2n+m—38) curves which will touch & given curve of
order m.

I, however, f has 8 nodes and « cusps, J behaves as the
first polar of f at those points, and the number of inter-
sections is reduced by 23+3«, i.e., m(2n+m—3)~28—3«
ocurves of a pencil of n-ics touch a given m-ic with 8 nodes
and « cusps. If p be the deficiency of f, the number becomes

2(mn+p~1)—«.

285.  Parmiconar Cases:

Putting m=1, we see that 2(n—1) curves of the pencil
of n-ies touch a line. Again, if =2, we obtain two conics
of the pencil touching a line.

Putting n=1, it follows that there are m(m—1) lines
in a pencil which touch a given non-singular m-ic, i.e., the
class of a non-singular m-ic is m(m—1), and that of an
m-tc with 8 nodes and « cusps is— ‘

m(m—1)—28—3«. (§. 121).

Patting n=2, we obtain m(m+1) conics of a pencil
which touch a given m-ic. When again m=2, six conics
of a pencil touch a given conic. :

Es. 1. Deduce Ex.5 § 282 from the present article.

Zs. 2. Find the number of oircles passing through two given
puints and touching a given curve. h

286. Tact-INvariANT OF Two CurvEs:

Derinition: The condition that two curves should touch
is called their tact-snvariant.

It we eliminate #, ¥/, 2’ and » between the equations
() of §284, ¢'+Ay’=0 and f'=0, we obtain the condition
that the pencil ¢+Ay should touch f=0 in the form
@(1)=0, which contains A in the m(2n+m—3)th degree,
and gives the number of curves of the pencil touching f,
the value of A giving the parameters of the curves. The
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co-efficients of ¢ and ¢ each occur in the same deg‘:jab"'
m(2n+m—3) and those of f in the degree n(2m4-n—3)’
in the equation ®(A\)=0. Hence, we may consider only the
co-efficients of ¢, and obtain the theorem :

The tact=invariant of two curves ¢ and f, of orders n and m
respectively, is of degree m(2n +m—"3) in the co-efficients of
& and of degree n(2m+n—3) in those of f.

287, GENERATION OF 4 CURVE :

The method of generatine conics by means of homo-
graphic pencils of lines has been generalised and applied
to the case of general n-ics, and has actually been applied
in generating curves of lower orders.*

Let u+dv=0 and é4+um=0 .. ..(D

be two pencils of curves of orders m and = reipective]y.
If the two pencils are so relateg that toone curve of one
system corresponds one and only one curve of the other,
and vice versa, then the parameters are connected by the
relation—

A\p+BA+Cp4+D=0 : e (2)

" The locus of the intersections of corresponding curves
is then a curve of order (m+n), whose equation is obtained
by eliminating A and s between /1) and (2). If A=p, the
locus is represented by the equation uy=v¢, which evidently
passes through all the base-points of the two pencils.

If P and Q be two base-points of the two pencils
respectively, the tangents at these points form two homo-
graphic pencils of rays, and there is a projestive relation
hetween the pencils of tangents and the pencils of carves.

The locus obtained is the most general curve of order
(m+=n), and the question whether all algebraic curves can

* Ohasles has studied the case of ourves of the third order—
Comp. Rendus, t. 41 (1853). The geveral case was studisd by De
Jonguidres—Essai sur 1a generation des courbes géométrique (Memoires
présentés par divers savanta & I'Académie des sciences.)—t. 16 (1858).
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be gamerafed in this manner has been solved by De Jon-
quitres, In fact, for all curves two sets of points may
3lways be dptermitled which may be wused as the hase-points
of two projective pencils for the generation of the cprve.

. 8. THE JagoBiaAN oF THREE CURVES :
Consider the three curves u=0, v=0, and w=0 ol
orders I, m, n respectively.

Then the curve represented by —
J= |4, v, w, | =0 e 1)
u, v, w,
Uy, vy W,
ie, J= %L("r”y_% =0 is called the Jacobian of the three
CRIVRS %, w.v

The curve J is evidently of order I4+m+n~3, and since
u, =u, =u, =0, etc., satisfy the equation, the Jacobian J
p;isses ‘through the double points on the three curves.

Again, the Jacobian is the locus of poles whose polar
lines with respect to the three curves meet in one point, or
the locus of points in which the three first polars of a point
intersect.

If three eurves %, v, w have & common point, the
Jacobian passes through the same point. For, in the deter-
mipant (1), multiplying the first column by =z, the second
by y and the third by 2, and adding, we may express this,
by Enler’s theorem, as—

Jess [lw u, uy, | =0 (2)
my v, v,
mo w, aw,

which proves the property.
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In general, if a point is a g-ple Poifit on , F+ple point on
% and sple poiht on w, that pdint is a multiple poitt of
ordet net léss than (g4r+s=8) én the Jatobiasn.*

‘Agalh, the Jatobian passes through the Points of ontast
6f the peteil % +Av=0, and the curve w==0, as has alrtudy
been showWn in the particular case when l=t (§ 284).

Writing the determinant (2,{ in the form-=
Joa=lud, +mu.p, +nw.d,,

where ¢,, ¢,, ¢, are _the corresponding co-factors, ahd
differentiating w.r.t. z, we obtain—

-

5 +I=lu,¢,+mv, ¢, +nw, ¢,

+lua¢l +mv 8¢! +nw8¢b

When uw=v=w=J=0, &hd {=m, we have—
3g‘i=l(u1¢1 +v,¢, +w1¢a)+(h"l)w1¢s
=+ (n—1) wip,=(n—1) w,¢,.

Similarly, mg—yJ=(n-—l)w,¢,, and m%i:(n—l)ib,&,

whence, (s §+y q-z’é_)J

(ﬁ-—-—:—-—— (2'w, +y'wy +2'w,)
which shows thatJ and w have the same tangent at the
.pomt (z’ Y 2)

It can be further proved that the Jacobian passes
_through the node on w, and has a node at a cusp on w.

* Oteridha<-Introdowioni, ote, §93. Also Gruictith-<=Rrenbieeti
Circolo Mat. di Palermo, Vol. 7 (1868), p. 188,
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289. Nzr or Cunves:

I u, v, w'are any three curves of order n, the donbly
infinite aystem of curves Au+pv+vw=0 is called’a *nep”
of curves of order ». Certain properties of the net are at
once evident. Any curve of vhe nét is uniquei'y deter-
mined by two points, and consequently, all ocurves
through any point form a pencil; for, substitnting the
co-ordinates of the point in the equation of the net, we may
eliminate one of the parameters u/A, v/A. Hence, the
system of n-ics through jn(n+3)—2 fixed points forms a net,
and the equation of an n-ic passing through n(n+3)—2
points can be put into the above form.

290. Tax JacoBaN op A Ner or CyurvEs:

The co-ordinates of the double points of any curve of
the net Au<pv+vw=0 satisfy the three equations—

Auy +pv, +vw, =0

Au, 4+ pv, +vw, =0

Auy+pv, +vw, =0
Eliminating A, p, v between them, the locus of the double
points of the system i8 the Jacobian—

J=(u, v, w,| =0

Uy Vy w,

which is a curve of order 3(n—1). Hence we obtain the
theorem :

The locus of double points of a net of curves of order =,
passing through n(n+3)—2 ficed poinis is a curve of order
3(n—1).

Sinoe a common point of u, v, w is a double point on the
Jacobian, the jn(n+3)—2 fixed base-poiuts of the net are
‘double points on the Jacobian.
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Ep. 1. The nodes of all nodal cubios through seven given points
ie on u sextip curve having those seven points as double points,

Ee. 2, If the curves of a net have an r-ple point, that point is a
(8r~1)-ple point on the Jacobian.

Ee. 3, Bhew that the Jacobisn is the locus of the modes of the
family Avw + uwu + yuv==0

291. Nt or First Povrars:

The first polar of any point (2, ¥, 2’) with regard to any
curve ¢=0 is 2'p, +y'd, +e'p, =0 .
which is a curve of order n—1. If now ', y/, 2’ are regarded
as parameters, this represents a net, whose base curves are

¢,=0, ¢,=0, ¢,=0.
The Jacobian of this net is, therefore, the Hessian of the

original curve ¢=0. Thus the Hessian of a curve is the
Jacobian of the net of first polars.

Each r-zle point on ¢ is an (r—1)-ple point on the first
polars, and this again is a multiple point of order 3(»—1)—1,
.., 3r—4 on the Jacobian, i.c., the Hessian of ¢ (§ 105).
_Since r tangents of the Hessian coincide with those of the
original curve, the point counts as r(3r—4)+r=3r(r—1)
intersections. Hence, at each r-ple point coincide 3r(r—1)
inflexions of the curve, and it is equivalent to }»(r—1)
double points. .

The locus of points, whose first polars with regard to the
curves of the net of order » have a common point, is a
curve S of order 3(n—1)%, and is called the Sternerian of
the net.

The Jacobian and the Steinerian have a (1, 1) corres-
pondence, and the line joining corresponding points on the

two ourves envelope a curve of class 3n(n—1), which is
called the Oayleyan of the net.*

* For covariant curves of a net, see E. Kdtter—Math. Ann, Bd.
84 (1889), p. 128, and Scott—Quarterly Journal, Vol. 20 (1898), p. 829,
and Vol. 32 (1900), p. 209,
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More generally, if fwo curves of orders n and n' have a
one-to-one relation, the lines joiming the corresponding points
envelope a curve of class n+n'.

This theorem can be easily proved by means of Chasles’
correspondence principles after the method of §250.

Eo, 1. Sbow that the Jacobian of a net of circles is a cirole
belonging to the net of orthogonal circles.

Ew». 2. The Javobian of & net of conics, having a common self-
polar triangle, reduces to the three sides of the triangle.

Ew. 8. If three conics tonch at a common point, the Jacobian
reduces to the common- tangent and s oonie, 1f they have n three.
pointic contact, the Jacobian is the common tangent taken thrice,
while in the case of a four-pointic contact, the Jacobian vanishes
identically. ’

292. INVARIANTS AND COVARIANTS OF TWO TERNARY FORMS:
Consider the n-ic oz, y, 2)=0 . (1)
and the line le4my+n:=0 e (9

The polar conic of a point P(&, ¢/, 2') with respect to
]
.. &) 0 0
the n-ic is (.v 87+y§y7 +z§ ) ¢=0
ie, S'=aa®+by*+c2* +2f'yi+29'za+8Mry=0 ... (3)

where d/, ¥, ¢',...represent the second differential co-efficients
wrt. ',y 2

The condition that (2) touches (3) gives an equation
of order 2(n—2) in (a', ¥, 2'), whence we obtain :—

The locus ef points whose polar conics touch a given line is
a 2(n—2)-ic, which is again enveloped by the polar conic of
any point on the line. .

Similarly, the condition that the polar cubic of P touches
the line gives an equation of order 4(n—3), and conse-
quently, the locus of P is & 4(n—3)-ic.
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Again, if Bmas*+by*+e*+... =0 ... (4)
be a given conic, there are two mixed invariants* of (3)
and (4), namely @ and @, of orders (n~2) and (2n—4)
respectively in (2, ¢/, /). '

But & =0 expresses the fact that a triangle inscribed
in 8 is self-conjugate w.r.t. the polar conic 8',* or, that the
triangle circumscribed t» ' is sélf-polar w.r . 8.

Hence, the locus of a point whose polar conic is tnscribed in
a triangle self-polar w.rt. to a given conic, or whose polar
conie has a self-polar triangle tnscribed tn a given conic is a
2(n—2)-ic.

Similarly, ®=0 expresses the fact that an inscribed

triangle of 8’ is self-polar w.r.£. S, or the triangle circum-
scribed about 8’ is self-polar w.r.t. to S.

Thus, the locus of @ point, whose polar conic is inscribed
in or circumscribed about a triangle self-polar for a given
conse 18 an (n—1)-ic.

The condition of contact of (3) and (4) gives an equation
of order 8 (n—2) in (@, y', 2'), whence the locus of poinis
whese polar conics touch a given conic is a curve of order
6(n —2).

Again, if 8’ breaks up into two right lines, ® =0
expresses the fact that the intersection of the lines lies on
S, t while the locus of (#, ¢/, ') is the Hessian. Thus the
locus of points whose polar conics break up into two lines
intersecting on a given conic is a 2(n—2)-ic.

Ee. |. Bhew that there are 6(n—2)* points on the Hessian whose
polar conios.are right lines intersecting on a given conic.

Es. 2. There are 3(n—2)* points on the Hessian whose polar
conios are conjugate lines for a given conic.

Eo. 8. There are 6(n—2)% points on the Hessian whose polar
conics tonch a given conio, 4

* Salmon, Oonics, Chap. XVIII, p. 334.
+ Salmon, Conies, § 875, p. 840.
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293. CHARACTERISTICS OF A SYSTEM OF CURVES:

A singly infinite system of curves may be algebraically
represented by means of an algebraic equation whose
co-efficients are functions, not necessarily rational, of a
parameter, or if irrational, they may be expressed ration-
ally in terms of two parameters connected by an algebraic

. equation, as is shown in the theory of functions. De
Jonquiéres* considered the properties of a system of curves
of order n satisfying in(n+3)—1 conditions, 7.e., one less
than the number sufficient to determine an n-ic, and the
family of curves thus represented is characterised by the
number of curves which pass through an arbitrary point,
and if the parameter enters the eguation in degree u, mt
gives the number of such curves of the family and is called
its characteristze. Chasles,I however, uses fwo charac-
teristics, namely, the number u of curves of the family
which pass through an arbitrary point, and the dual number
v of curves which touch an arbitrary line, which in fact, is
the degree in which the parameter enters the line-equation
¢ of the system. Since ¢ is of degree 2(n—1) in the co-
efficients of the point-equation f, we have v=2u(n—1).

Cayley calls x and v the parametric order and class
respectively of the family.

Ea. 1. Find the characteristics of a pencil of =m.ics. 8ince only
one curve passes through any point, u=1 and »y=2u(n—1)=2n—2.

Ee. 2. What are the characteristics of a family of conics touching
two given lines at given points? [1, 1]

Eo. 3. Shew that the characteristios of the polar reciprocal of a
family of curves whose characteristics are (u, ») are (v, k).

* De Jonquidres—Liouville Journal, t. 6(2) (1861), p. 113.
+ Oayley has shown that the converse is not always true—Phil.
Trans. Lond., Vol. 168 (1868), or Coll. Works, Vol. 8, p. 191.

1 Chasles—Papers in Oomp. Rend., Vols, 58 and 69 (1864-687). The
theory of charagteristics is dne to Chasles, and was afterwards
developed by Jonquidres, Cayley, SBalmon, Zeuthen, etc.
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294. RELATION BETWEEN THE CHARACTERISTICS :

Let P, Q,...be the points in which a curve of the fa.miiy‘
(p, v) of order » meets a given line. Since p curves of the
family pass through P, each meeting the line in n—1 other
points, to each point P correspond u(n—1) points Q, and
similarly, to each point Q correspond w(n—1) points P.
There is then a {(u(n--1), u(n—1)} correspondence on the
line, and the united points of the correspondence, 2u(n—1)
in number, are the points of contact of the curves of the
family with the line,

i.e. v=2u(n—1).

But a curve of the series may be a complex cd;?tn,ining
a portion counted twice. Hence, for proper conijot the
number of united points arising from such curvé must
then be deducted from 2u(n—1). In the case of conics,
if the number of coincident right lines in the systan be 2,
since n=2, v=2u(2—-1)—A=2u—A
Reciprocally, if » be the number of point-pairs in a range
of conics, p=2vr—ao.

In particular, asystem of conics satisfying four conditions
contains 2v—p line-pairs and 2u—v point-psirs, and
Zeuthen’s * investigations are based upon these facts, and
bhe takes A, w as the characteristics of the system of conics
instead of u, v, it being easier, in most cases, to ascertain
the number of conics of a given system which reduce to
line-pairs or point-pairs, than the number which pass
through any arbitrary point or touch any given line.

Thus  p=3}(Z2A+w) and *=3(20+A)

The relation between Chasles’ numbers u, v and
Zeuthen’s numbers A,  can be clesrly seen by considering
the conditions satisfied by a syster of conics through four
given points, or through three given points and touching a
line, and so on.

* Zeuthen —Comp. Rend., Vol. 89 (1879), p. 899, etc.
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The values of 4, », ), @, corresponding to the different - cases
of a system of conics, are found as in the scheme :

AN BT T R
CIy | o« ) | e ]
CUD |+l s | e |
AR

For further information and details with regard to charac-
teristics of curves satisfying given conditions, the reader is
reforred to the papers of Cayley above referred to, and to
Clebsch~-Legons sur la Geometrie, Vol. II, pp. 113-129,
Brill—Matb. Ann. Bd. 10 (1876), p. 534, and Halphen—
Liouville Journal, Vol. 2 (3) (1876).

Ee. 1. The locus of the poles of a given line w.r.t. the family
(u, v) i8 a v-ic, and the envelope of the polars of a given point w.rt.
the curves of the system is a curve of class u.

Beo. 2, Bhew that the locus of a point whose polar w.r.t a fixed
ourve of order »’ and class m’ coincides with its polar with respect to
gsome curve of a fa.mxly (u, v) is a curve of order v+u(m' —1).

To determine the order of the curve, we oconsider its intergection
with a line. Consider two points P and @ on the line such that the
polar of P w.r.t. the fixed curve coincides with that’ of Q w.r.t some
ourve of the family.

If P and Q coincide, we have the condition of the problem satisfied.
Buppose P is fired. Then the locus of the poles of its polar w..t.
the ourves of the family is of order », and hence corresponding te
any position of P there are » positions of Q. Again, suppose Q is fixed.
Then its polars w.r.t. the curves of the family envelope a ocurve of
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class u; and wminoe the polars of points on the line w.r.t. the given
ourve envelope & ourve of clags u'~1, there are u(«'—1) common
tangents to the two envelopes and each corresponds to a position of
P. Thus, there is a {», u(n'—1)} correspondence on the line, and
there are » + u(n'—1) united points, Hence the order of tho required
locus is v+ pu(n'~1).

Eo, 3. Find the number of curves of a family (x, ») which toudh
a given curve of order n’ and olass m’,

[The locus in Ex. 2 meets the fixed curve in '{y+u(n'—-1)} ar
o'y +ni’p points, each of whioch is a point of contact of the fixed ourve
with'a curve of the family. .Henoce the required number is m’u +'y.]

Ew. 4. Shew that the locus of the points of contact of two curves
of the families (x,, »,) (g, »s) is a curve of order

My¥o t gy, g pg

Ew. 5. Find the characteristics of cubics with a given cusp, inflexion,
tangent and its point of contact. ‘
[The equation of the curves of the family may be written as

#(y +am)® =aoy® + 2a’s’y.

.

Hence, the characteristics are (2, 8).]
E». 6. Shew that the characteristics of oubics with mne given
inflexions are (1, 4).

Ew. 7. The oharacteristios of quartics with three given mnodes,
and drawa through four given points are (1, 6).

295. THE CHARACTERISTICS OF CONDITIONS:

The number of curves of a system which satisfy any
other condition will, in general, be of the form pa<vp,
where a, 8 are independent of y, » and are called the
characteristics of the condition,

This was-given by Chasles in the case of conies, but the
general theorem was proved by Clebsch * and Balphen
and applied to higher curves. lf a cmrve be determined
by a sufficient nmmber of conditions of amy kind, and the

# Olebseh—Math. Ann, Vol. 6 (1873), p. 1.

t+ Halpen—Bull. 8oc Math de France, Vol. 1 (1878), pp. 180-141,
and Proc, Lond. Math, Soc. Vol. 8(1878),
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charactetistics for each condition be given, we can determine
the number of curves satisfying the prescribed condition.

Congider the case of a system of conics. The number
of conids determined by five given points, by four points and
a tangent, by three points and two tangents, etc., is
deten}&ined symbolically as follows :

G0 CnCun CnCin.uin

1 2 4 4 2 1

Consequently, the characteristics of the systems determined
by four points, three points and a tangent, etc., are—

GO GID CID. G1D

~

1,2 2, 4 4,4 4,2 2,1

The number of conics satisfying the conditions whose
characteristics are a, 8 and also passing through four points,
three points and touching a line, etc., are—

a+2B, 2a+48, 4a+4B, 4a+2B, 2a+p8

These numbers, in fact, are not independent, but are
connected by three relations.*

We may, however, establish the following more general
theorem :

In a system (p, v) of ourves, there are n'v4-m'u curves which
touch a given curve Cn’ of order n' and class m'.

Suppose the given curve Cn’ consists of a pencil of '
right lines passing through any point P, which is, therefore,
to be regarded as an m'-ple point,

* Salmon,H. P, Curves, § 413.
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Now, the required carves of the system are:—

(1) those which touch any ' of the #' lines, giving «'v
ourves, B ] \

(2) all curves through P, each; being -counted m’ timea,
since P is to be regarded as' an m-ple point. This gives
w/ # curves. ko

Hence, the total number of curves of the family
ouching an n'-ic of class m' is #'v4+m'u, as was otherwise
found in Ex. 3, §294.

Fer a detailed account of the theory, the stndest is
referred to the original papers quoted above, and to Cayley’s

Paper—‘‘ On the curves which satisfy given conditions”—
Cell. Works, Vol. 6, pp. 200-207. |

Es. 1. Find the number of conios in the above five caws, which
touch a given conic, which is of order 2 and class 2.

From §285, we have «+28=6, and by the principle ot duslity,
2a+8=6, whence a=23=48, and the number of conics in the flve
different cases are 6, 12, 16, 12, 6.

BEo. 2. The locus of the points of contact of tangents drawn from
a fixed point to a system (u, ») is & curve of order u+» having &
u-ple point at the fixed point.

Ee. 3. Deduce the results of § 201 from the formuls nv<+my, by
putting p=1, y=2(n—1). In the case of a conic the number becomes
2(p+v).
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